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Abstract
Full Text
MATHEMATICS
E. G. D’yakonov

THE METHOD OF GRIDS FOR SOLVING
PARABOLIC-TYPE EQUATIONS OF ORDER
2𝑚 WITH SEPARABLE VARIABLES
(Presented by Academician S. L. Sobolev on 27 X 1961)

In solving boundary-value problems for equations of parabolic type in the case
of spatial variables (𝑝 ≥ 2), the usual explicit and implicit difference schemes
require a large amount of computational work, since for explicit schemes there
are strong restrictions on the time step, while for implicit schemes at each layer
one has to solve systems of linear equations with a number of unknowns ∼ 1/ℎ𝑝.
In recent years, for the heat-conduction equation in the region 𝑄𝑇 = Ω × [0, 𝑇 ]
(Ω is a parallelepiped), absolutely stable difference schemes have been obtained
(1−4), for which the amount of computational work in passing from one layer to
another is ∼ 1/ℎ𝑝.

In the present paper a difference scheme is proposed which is a generalization
of the scheme (2) to the case of a general parabolic equation with separable
variables.

Let it be required, in the region 𝑄𝑇 = Ω × [0, 𝑇 ], Ω (0 ≤ 𝑥𝑠 ≤ 1, 𝑠 = 1, 2, … , 𝑝),
to find a solution of the equation

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 =

𝑝
∑
𝑠=1

𝐿𝑠𝑢(𝑥, 𝑡) + 𝑓(𝑥, 𝑡), (1)

satisfying the boundary conditions

(𝑢, 𝜕𝑢
𝜕𝜈 , … , 𝜕𝑚−1𝑢

𝜕𝜈𝑚−1 )
𝑆

= (0, 0, … , 0) (2)

and the initial condition

𝑢∣𝑡=0 = 𝜑(𝑥). (3)

Here 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑝);
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𝐿𝑠𝑢 =
𝑚

∑
𝛼=0

(−1)𝛼−1 𝜕𝛼

𝜕𝑥𝛼𝑠
(𝑎𝑠𝛼(𝑥𝑠)𝜕𝛼𝑢

𝜕𝑥𝛼𝑠
) , 𝑎𝑠𝑚(𝑥𝑠) > 0;

𝑎𝑠𝛼(𝑥𝑠) (𝛼 < 𝑚) are such that 𝐿𝑠 < 0; 𝑆 is the boundary of 𝑄𝑇 ; 𝜈 is the normal
to 𝑆.

Definition. A function 𝑢(𝑥, 𝑡) is called a generalized solution of problem (1),
(2), (3) if: 1) 𝑢 ∈ 𝑊 (1)

2 (𝑄𝑇 ); 2) 𝑢 ∈ 𝑊 (𝑚)
2 (Ω𝑡) as a function of 𝑥 for each

𝑡 ∈ [0, 𝑇 ]; 3)

(𝑢, 𝜕𝑢
𝜕𝜈 , … , 𝜕𝑚−1𝑢

𝜕𝜈𝑚−1 )
𝑆

= (0, 0, … , 0)

in the sense of the metric 𝐿2(𝑆); 4)

lim
Δ𝑡→0

∫
Ω

(𝑢(𝑥, Δ𝑡) − 𝜑(𝑥))2 𝑑Ω = 0;

5) for every function Φ(𝑥, 𝑡) satisfying 1), 2), 3), the relation

∫
𝑄𝑇

𝜕𝑢
𝜕𝑡 Φ 𝑑𝑄 = − ∫

𝑄𝑇

(
𝑝

∑
𝑠=1

𝑚
∑
𝛼=0

𝑎𝑠𝛼
𝜕𝛼𝑢
𝜕𝑥𝛼𝑠

𝜕𝛼Φ
𝜕𝑥𝛼𝑠

) 𝑑𝑄 + ∫
𝑄𝑇

𝑓Φ 𝑑𝑄

holds.

The notation here is the same as in (5,6).
The existence of a somewhat differently defined generalized solution for a general
parabolic equation and the convergence to it of approximations obtained by
means of an implicit difference scheme were established in (7,8). Convergence
to a generalized solution can also be obtained for an explicit difference scheme,
but in this case the condition 𝜏/ℎ2𝑚 < 𝑐 is required.

We now consider the following difference approximation of problem (1), (2),
(3). Let 𝜏 be the time step, ℎ = 1/𝑁 the step in 𝑥𝑠 (𝑠 = 1, 2, … , 𝑝). Denote
by Ωℎ the set of grid points (𝑥𝑠)𝑖𝑠

= 𝑖𝑠ℎ (𝑖𝑠 = 0, 1, … , 𝑁); denote by 𝑆ℎ the
set of grid points at which at least one index 𝑖𝑠 is equal to 0, 1, … , 𝑚 − 1 or
𝑁 − 𝑚 + 1, 𝑁 − 𝑚 + 2, … , 𝑁 .

