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Abstract
Full Text

MATHEMATICS
A. 1. VINOGRADOV
ON MERTENS FORMULA

(Presented by Academician I. M. Vinogradov on 27 XI 1961)

In this note an improvement will be given of the remainder term in the asymp-
totic formula for a segment of Euler’ s product.

The Mertens relation is known:
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Using certain analytic considerations and the recent theorems of I. M. Vino-
gradov on the boundary of the zeros of {(s), the remainder term in (a) can be
replaced by a quantity of order

exp (—ao VIn J;) ,

where a, is an absolute constant.

This result will be obtained as a consequence of the more general Theorem 1, a
brief proof of which will be given here.

Theorem 1. If s = ¢ + it with the condition

0'21—07123, t1:|t|+€,
(Inty)?/

[t| < exp(cylnz - Inlnx),
where c;, ¢, are absolute positive constants, then the equality holds:
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where c is Euler’ s constant,
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L is the line segment joining the points s and 1; (s, z) is a function continuous
in s and satisfying the estimate

Inx
|9(S,IL')| < exp <_C3(1n(1’;.t1)2/3> .

Moreover, if t # 0, then in the indicated region the second equality holds:

o 1] (1 . pi) — exp (/L :”::1) dw) (1+6(s,2)),

p<x

where L, is the straight line ¢’ + it with the condition o < ¢’ < 0.

Proof. Introduce the function

1

(s, z) = [ [ e (2)
p<z ( o FS)

We compute its logarithmic derivative

Lo =y A0 5o o 3

pTLS
n<x p<x p">x

The second sum in (3) has order of magnitude

(012, (4)
For the first sum in (3), in our domain the following equality holds:
1-s

I e e G ey B

Substituting (4) and (5) into (3) and integrating both sides of the equality along
the line
o < Res < oo for t # 0, we obtain

= oo (5570 0o 5 )))

(6)
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We transform

—(w—1)
/ z dw
o w—1
into an integral along the straight segment L, joining the point
(0 =1+ =, t =0) and the point s. We obtain

/L‘/Lf/looeuud“' )

We transform the integral over the segment L, into an integral over the segment
L,, joining the point s with the point (1,0):

/Ll =z 1)1119; /01 . _uefu du + w(s). 8)

Substituting (5) and (7) into equality (6), we obtain Theorem 1 for the case ¢ # 0.
But in equality (1) the functions on the right and on the left are continuous in
s throughout the indicated domain, and, consequently, by continuity it remains
meaningful on the segment Im s = 0.

Letting s — 1 in equality (1), we obtain:

H (1— %) = ler:; (1+O(exp (—ao 31nx)>>.

p<z

We note that if the Riemann hypothesis is true, then the remainder term has
order

$—1/2+e.
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