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Abstract
Full Text
A. P. PRUDNIKOV

ON THE THEORY OF OPERATIONAL CAL-
CULUS
(Presented by Academician A. A. Dorodnitsyn, 10 X 1961)

V. A. Ditkin (1) constructed an operational calculus for the operator

𝐵 = 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 ,

generated by Bessel’s equation

𝑦″ + 1
𝑥𝑦′ − (1 − 𝜈2

𝑥2 ) 𝑦 = 0. (1)

In the present note an operational calculus is set forth for the operator

𝑇 = 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 .

This operator is closely connected with the equation

𝑦‴ + 3
𝑥𝑦″ + 1 − 3𝑚2 + 3𝑚𝑛 − 3𝑛2

𝑥2 𝑦′ + [1 + (𝑚 + 𝑛)(2𝑚 − 𝑛)(𝑚 − 2𝑛)
𝑥3 ] 𝑦 = 0.

(2)

If in equation (2) 𝑚 = 𝑛 = 0, then we shall have

𝑦‴ + 3
𝑥𝑦″ + 1

𝑥2 𝑦′ + 𝑦 = 0. (3)

Put 𝑥 = 3 3√𝜆𝑡. Then the preceding equation takes the form

𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡𝑦 + 𝜆𝑦 = 0. (4)

Denote by 𝐿𝑇 the set of all functions 𝑓(𝑡), defined on the half-line 0 ≤ 𝑡 < ∞,
Lebesgue integrable on every finite interval (0, 𝐴), and satisfying the condition
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∫
𝑡

0

𝑑𝑥
𝑥 ∫

1

0

𝑑𝑦
𝑦 ∫

𝑥𝑦

0
|𝑓(𝑡)| 𝑑𝑡 < ∞

for every 𝑡0 > 0. Denote by 𝑀𝑇 the set of all functions of the form

𝐹(𝑡) = ∫
𝑡

0

𝑑𝑥
𝑥 ∫

1

0

𝑑𝑦
𝑦 ∫

𝑥𝑦

0
𝑓(𝑡) 𝑑𝑡 + 𝐶,

where 𝑓(𝑡) is an arbitrary function from 𝐿𝑇 , and 𝐶 is an arbitrary constant. In
the set 𝐿𝑇 define the product of functions 𝑓1(𝑡) ∈ 𝐿𝑇 and 𝑓2(𝑡) ∈ 𝐿𝑇 by the
formula

𝑓(𝑡) = ∫
𝑡

0
𝑑𝜏 ∫

1

0
𝑑𝑥 ∫

1

0
𝑓1(𝑥𝑦𝜏) 𝑓2[(𝑡 − 𝜏)(1 − 𝑥)(1 − 𝑦)] 𝑑𝑦.

The function 𝑓(𝑡) belongs to the set 𝐿𝑇 . For every function of the set 𝑀𝑇 there
exists almost everywhere a third derivative 𝐹 ‴(𝑡). Define in the set 𝑀𝑇 the
operation of multiplication by the formula

𝐹1(𝑡) ∗ 𝐹2(𝑡) = 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 ∫

𝑡

0
𝑑𝜏 ∫

1

0
𝑑𝑥 ∫

1

0
𝐹1(𝑥𝑦𝜏) 𝐹2[(𝑡 − 𝜏)(1 − 𝑥)(1 − 𝑦)] 𝑑𝑦.

(5)

If

𝐹𝑖(𝑡) = ∫
𝑡

0

𝑑𝑥
𝑥 ∫

1

0

𝑑𝑦
𝑦 ∫

𝑥𝑦

0
𝑓𝑖(𝑡) 𝑑𝑡 (𝑖 = 1, 2),

𝑓(𝑡) = ∫
𝑡

0
𝑑𝜏 ∫

1

0
𝑑𝑥 ∫

1

0
𝑓1(𝑥𝑦𝜏) 𝑓2[(𝑡 − 𝜏)(1 − 𝑥)(1 − 𝑦)] 𝑑𝑦,

then we shall have

𝐹1(𝑡) ∗ 𝐹2(𝑡) = ∫
𝑡

0

𝑑𝑥
𝑥 ∫

1

0

𝑑𝑦
𝑦 ∫

𝑥𝑦

0
𝑓(𝑡) 𝑑𝑡.