Ωℎ = Ωℎ ∖ 𝑆ℎ; 𝑣(𝑖1ℎ, 𝑖2ℎ, … , 𝑖𝑝ℎ, 𝑛𝜏) = 𝑣(𝑛)
𝑖1…𝑖𝑝

= 𝑣(𝑛)
Δ .

Put

𝑣(𝑛)
Δ = 0 for Δ ∈ 𝑆ℎ, 0 ≤ 𝑛 ≤ 𝑇

𝜏 , (2’)
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and, if Δ ∈ Ωℎ, we shall find the function 𝑣(𝑛+1) from the known function 𝑣(𝑛)

from the following 𝑝 systems, using 𝑝 − 1 intermediate functions 𝑣(𝑛+1/𝑝):

𝑣(𝑛+1/𝑝)
Δ − 𝑣(𝑛)

Δ
𝜏 = 𝐿ℎ

1 𝑣(𝑛+1/𝑝)
Δ +

𝑝
∑
𝑠=2

𝐿ℎ
𝑠 𝑣(𝑛)

Δ + 𝑓 (𝑛)
Δ ,

𝑣(𝑛+𝑠/𝑝)
Δ − 𝑣(𝑛+(𝑠−1)/𝑝)

Δ
𝜏 = 𝐿ℎ

𝑠 𝑣(𝑛+𝑠/𝑝)
Δ − 𝐿ℎ

𝑠 𝑣(𝑛)
Δ , 𝑠 = 2, 3, … , 𝑝, (4)

where

𝐿ℎ
𝑠 𝑣Δ =

𝑚
∑
𝛼=0

(−1)𝛼−1Δ𝛼
−𝑥𝑠

(𝑎𝑠𝛼(𝑖𝑠ℎ) Δ𝛼
𝑥𝑠

𝑣Δ) ,

Δ𝑥𝑠
𝑣Δ =

𝑣𝑖1…(𝑖𝑠+1)…𝑖𝑝
− 𝑣𝑖1…𝑖𝑝

ℎ , Δ−𝑥𝑠
𝑣Δ =

𝑣𝑖1…𝑖𝑝
− 𝑣𝑖1…(𝑖𝑠−1)…𝑖𝑝

ℎ , (5)

𝑣(𝑛+𝑠/𝑝)
Δ = 0 for Δ ∈ 𝑆ℎ.

Naturally,

𝑣(0)
Δ = 𝜑Δ. (3’)

It is not difficult to verify that the transition by this scheme from 𝑣(𝑛) to 𝑣(𝑛+1)

is performed at a cost of ∼ 1/ℎ𝑝 arithmetic operations. Scheme (4) is equivalent
to the following scheme without the intermediate functions 𝑣(𝑛+𝑠/𝑝):

𝑝
∏
𝑠=1

(𝐸 − 𝜏𝐿ℎ
𝑠 )𝑣(𝑛+1)

Δ = {
𝑝

∏
𝑠=1

(𝐸 − 𝜏𝐿ℎ
𝑠 ) + 𝜏

𝑝
∑
𝑠=1

𝐿ℎ
𝑠 } 𝑣(𝑛)

Δ + 𝜏 (𝑛)
Δ 𝑓 (𝑛)

Δ , (6)

where 𝐸 is the identity operator.

Under conditions (2′), (−𝐿ℎ
𝑠 ) is a self-adjoint and positive-definite operator, and

𝐿ℎ
𝑠1

𝐿ℎ
𝑠2

= 𝐿ℎ
𝑠2

𝐿ℎ
𝑠1

(9,10).
Considering the expansions of 𝑣(𝑛) in the eigenfunctions of the operators 𝐿ℎ

𝑠 ,
one can obtain a theorem on stability with respect to the initial data.

Theorem 1. If the function 𝑒(𝑛)
Δ satisfies (6) with 𝑓 (𝑛)

Δ = 0, then for all 𝑘
(0 ≤ 𝑘 ≤ 𝑇 /𝜏) one has ‖𝑒(𝑘)‖ℎ

𝐿2
≤ ‖𝑒(0)‖ℎ

𝐿2
, where ‖ ‖ℎ

𝐿2
is a difference analogue

of the norm in 𝐿2.

Using the methods of (6,7), the following theorem is established:
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Theorem 2. If: 1) the coefficients and the right-hand side of equation (1)
are bounded in 𝑄𝑇 ; 2) 𝜑 has in Ω bounded partial derivatives containing no
more than 𝑚 differentiations with respect to each 𝑥𝑠; 3) 𝜑, together with its
derivatives up to order (𝑚 − 1), vanishes on the boundary of Ω, then for the
sequence of functions 𝑣(𝑛)

Δ the inequalities

∥𝑣(𝑛)
Δ ∥

𝑊 (1),ℎ
2 (𝑄𝑇 )

≤ 𝐶(𝑇 ) = const; ∥𝑣(𝑛)
Δ ∥

𝑊 (𝑚),ℎ
2 (Ω𝑡)

≤ 𝐶(𝑇 ) = const,

hold, where ‖𝑣‖𝑊 𝑘
2 ,ℎ(𝐷) is the difference analogue of ‖𝑣‖𝑊 𝑘

2 (𝐷).

