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In solving boundary-value problems for equations of parabolic type in the case
of spatial variables (p > 2), the usual explicit and implicit difference schemes
require a large amount of computational work, since for explicit schemes there
are strong restrictions on the time step, while for implicit schemes at each layer
one has to solve systems of linear equations with a number of unknowns ~ 1/h?.
In recent years, for the heat-conduction equation in the region Q; = Q x [0, 7]
(Q is a parallelepiped), absolutely stable difference schemes have been obtained
(=), for which the amount of computational work in passing from one layer to
another is ~ 1/h?.

In the present paper a difference scheme is proposed which is a generalization
of the scheme (?) to the case of a general parabolic equation with separable
variables.

Let it be required, in the region Q7 = Q2 x [0,T], Q (0 <z, <1, s =1,2,...,p),
to find a solution of the equation

P = 2o L)+ S0, 0

satisfying the boundary conditions

ou oy
(U, 5, ceey 81/77711)5(070770) (2)

and the initial condition

Here x = (z1, g, ..., 7,,);
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La=3 (00 g (e g ) () >0

(03
a=0 3:cs s

g, (z,) (a0 < m) are such that L, < 0; S is the boundary of Q; v is the normal
to S.

Definition. A function u(x,t) is called a generalized solution of problem (1),
(2), (3)if: 1) u € WQ(I)(QT); 2) u € Wém)(Qt) as a function of z for each
te[0,T]; 3)

ou oty
(U, 57 ceey ay’rﬂl)s_ (070,...,0)

in the sense of the metric L,(5); 4)

. 2 .
Ahtr—r>10 Q(u(x, At) — p(z))” dQ2 = 0;

5) for every function ®(x,t) satisfying 1), 2), 3), the relation

ou P & 9u 0
7<I>dQ:—/ ( asaaa>dQ+/ F0.dQ
/QT ot o, 0z 0x¢ o

s=1 a=0 T

holds.
The notation here is the same as in (5°).

The existence of a somewhat differently defined generalized solution for a general
parabolic equation and the convergence to it of approximations obtained by
means of an implicit difference scheme were established in (7®). Convergence
to a generalized solution can also be obtained for an explicit difference scheme,
but in this case the condition 7/h*™ < ¢ is required.

We now consider the following difference approximation of problem (1), (2),
(3). Let 7 be the time step, h = 1/N the step in z, (s = 1,2,...,p). Denote
by Q, the set of grid points (x,); =i (iy = 0,1,...,N); denote by S, the
set of grid points at which at least one index i, is equal to 0,1,...,m — 1 or
N—m+1,N—m+2,..,N.

Q, =0\ Sy v(irhyigh, . sipy, nT) = U@ S

iyip — VA

Put

v(An):O forAeS,, 0<n<

; (27)
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and, if A € Q,, we shall find the function vt from the known function v(™
from the following p systems, using p — 1 intermediate functions v(**1/7);

o — o) (n+1/p) | NS pho () )
n D n n
e U ARLES S22
s=2
\mts/p) _ (nt(s=1)/p)
A A = LZUXL+S/p) - LZvXL), s=2,3,...,p, (4)
-
where
L?UA = Z(_l)a71A213 (a’sa(ish) Ags’UA> ’
a=0
v . . — . v, . — - . .
pe(igt1).dy, Ty ey, Ty ey, ipe(ig—1).dp
A%UA =— h — Afa:SUA =— }; . (5)
UXHS/Z)) =0 for Aes,.
Naturally,

0 )
U<A> = PA- (3)

It is not difficult to verify that the transition by this scheme from v™ to v("*+1
is performed at a cost of ~ 1/hP arithmetic operations. Scheme (4) is equivalent
to the following scheme without the intermediate functions v(™+5/P);

P P P
[T —7Lmpwl = {H<E —7LE) + TZL’;} oY (0
s=1

s=1 s=1

where F is the identity operator.
Under conditions (2'), (—L") is a self-adjoint and positive-definite operator, and
Lh Lh — Lh Lh (9,10)

$177 82 S2778 ’

Considering the expansions of v(™ in the eigenfunctions of the operators L
one can obtain a theorem on stability with respect to the initial data.

Theorem 1. If the function eXL) satisfies (6) with fg) = 0, then for all k
(0 < k < T/7) one has |e*) H}iz < ||t |\’£2, where | HZ“ is a difference analogue
of the norm in L,.

Using the methods of (%7), the following theorem is established:
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Theorem 2. If: 1) the coefficients and the right-hand side of equation (1)
are bounded in Qr; 2) ¢ has in Q bounded partial derivatives containing no
more than m differentiations with respect to each x; 3) ¢, together with its
derivatives up to order (m — 1), vanishes on the boundary of Q, then for the

sequence of functions U(A") the inequalities

< C(T) = const;

HU(An)HW;N"(QT) > < C(T) = const,

o2
(A

hold, where |[v]yx 4 (p) is the difference analogue of [[v]y(p)-.

Denote, as in (6), by (vs)" the multilinear function in zy,x,,...,z,,t which
coincides at the grid points with U(A").

Theorem 3. Suppose: 1) the coefficients a,, (o < m) are continuous in Qp;
2) the functions ¢, f have, respectively in Q,,, (0 < ¢ <T'), bounded partial
derivatives containing no more than 2m differentiations with respect to each z,;
3) the functions ¢, f, together with all their derivatives up to order (2m — 1),
vanish respectively on the boundary of Q,,€2,. Then, if 7 — 0 and h — 0, the
sequence

’

(AZIAZ2 - ALTv,)
for ay + ay + -+ a, <m —1 tends to

0% Fogttaoy, U

Qg Qo Xp
O0x7'0xy° -+ 0xp

in the norm L4(),); the sequences (A,v, ),

/
(Ag‘;Ag;--~A§:vA> (g + g+ +a, =m)
converge weakly, respectively in @ and Q,, to du/dt and to

o Fogtta, u

ay g 0o %Xp?
O0x'0xy% -+ 0xp

where u is the generalized solution of (1), (2), (3).

In the proof of this theorem, along with the methods of (6), expansions in the
eigenfunctions of the operators L are used. If in equation (1) m = 1, then
Theorems 2 and 3 can be strengthened. Namely, instead of condition (2) we
take the condition

ul, = (@), (7)
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and in scheme (4), for A € S}, we put U(An> =hp, VP =qp (5 =1,2,...,p).
Then, with the aid of the results of (11), one establishes

Theorem 4. If, for every ¢t € [0,T], the solution of equation (1) (m = 1), sat-
isfying conditions (3), (7), has in Q)7 bounded partial derivatives containing no
more than two differentiations with respect to each variable z, (s =1,2,...,p),
and the derivatives 0%u/0t?, 9*u/0x, 8%a,/0x? are bounded, then, as 7 and

ERl

h tend to zero, the sequence v*) tends in Ly () to u'® (k = t/7) with order of
convergence O(7) + O(h).

We note that Theorem 4 is also valid for equation (1) (m = 1) with coefficients
g (24, t); if the coefficients of equation (1) are constant, then the order of
convergence will be O(7) + O(h?).
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