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Abstract
Full Text

MATHEMATICS
R. G. MAMEDOV

ON THE ORDER AND ON THE ASYMP-
TOTIC VALUE OF AN APPROXIMATION
OF A NONDIFFERENTIABLE FUNCTION
BY POSITIVE LINEAR OPERATORS OF A
CERTAIN TYPE
(Presented by Academician S. L. Sobolev on 28 V 1962)

1. Let {𝜑𝑘(𝑟)}∞
1 be a sequence of functions defined on some set 𝐸 = {𝑟},

and let 𝑟0 be a limit point of this set.

Assume that the series ∑∞
𝑘=1 𝜑𝑘(𝑟) converges absolutely on 𝐸 and

𝑢𝑟(𝑡) = 1
2 +

∞
∑
𝑘=1

𝜑𝑘(𝑟) cos 𝑘𝑡 ⩾ 0 (𝑟 ∈ 𝐸, −𝜋 ⩽ 𝑡 ⩽ 𝜋).

Put

ℒ𝑟(𝑓; 𝑥) = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑡 + 𝑥) 𝑢𝑟(𝑡) 𝑑𝑡 (1)

for every 2𝜋-periodic function 𝑓(𝑥).
It is known (4) that if lim𝑟→𝑟0

𝜑1(𝑟) = 1, then

lim
𝑟→𝑟0

ℒ𝑟(𝑓; 𝑥) = 𝑓(𝑥)

at every point 𝑡 = 𝑥 of continuity of the function 𝑓(𝑥). Moreover, it is necessary
that

lim
𝑟→𝑟0

𝜑𝑘(𝑟) = 1 (𝑘 = 1, 2, …).

Consequently,
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𝛼(𝑟) =
∞

∑
𝑘=1

1 − 𝜑2𝑘(𝑟)
4𝑘2 − 1 , 𝛽(𝑟) =

∞
∑
𝑘=0

1 − 𝜑2𝑘+1(𝑟)
(2𝑘 + 1)2

tend to zero as 𝑟 → 𝑟0.

From a theorem of P. P. Korovkin (4, Theorem 15) it follows that the conditions

lim
𝑟→𝑟0

1 − 𝜑1(𝑟)
𝛼(𝑟) = 0, lim

𝑟→𝑟0

1 − 𝜑1(𝑟)
𝛽(𝑟) = 0

are equivalent. In this case

lim
𝑟→𝑟

𝛼(𝑟)
𝛽(𝑟) = 1.

If

𝑎0
2 +

∞
∑
𝑘=1

(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)

is the Fourier series of the function 𝑓(𝑥), then the linear operator (1) can be
represented in the form

ℒ𝑟(𝑓; 𝑥) = 𝑎0
2 +

∞
∑
𝑘=1

𝜑𝑘(𝑟)(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥).

This shows that the approximation of functions by the linear operators (1) can be
regarded as a positive method of summation of Fourier series. In this direction
one should note the general results of P. P. Korovkin (1−4), in particular, his
work (7), where he establishes orders of approximation of classes of functions by
certain operators of the form (1).

In the present note the orders and asymptotic values of approximations of func-
tions by the positive operators (1) are studied.

2. It is easy to prove that P. P. Korovkin’s theorem (3) on the asymptotic
value of the approximation of a twice differentiable function by linear pos-
itive polynomial operators of a certain type is also valid for approximation
by the more general operators (1).

Theorem 1 (P. P. Korovkin). In order that the equality

lim
𝑟→𝑟0

ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥)
ℒ𝑟(𝜓; 𝑥) − 𝜓(𝑥) = 𝐷2𝑓(𝑥)

𝐷2𝜓(𝑥) , (2)
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hold, it is necessary and sufficient that the equality

lim
𝑟→𝑟0

1 − 𝜑2(𝑟)
1 − 𝜑1(𝑟) = 4 (3)

hold, where 𝐷2𝑓(𝑥) is the second generalized derivative of the function 𝑓(𝑥) at
the point 𝑥.

From this theorem, under condition (3), there follows the asymptotic equality

ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥) = [1 − 𝜑1(𝑟)]𝐷2𝑓(𝑥) + 𝑜[1 − 𝜑1(𝑟)]

for every function 𝑓(𝑥) having at the point 𝑡 = 𝑥 the second generalized deriva-
tive 𝐷2𝑓(𝑥).
Theorem 2. Suppose that at the point 𝑥 there exist the right and left derivatives
𝑓 ′

+(𝑥) and 𝑓 ′
−(𝑥) of the function 𝑓(𝑥) ∈ ℒ(−𝜋, 𝜋).

