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MATHEMATICS
V. 1. SHEVCHENKO

ON A LOCAL HOMEOMORPHISM OF THREE-
DIMENSIONAL SPACE REALIZED BY A SO-
LUTION OF A CERTAIN ELLIPTIC SYSTEM

(Presented by Academician I. N. Vekua on 10 VII 1962)

In the present paper we consider a certain analogue of the complex Beltrami
equation in three-dimensional space

DU — QDU =0, (1)

where U(z) is an unknown four-component real vector, and the operators D and
D are formed with the aid of the matrices

010 0 0 0 1 0 00 0 1
oo o o o o1 00 —1 0
=N oo =1l T o o o Tl 1 o o

00 1 0 0 -1 0 0 10 0 0

and have the form
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D:;%‘axiy D:Z%&v’

(the bar above denotes transposition).

Q(x) is a real matrix of order four,

3
i=1

sovietrxiv.org/items/ru-196201.23121 Machine Translation


https://sovietrxiv.org/items/ru-196201.23121

defined at each point © = (x1, x4, z4) of a finite domain G of three-dimensional
Euclidean space E5. The equation DU = 0 was considered by A. V. Bitsadze,
who was interested mainly in boundary-value problems (see (?)).

Suppose that the system (1) is elliptic in the sense of Petrovsky in the closed
domain G. Then

det (ng) —(1—rh) (e + & +63)%

where I'; = v, — @7;, and from ellipticity there follows the requirement

\/ql )+ a5(x) < qp <1, qp = const. (2)

Regarding Q(x) we shall assume that the g;(z) possess generalized derivatives
0q;/0z;, (i,k =1,2,3) in the sense of S. L. Sobolev, with dq;/dz,, € Lp(é), p >
3, and that the inequality (2) is fulfilled. Hence, in particular, it follows that @ €
C.,(G). Tn what follows, by d/0x;, we shall always mean a generalized derivative
and shall consider, generally speaking, generalized solutions of equation (1).

Using the ideas of the book (1), we shall show that equation (1) always admits a
solution, any three components of which realize a local homeomorphism of the
space E; onto the space defined by these components.

w;//GDuiﬂwwdg

Here w and Tw are four-component vectors.

Ifwe Lp(é), p > 1, then, as B. V. Boyarskii showed, the function ¢ (z) = Tw
has (generalized) derivatives Ov(x)/0z, € Lp(é), and

) - [ o (g ) w0de + . e @

where the integral is understood in the sense of the principal value, and the
estimate holds (3,%)

Consider the operator

L(S;/’)<BL() (4)

where B, does not depend on w (we use the notation of (1)).

Introduce the operators
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s=1,2,3;

3
Mw=g(z) = Zf_}/sﬂsw.
s=1

From (3), for w € L,(G), there follows the representation (z € G)

1 _ 1 1S
Hw:——*//Dz w(E)de+ =3 720,
4t J)o |z —¢| (©) 3;

and if w € C,(G), then

1 N2 1 — wlx xT)wl(x
sz—m//GD g6 @) de + @(a(), (5)

where

1 — — 1
(IDCU:—/DS~D .
@) =4 D% P g

Here S is a Lyapunov surface bounding the domain G, and

3
=

o; are the direction cosines of the exterior normal to S.

From inequality (4) it follows that

L,(Tw) < C, L, (w). (6)

We shall need the following properties of the operators Tw and IMw. Let w €

L,(G), p>3. Then (z,y € E3)

9(e) — 9] < ML -y, =22, 7)

If w e C,(G) and the boundary of the domain G is sufficiently smooth, then

Twe CL(G): (8)
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l9(x) —g(y)| < MJH(w,a)lz —y|* (z,y € G), 9)

ie Iwe C,(G) and

Co(Tw) < M, C, (w). (10)

These relations are proved analogously to the plane case (see (1)). For II,w the
same estimates hold as for Ilw.

We shall seek a solution of equation (1) in the form

U=Z+Tw, we Ly(G), (11)

where

T, + Ty + X3
Lo
T3
Ty

It is easy to compute that DZ = 0, DZ = 2 = l.

0
1
1
1
From (3) it follows that DTw = w. Substituting (11) into (1), we obtain for w
the singular integral equation

w— Qllw = Qu. (12)
We shall show that equation (12), as a linear equation in Ly(G), is always
solvable.