Addition in the set 𝑀𝑇 is defined in the natural way. The product defined in
(5) again belongs to the set 𝑀𝑇 ; it is commutative, associative, and has distribu-
tivity with respect to addition. Consequently, the set 𝑀𝑇 forms a commutative
ring. Moreover, if one of the factors in (5) is a number 𝛼, then we have
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𝛼𝑓1(𝑡) = 𝛼 𝑑
𝑑𝑡𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 ∫

𝑡

0
𝑑𝜏 ∫

1

0
𝑑𝑥 ∫

1

0
𝑓1[(𝑡 − 𝜏)(1 − 𝑥)(1 − 𝑦)] 𝑑𝑦 =

= 𝛼 𝑑
𝑑𝑡𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 ∫

𝑡

0

𝑑𝜏
𝜏 ∫

1

0

𝑑𝑥
𝑥 ∫

𝑥𝜏

0
𝑓1(𝜉) 𝑑𝜉 =

= 𝛼 𝑑
𝑑𝑡𝑡 𝑑

𝑑𝑡 ∫
𝑡

0

𝑑𝑢
𝑢 ∫

𝑢

0
𝑓1(𝜉) 𝑑𝜉 = 𝛼𝐵 1

𝐵 𝑓1(𝑡) = 𝛼𝑓1(𝑡),

i.e., the product of a number by a function in the ring coincides with the ordinary
product of a number by a function. If in (5) both factors are numbers, then the
product (5) coincides with the ordinary product of numbers.

It can be proved that the ring 𝑀𝑇 has no zero divisors. Consequently, the ring
𝑀𝑇 can be extended to a field of quotients. We shall denote the extended ring
by 𝔐𝑇 . The elements of the set 𝔐𝑇 will be called operators. For the operator
1
𝑡 we introduce the notation 1

𝑡 = 𝑇 . Then for the inverse operator 𝑇 −1 = 1
𝑇 we

shall have 1
𝑇 = 𝑡. Therefore

1
𝑇 𝑓(𝑡) = 𝑑

𝑑𝑡𝑡 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 ∫
𝑡

0
𝑑𝜏 ∫

1

0
𝑑𝑥 ∫

1

0
𝑥𝑦𝜏𝑓[(𝑡 − 𝜏)(1 − 𝑥)(1 − 𝑦)] 𝑑𝑦,

or

1
𝑇 𝑓(𝑡) = ∫

𝑡

0

𝑑𝜏
𝜏 ∫

1

0

𝑑𝑥
𝑥 ∫

𝑥𝜏

0
𝑓(𝜉) 𝑑𝜉. (6)

If 𝐹(𝑡) ∈ 𝑀𝑇 and 𝐹(0) = 0, then

𝑇 𝐹(𝑡) = 𝑑
𝑑𝑡𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡𝐹(𝑡) = 𝑡2𝐹 ‴(𝑡) + 3𝑡𝐹 ″(𝑡) + 𝐹 ′(𝑡). (7)

From (6) it follows that

1
𝑇 𝑛 𝑓(𝑡) = 1

(𝑛!)3 ∫
𝑡

0
(𝑡 − 𝜏)𝑛 𝑑𝜏 ∫

1

0
(1 − 𝑥)𝑛 𝑑𝑥 ∫

1

0
𝑓(𝑥𝑦𝜏)(1 − 𝑦)𝑛 𝑑𝑦. (8)

In the particular case we have

1
𝑇 𝑛 = 𝑡𝑛

(𝑛!)3 . (9)

One of the linearly independent solutions of equation (4), namely
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𝐽 (2)
0,0(3 3√𝜆𝑡) = 0𝐹2(1, 1; −𝜆𝑡),

for 𝑡 = 0 takes the value 𝐽 (2)
0,0(0) = 1. Therefore from (4), (6), (7) it follows that

𝑇 [𝐽 (2)
0,0(−3 3√𝜆𝑡) − 𝐽 (2)

0,0(0)] = 𝑑
𝑑𝑡𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡𝐽 (2)

0,0(−3 3√𝜆𝑡)

or

𝑇 [𝐽 (2)
0,0 (−3 3√𝜆𝑡) − 1] = 𝜆𝐽 (2)

0,0 (−3 3√𝜆𝑡) .

Hence

𝑇
𝑇 + 𝜆 = 𝐽 (2)

0,0 (3 3√𝜆𝑡) , 𝑇
𝑇 − 𝜆 = 𝐼 (2)

0,0 (3 3√𝜆𝑡) , (10)

where

𝐼 (2)
0,0(𝑥) = 0𝐹2 [1, 1; (𝑥

3 )
3
] .

With the aid of formulas (10) it is easy to obtain

𝑇 2

𝑇 2 − 𝜆2 = 1
2 [𝐼 (2)

0,0 (3 3√𝜆𝑡) + 𝐽 (2)
0,0 (3 3√𝜆𝑡)] ; (11)

𝜆𝑇
𝑇 2 − 𝜆2 = 1

2 [𝐼 (2)
0,0 (3 3√𝜆𝑡) − 𝐽 (2)

0,0 (3 3√𝜆𝑡)] ; (12)

𝑇 2

𝑇 2 + 𝜔2 = ber(2)
0,0 (3 3√𝜔𝑡) , 𝜔𝑇

𝑇 2 + 𝜔2 = bei(2)
0,0 (3 3√𝜔𝑡) , (13)

where

ber(2)
0,0(𝑥) =

∞
∑
𝑘=0

(−1)𝑘(𝑥/3)6𝑘

[(2𝑘)!]3 , bei(2)
0,0(𝑥) =

∞
∑
𝑘=0

(−1)𝑘(𝑥/3)3(2𝑘+1)

[(2𝑘 + 1)!]3 .

