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In the works of O. A. Oleinik (12), the solution of boundary value problems
for elliptic and parabolic equations of the second order with discontinuous co-
efficients was obtained as the limit of solutions of the corresponding boundary
value problems for equations with smooth coefficients. Such an approach, based
on a certain smoothing of the coefficients of the equation, the use of a priori
estimates, and the embedding theorems of S. L. Sobolev (3) and S. M. Nikol’
skii (*), makes it possible to obtain the solution of boundary value problems for
a broad class of conjugation conditions on the surfaces of discontinuity of the
coefficients and to investigate the smoothness of the solution obtained.

In the present note, by applying the methods developed in (}2), the solution
of certain boundary value problems for parabolic equations of the second order
with discontinuous coefficients is obtained.

1. Let a bounded domain D of the space x = (zq,...,,,) be divided into a
finite number of subdomains D, (r = 1,2,...,m) by (n — 1)-dimensional
smooth nonintersecting surfaces. Denote by I'" the boundary of the do-
main D; by T, the boundary separating the domains D, and D, (i,k =
1,2,...,m); S =T x[0,T], Q, = D, x (0,T], r = 1,2,....m, S;;, =
T, x [0,T]. In the cylinder @ = D x (0,T] consider the parabolic equa-
tion

oU & 0 oU n oU
Ag(,t) 7 = > 7, (Aij(x,t)axj> + ;Bi(m)ﬁ—% + C(x, )U + Fl(x,1),
(1)

whose coefficients are sufficiently smooth functions in @ — >_ S, and have dis-
continuities of the first kind at the points of S;;. Let

ij=1

n n
Ay >Xg>0, A=A, S AEE =AY &, A>0,  Clat) <0
i,j=1 i=1
(2)
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We shall assume that in a neighborhood of any point of the surface I';; one can

introduce local coordinates y; = z,(xq,...,,), ¢ = 1,2,...,n, under which T';,
passes into the plane y, = 0, where the z;(zq,...,x,,) are sufficiently smooth
functions.

We seck a function U(z,t), continuous in @), which satisfies equation (1) at all
points of @ — Y S,;, the boundary conditions

Ug=0, Ul ,=0 onD=>"Ty (3)

and conjugation conditions of the form

dUu daUu
lqu = KpdT + quT + 5qu = Ypg O Spq’ (4)
P q
where K; > K >0, d,, > 0, and »,,, are known functions on S,,,,
d = 0
N, = Z A1) cos(vy, 1) g

v, is the normal to S, exterior with respect to the domain Q,, Afj is the

limiting value of A;; on the boundary of the domain @,,.

We shall consider only those solutions U (x, t) of this problem which have deriva-
tives OU/0z; € Lo(Q), i = 1,2,...,n. In what follows we use the notation
adopted in (5).

Theorem 1. Let I belong to the class A®), S, to the class AU+2): the functions

Ay eC(Q,), B, C, Ay, FeCY(Q,) (r=12..,m),

K, e Cc(S #py € CU(S,,).

Then, for [ > n +k+ 1 and k > 2, there exists a unique solution U(x,t)
of the problem (1), (3), (4). This solution belongs to the class C¥(Q N Q,),
r=12..,m.

d

Pq)7 pg’

We shall obtain the solution of the problem (1), (3), (4) in the following way.
Cover the domain D by a finite number of sufficiently small domains wy,, k =
1,2,..., N, such that in a domain w), containing points of the surface I, it is
possible to pass to local coordinates ¥, ..., ¥* in such a way that y* = ¢! in the
intersection of wy, and w;. Let ey (x,t), k = 1,2, ..., N, be infinitely differentiable
functions, equal to zero outside w; x [0,7] and in some neighborhood of its
boundary, and such that everywhere in Q

0 <ep(z,t) <1, Zek(:c,t) =1.
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By #, and 4, denote smooth functions in @ such that Np—Wy = Hpgs 0,—0, = 0,

on the surface S,,. Let K, (z,t) be a smooth function in Q,, co1nc1d1ng w1th KT,
on the boundary of @,.. Denote by K(x,t) the function in @ equal to K, (x,t)
in the domain @,. Define » and § analogously.

Construct the following functions:
wh = ey ()t S = e (6)h, k=1,2,...,N;
N

N
= e (KA Al =" e (KA,
k=1

k=1

Jj=1

N N h N N h
_ e ho_ e b d(dey,)
-3 ( S ) or= 3oy (20

N N h
Zek(ngZ(a(%i’“)) :

k=1 k

— \ 9y

where (0) denotes the averaging (see (3)) of the function 6 in the domain
wy, % [0, 7], with averaging radius h with respect to the variables y¥, ...,y t.

Consider the sequence of equations

5 (1) S0

7,j=1

ovu, N Oul
=Ah—h _pFh Ny k 0<h<l. 5

0 at £ ayﬁ ’ < < ( )
Transforming in (5) the terms containing derivatives with respect to yl, ...,y
we obtain

0 p U}, aUh WU = 85h
i;13z1< 7 Oz ) ZB G +Zzulk
oU < 0
= Ayt Fh+zzum s, (6)

where p,, are some smooth functions.