It is proved that C, = 1, i.e. the norm of the operator Ilw in the space Ly(G)
is equal to one. Then L,(Qlw) < gyLy(TIw) < qyLy(w) < Ly(w), and, by the
contraction mapping principle, equation (1) has a unique solution U(x) of the
form (11) in the space Ly(G).

Reducing equation (1) to an integral equation with the operator Tw alone, it is

not difficult to show, using (7) and dg; /0x, € L,(G), p > 3, that the constructed

solution U(z) € Cy4(G) for some 3, 0 < f < 1.
Let us formulate the main theorem:

Theorem 1. Let G, be a neighborhood of some fized point x, and let Q €
C,(Gy). Suppose, moreover, that
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lq1(wo)] + g2 (z0)| + [g5(z)| < 1. (13)

Then in some sufficiently small neighborhood Gy (G, C G,) of the point x, there
exists a solution of equation (1), any three components of which realize a local
homeomorphism of the space E4 into the space determined by these components.

This solution belongs to the class G, (éé), 0<a<l.

Let us outline the proof of the theorem. Without loss of generality, one may
take the point z, to be the origin of coordinates. Denote ¢;(0) = a, ¢5(0) = b,
g5(0) = ¢, and in equation (1) perform a change of the unknown functions
by setting AU = V, where A = e — ay; — by, — c3. Since det A = 1 — 1,
12 = a® + b? + 2, it follows from (2) that the matrix A~! exists. Equation (1)
then takes the form

DV =Q,DV =0, (14)

where DV = DA™V and Q,(0) = 0.

Let G5 be the closed ball with center at the origin. Denote by C9(Gy) the set of
vectors w € C, (E3) that vanish outside G and satisfy the additional condition
w(0) = 0.

A solution of equation (14) in the ball G is sought in the form (11), where
w € CY(Gy), which leads to the singular integral equation for w

w— Qlﬁw =Qyv, (15)

where Tiw = DA™'Tw and v = DA Z.

Using (9) and (10), as well as the estimate for @, (x) in the ball G, we prove
that for sufficiently small fixed ¢ equation (15) has, moreover, a unique solution
in the space C,(Gy).

By virtue of (8), the constructed solution V € C}(Gy). Therefore equation (1)
has in the ball G the solution

U=AYZ+Tw), (16)

belonging to the same class C(Gy).

Denote by A;l the matrix of size 3 x 4 which is obtained from the matrix A~!
by deleting the j-th row. Then the vector

Uj=A7NZ+Tw)  (j=1,2,3,4)
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will have three components, among which the j-th component of the vector U is
not included. The Jacobian A; of each transformation U, () of the space Ej is
computed directly and estimated with the aid of inequalities (2) and (13). For
sufficiently small fixed 4, all four Jacobians A; (j = 1,2,3,4) in the ball G; are
simultaneously different from zero.

Theorem 2. Let U(z) = (p(z),u(z),v(z), w(x)) be a holomorphic vector in
the domain G (see (2)) and let ®(U) = ®(p,u,v,w) be a smooth vector whose
components ®1, 2 &3 d* depend on p,u,v,w. In order that the vector ®(U(z))
be holomorphic for every U(x), it is necessary and sufficient that ® satisfy the
system of equations:

1 _ H2 — 3 — 4

ol =92 = 93 = p1,

P2 = ¢! = @t = 3
P u v w?
03 = ¢t = —@! = —2
P u v w?
Pt = @3 = 92 = — ]
p u v w*

(17)

Conditions (17) are the monogeneity conditions for the quaternionic function
O(U) = B 4iD2 + j®3 + kD* of the quaternionic argument U = p+iu+ ju+ kw
(see (5)). But, as shown in (6), every such function has the form ®(U) = UM +
N, where M and N are constant quaternions. Therefore, for any holomorphic
U, only the vector

O(U) = BU + &, (18)

where @, is a constant vector and the matrix B has the form

my My my  —Mms
ms —my My My

(19)

Let now @ be a constant matrix in the domain G. Then, together with the
smooth solution (11), equation (1) will have the solution

W(z) = BA™Y(Z 4+ Tw) + W,
where B is an arbitrary matrix of the form (19) and W, is a constant vector.

In conclusion, I express my deep gratitude to Academician I. N. Vekua for his
constant attention to this work.

Novosibirsk State University

Received
6 VII 1962
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