Applying to the field of operators 𝔐𝑇 the known operational methods (2,3 ),
one can substantially extend the table of values of the operators (10), (11), (12),
(13). For example, differentiating (10) with respect to the parameter 𝜆 and then
putting 𝜆 = 1 and 𝜆 = −1, we obtain
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𝑇
(𝑇 + 1)𝑛+1 = 1

𝑛! 𝑡𝑛/3𝐽 (2)
𝑛,𝑛 (3 3√𝑡) ; (14)

𝑇
(𝑇 − 1)𝑛+1 = 1

𝑛! 𝑡𝑛/3𝐼 (2)
𝑛,𝑛 (3 3√𝑡) , (15)

where

𝐽 (2)
𝑛,𝑛(𝑥) = (𝑥/3)2𝑛

Γ2(𝑛 + 1) 0𝐹2 [𝑛 + 1, 𝑛 + 1; − (𝑥
3 )

3
] ,

𝐼 (2)
𝑛,𝑛(𝑥) = (𝑥/3)2𝑛

Γ2(𝑛 + 1) 0𝐹2 [𝑛 + 1, 𝑛 + 1; (𝑥
3 )

3
] .

From (13) we find

𝑇 ( 𝜔𝑇
𝑇 2 + 𝜔2 ) = 𝜔𝑇 2

𝑇 2 + 𝜔2 = 𝜔 ber(2)
0,0 (3 3√𝜔𝑡) ,

𝑇 ( 𝑇 2

𝑇 2 + 𝜔2 − 1) = − 𝜔2𝑇
𝑇 2 + 𝜔2 = −𝜔 ( 𝜔𝑇

𝑇 2 + 𝜔2 ) = −𝜔 bei(2)
0,0 (3 3√𝜔𝑡) .

Hence it follows that

𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 bei(2)

0,0 (3 3√𝜔𝑡) = 𝜔 ber(2)
0,0 (3 3√𝜔𝑡) ,

𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 ber(2)

0,0 (3 3√𝜔𝑡) = −𝜔 bei(2)
0,0 (3 3√𝜔𝑡) .

Multiplying equality (15) by 𝜇𝑛 and summing with respect to 𝑛 from 0 to ∞,
we find

∞
∑
𝑛=0

𝑇 𝜇𝑛

(𝑇 − 1)𝑛+1 = 𝑇
𝑇 − 1 − 𝜇,

whence

∞
∑
𝑛=0

𝜇𝑛

𝑛! 𝑡𝑛/3𝐼 (2)
𝑛,𝑛 (3 3√𝑡) = 𝐼 (2)

0,0 (3 3√(1 + 𝜇)𝑡) .
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The operational calculus for the operator 𝑇 = 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 can be constructed

starting from the corresponding integral transform. The analogue of the Laplace
transform here will be the integral transform

𝑓∗(𝑇 ) = 2 ∫
∞

0
𝑓(𝑡) 𝑀(𝑇 𝑡) 𝑑𝑡,

where

𝑀(𝑡) = 2 ∫
∞

0
𝑒−4𝑡/𝑢2𝐾0(𝑢) 𝑑𝑢

𝑢

is the solution of equation (4) for 𝜆 = 1. The operational calculus for the
operator

𝑇 = 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡

can also be applied to the solution of differential equations. The solutions of
differential equations of the form

𝐿 ( 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡) 𝑥(𝑡) = 𝑓(𝑡),

where 𝐿(𝜆) = 𝜆𝑛 +𝑎1𝜆𝑛−1 +⋯+𝑎𝑛 is a polynomial with constant coefficients 𝑎𝑖,
are found most simply. Replacement of the operator 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 by the operator
𝑇 is carried out according to the formula

( 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡)

𝑛
𝑥(𝑡) = 𝑇 𝑛𝑥(𝑡) − 𝑇 𝑥𝑛−1 − 𝑇 2𝑥𝑛−2 − ⋯ − 𝑇 𝑛𝑥0,

where

𝑥𝑘 = 𝑇 𝑘𝑥(𝑡)∣𝑡=0 (𝑘 = 0, 1, 2, … , 𝑛 − 1).

For example, let us find the solution of the equation

( 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡)

2
𝑥(𝑡) + 𝑥(𝑡) = 0

under the condition
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𝑥(0) = 1, 𝑇 𝑥(𝑡)∣𝑡=0 = [𝑡2𝑥‴(𝑡) + 3𝑡𝑥″(𝑡) + 𝑥′(𝑡)]𝑡=0 = 1.

After replacing the operator 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 by the operator 𝑇 , we shall have

𝑇 2𝑥(𝑡) − 𝑇 − 𝑇 2 + 𝑥(𝑡) = 0,

whence

𝑥(𝑡) = 𝑇 2

𝑇 2 + 1 + 𝑇
𝑇 2 + 1 = ber(2)

0,0 (3 3√𝑡) + bei(2)
0,0 (3 3√𝑡) .
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Academy of Sciences of the USSR
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