We shall obtain the solution of problem (1), (3), (4) as the limit, as h — 0, of
the solutions of equations (6) under the boundary conditions

Uh| :O, Uh| :O (7)

t=0
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It is easy to show that U, and 9U, /Ox,; are uniformly bounded in the norm
L,(Q). Further, analogously to how this was done in (2), we establish integral
estimates for derivatives of higher order and, using the theorems of S. L. Sobolev
(3) and S. M. Nikol' skii (%), obtain the existence of a limit U(x,t) for the
sequence U, as h — 0, possessing the differentiability properties indicated in
Theorem 1.

The fulfillment of the conjugation condition is proved in the same way as in
(?). The continuity of U(x,t) at the points of S and D — > T, is established
with the aid of barriers. The uniqueness of the solution of problem (1), (3),
(4) is established by multiplying the equation satisfied by the difference of two
solutions of the problem U; and U, by the function (U; — U,)t,, where v,
denotes a function equal to zero in an e-neighborhood of the boundary S and to
one outside a 2e-neighborhood of this boundary, and integrating the resulting
equality over the domain @. Integrating by parts and letting e tend to zero, we
obtain U; = U,.

Let us note that, analogously, one can obtain the existence and uniqueness
of the solution of boundary-value problems for general elliptic and hyperbolic
equations of second order with discontinuous coefficients under conjugation con-
ditions of the form (4) on the surfaces of discontinuity of the coefficients.

2. Consider the linear parabolic equation

ou 92U oU
= Aij(m,t)m + ;Bi(m,t)a—xi + C(z,)U + F(z,t)  (8)

in the cylinder @ = D x (0,7]. Let A;(z,t), B;(x,t), C(z,t), and F(z,t) be
smooth functions everywhere in the domain @, with the exception of a finite
number of smooth surfaces S, (r = 1,2,...,m), where these functions have
discontinuities of the first kind. Let the S, divide @) into m + 1 domains @,.,
and suppose that condition (2) is fulfilled in Q.

Assume that in some neighborhood of any point there is a possible nonsingular
change of coordinates
T =1, Yy = Y;(Tq, ey Ty, 1), 1=1,2,...,n, 9)

under which the surface of discontinuity of the coefficients is transformed into
a piece of the plane y,, = 0.

We shall seek a continuous function U(z,t) in @, having continuous first deriva-
tives in @, satisfying equation (8) in @ — Zf\;l S; and the boundary conditions

Ul,_, = Ul, =1, (10)
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where ¢ and ¢ are arbitrary continuous functions such that ¥|,_, = ¢|p. We
note that this problem was considered by I. V. Girsanov in (6) in the case when

the coefficients A,;, B; and the surfaces of discontinuity S, do not depend on ¢.

Theorem 2. Let the functions A,;, B;, C, F belong to COm) (@), 0< <1,
r=1,2,...,m+ 1, and to the class C") in some neighborhood of S,, I > n + 1,
with S. € A2 and let the surface I' be such that each of its points can be
touched by some ball lying outside (). Then there exists in () a unique solution
of problem (8), (10).

The solution of problem (8), (10) can be obtained as the limit, as h — 0, of
solutions of the equations

8Uh _ - h 82Uh - haUh h h
o fi;Aijaxiaxj +;Bi oz, TCUTE (11)

with boundary conditions

Ul = Ul =v (12)

Here

NO NO NO NO
A?j = Z‘%(Az‘j);cl; Bzh = Zek(Bi)Z; Cch = Z%(C)Z and F = Zek(F)Z7
k=1 k=1 k=1 k=1

e, is an infinitely differentiable function equal to zero outside Q, (k =
].,27...7N0);

NO NU
k=1 k=1

and the domains €2, are so small that in each of them a change of coordinates
of the form (9) is possible, with y* = ¢/, in the intersection of €, and ;.

It follows from the maximum principle that the U,, are uniformly bounded with
respect to h in (. Applying the a priori estimates of work (7), we obtain
compactness, in the sense of uniform convergence of U, and of all derivatives
entering equation (11), in any closed domain " C @ not containing points of
S,.. Next, considering equation (11) in local coordinates y;,ys,...,¥,,T in a
neighborhood of a point P, € S,., we establish a priori estimates for derivatives
of Uj, up to order [, involving no more than two differentiations with respect to
Y, Applying the theorems of S. M. Nikol’ skii (4), we obtain that the limiting
function U(z,t) for U, as h — 0 satisfies the required conditions in Q.
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The fulfillment of conditions (10) is proved with the aid of barriers. The unique-
ness of the solution of problem (8), (10) follows from work (8).

In conclusion I express my sincere gratitude to Prof. O. A. Oleinik for guidance
and assistance in writing this work.
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