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O. M. FOMENKO

ON DIRICHLET L-FUNCTIONS
(Presented by Academician I. M. Vinogradov, 14 IX 1961)

Let x(n) be a nonprincipal character modulo D. Consider the behavior of the
corresponding L-function on the line 0 = 1/2 near the real axis, for example for
[t] < 1.

Davenport () gave the estimate

L(1/2 4 it,x) = O(D'4). (1)

Yu. V. Linnik ) somewhat improved this estimate for the case when the char-
acter x(n) is the Kronecker symbol (%), where —D < 0 is a fundamental
discriminant satisfying certain conditions; he gave the estimate

L(1/2 +it,x) = o(DY*). 2)

In the present note, estimate (1) is improved for the case of L-functions for
which x(n) is a nonprincipal character modulo a prime p. We use the shortened
functional equation for L-functions obtained by Yu. V. Linnik ®% in combi-
nation with Burgess’ s method (®). The estimate of the theorem of the present
paper can be replaced by an even more precise one, if the proof is made more
complicated.

We introduce some notation. Let w be any fixed number satisfying the inequal-
ities 1 > w > 2/3;

o — I 5= 424+ w s
46+ w’ 246 +w)
where ) 184 )
w
<< =~ +it.
50 Sou6te) T2t

Lemma 1. Let x(n) be a nonprincipal character (mod p). Then, for all suffi-
ciently large p and any N, the inequality

N+H
H
S )| < = (3)
n=N+1 p
holds, where
pﬁ+5 < H <p1/2+5. (4)
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The proof of the lemma is similar to the proof of Theorem 1 of paper (®), with
Lemma 2 of that paper replaced by Lemma 2 of paper ().

Lemma 2. Let || < 1, and let x(n) be a nonprincipal character ( mod p). Then

Lis)= 3 X(n>n—w<s,n\/®+ S Xmn iy, (s,n\/j>+0(;>.

ng\/f)ln2p ng\/;EIHQp
(5)

The form of the functions v, depends only on the value y(—1) = +1.
For the proof and all notation pertaining to the lemma, see (3).

Theorem. Let |t| < 1, and let x(n) be a non-principal character (mod p). In
this case the estimate

L(/y+it,x) = O (po8i5 ). (6)

holds.

We indicate the proof of the theorem. We apply Lemma 2 and estimate only
the first sum on the right in (5), since the second is estimated analogously. We
split this sum into two sums

; 71' ) 71'
> x(nny (871\/7) + > x(nny (871\/7) =3+ 3,
1<n<phte p pPHo<n< /pln’p p
The sum ¥, is estimated trivially, and we use the inequality (3)
oD
p
where c is a positive constant.

In order to estimate the sum X, properly, we apply Abel’ s transformation to
it, and then Lemma 1 and the following estimate (4):

A(k) =k +1) = O (ﬂj/’) , ®)

where

(k) = F<,?) v (sk\/j) R b (G} _E(_l)'
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I express my gratitude to Yu. V. Linnik for valuable advice.
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