Denote, as in (6), by (𝑣Δ)′ the multilinear function in 𝑥1, 𝑥2, … , 𝑥𝑝, 𝑡 which
coincides at the grid points with 𝑣(𝑛)

Δ .

Theorem 3. Suppose: 1) the coefficients 𝑎𝑠𝛼 (𝛼 ≤ 𝑚) are continuous in 𝑄𝑇 ;
2) the functions 𝜑, 𝑓 have, respectively in Ω0, Ω𝑡 (0 ≤ 𝑡 ≤ 𝑇 ), bounded partial
derivatives containing no more than 2𝑚 differentiations with respect to each 𝑥𝑠;
3) the functions 𝜑, 𝑓 , together with all their derivatives up to order (2𝑚 − 1),
vanish respectively on the boundary of Ω0, Ω𝑡. Then, if 𝜏 → 0 and ℎ → 0, the
sequence

(Δ𝛼1𝑥1 Δ𝛼2𝑥2 ⋯ Δ𝛼𝑝
𝑥𝑝 𝑣Δ)′

for 𝛼1 + 𝛼2 + ⋯ + 𝛼𝑝 ≤ 𝑚 − 1 tends to

𝜕𝛼1+𝛼2+⋯+𝛼𝑝𝑢
𝜕𝑥𝛼1

1 𝜕𝑥𝛼2
2 ⋯ 𝜕𝑥𝛼𝑝

𝑝

in the norm 𝐿2(Ω𝑡); the sequences (Δ𝑡𝑣Δ)′,

(Δ𝛼1𝑥1 Δ𝛼2𝑥2 ⋯ Δ𝛼𝑝
𝑥𝑝 𝑣Δ)′ (𝛼1 + 𝛼2 + ⋯ + 𝛼𝑝 = 𝑚)

converge weakly, respectively in 𝑄𝑇 and Ω𝑡, to 𝑑𝑢/𝑑𝑡 and to

𝜕𝛼1+𝛼2+⋯+𝛼𝑝𝑢
𝜕𝑥𝛼1

1 𝜕𝑥𝛼2
2 ⋯ 𝜕𝑥𝛼𝑝

𝑝
,

where 𝑢 is the generalized solution of (1), (2), (3).

In the proof of this theorem, along with the methods of (6), expansions in the
eigenfunctions of the operators 𝐿ℎ

𝑠 are used. If in equation (1) 𝑚 = 1, then
Theorems 2 and 3 can be strengthened. Namely, instead of condition (2) we
take the condition

𝑢∣𝑆 = 𝜓(𝑥), (7)
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and in scheme (4), for Δ ∈ 𝑆ℎ, we put 𝑣(𝑛)
Δ = 𝜓Δ, 𝑣(𝑛+𝑠/𝑝) = 𝜓Δ (𝑠 = 1, 2, … , 𝑝).

Then, with the aid of the results of (11), one establishes

Theorem 4. If, for every 𝑡 ∈ [0, 𝑇 ], the solution of equation (1) (𝑚 = 1), sat-
isfying conditions (3), (7), has in 𝑄𝑇 bounded partial derivatives containing no
more than two differentiations with respect to each variable 𝑥𝑠 (𝑠 = 1, 2, … , 𝑝),
and the derivatives 𝜕2𝑢/𝜕𝑡2, 𝜕4𝑢/𝜕𝑥4

𝑠, 𝜕2𝑎𝑠/𝜕𝑥2
𝑠 are bounded, then, as 𝜏 and

ℎ tend to zero, the sequence 𝑣(𝑘) tends in 𝐿2(Ω𝑡) to 𝑢(𝑘) (𝑘 = 𝑡/𝜏) with order of
convergence 𝑂(𝜏) + 𝑂(ℎ).
We note that Theorem 4 is also valid for equation (1) (𝑚 = 1) with coefficients
𝑎𝑠𝛼(𝑥𝑠, 𝑡); if the coefficients of equation (1) are constant, then the order of
convergence will be 𝑂(𝜏) + 𝑂(ℎ2).
Moscow State University
named after M. V. Lomonosov

Received
7 X 1961
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.21718 Machine Translation

https://sovietrxiv.org/items/ru-196201.21718

	Abstract
	Full Text
	MATHEMATICS
	E. G. D’yakonov

	THE METHOD OF GRIDS FOR SOLVING PARABOLIC-TYPE EQUATIONS OF ORDER 2m WITH SEPARABLE VARIABLES
	REFERENCES