If

lim
𝑟→𝑟0

1 − 𝜑1(𝑟)
𝛼(𝑟) = 0, (4)

then the equality

lim
𝑟→𝑟0

ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥)
𝛼(𝑟) = 2

𝜋 [𝑓 ′
+(𝑥) − 𝑓 ′

−(𝑥)] (5)

is valid.

Corollary. In particular, if

lim
𝑛→∞

1 − 𝜌(𝑛)
2

1 − 𝜌(𝑛)
1

= 4,

then for the positive polynomial operator

𝒦𝑛(𝑓; 𝑥) = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑡 + 𝑥)𝑊𝑛(𝑡) 𝑑𝑡,

where

𝑊𝑛(𝑡) = 1
2 +

𝑛
∑
𝑘=1

𝜌(𝑛)
𝑘 cos 𝑘𝑡 ≥ 0 (−𝜋 ≤ 𝑡 ≤ 𝜋),
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the equality

lim
𝑛→∞

𝑝(𝑛) [𝒦𝑛(𝑓; 𝑥) − 𝑓(𝑥)] = 𝑓 ′
+(𝑥) − 𝑓 ′

−(𝑥)
𝜋 , (6)

is valid, where

1
𝑝(𝑛) = 1

2𝑚 + 1 + (2𝑚 + 1)(1 − 𝜌(𝑛)
1 ), 𝑚 = [𝑛

2 ] .

Let

Φ𝑟(𝑓; 𝑥) = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑡 + 𝑥)Π𝑟(𝑡) 𝑑𝑡 (7)

be the Poisson operator, where

Π𝑟(𝑡) = 1
2

1 − 𝑟2

1 − 2𝑟 cos 𝑡 + 𝑟2 .

Theorem 3. If the function 𝑓(𝑥) ∈ ℒ(−𝜋, 𝜋) has finite right and left derivatives
𝑓 ′

+(𝑥) and 𝑓 ′
−(𝑥) at the point 𝑡 = 𝑥, then the equality

lim
𝑟→1

Φ𝑟(𝑓; 𝑥) − 𝑓(𝑥)
(1 − 𝑟) ln 1+𝑟

1−𝑟
= 𝑓 ′

+(𝑥) − 𝑓 ′
−(𝑥)

𝜋 (8)

holds.

Theorem 3 makes it possible to establish the corresponding asymptotic equality
for analytic functions.

Theorem 4. Let 𝐹(𝑧) be an analytic function of class 𝐻1 in |𝑧| < 1, and let
𝐹(𝑒𝑖𝜑) = 𝜆(𝜑) + 𝑖𝜈(𝜑) be its boundary value. If 𝜆(𝜑) and 𝜈(𝜑) have finite left
and right derivatives 𝜆′

±(𝜑) and 𝜈′
±(𝜑) at the point 𝜑 = 𝜑0 (𝑧0 = 𝑒𝑖𝜑0), then

the equality

lim
𝑟→1

𝐹(𝑧) − 𝐹(𝑧0)
(1 − 𝑟) ln 1+𝑟

1−𝑟
= 𝐹 ′

+(𝑧0) − 𝐹 ′
−(𝑧0)

𝜋 , (9)

holds, where

𝐹 ′
+(𝑧0) = 𝜆′

+(𝜑0) + 𝑖𝜈′
+(𝜑0), 𝐹 ′

−(𝑧0) = 𝜆′
−(𝜑0) + 𝑖𝜈′

−(𝜑0)

and 𝑧 = 𝑟𝑒𝑖𝜓 (0 < 𝑟 < 1).
3. Let us note the following application of Theorem 2. Let
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𝜏(𝑟) = sup
𝑓∈𝑍1

max
−𝜋≤𝑡≤𝜋

|ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥)| ,

where 𝑍1 is the class of 2𝜋-periodic functions 𝑓(𝑥) for which

|𝑓(𝑥 + 𝑡) + 𝑓(𝑥 − 𝑡) − 2𝑓(𝑥)| ≤ 2|𝑡|.

Theorem 5. If condition (4) is satisfied, then the equality

lim
𝑟→𝑟0

𝜏(𝑟)
𝛼(𝑟) = 4

𝜋 (10)

holds.

Corollary 1. For the Poisson operator (7) the equality

lim
𝑟→1

𝜏(𝑟)
(1 − 𝑟) ln 1+𝑟

1−𝑟
= 2

𝜋 (11)

holds.

Equality (11) was proved by I. P. Natanson (5).
Corollary 2. For the operator of P. P. Korovkin (7)

𝐴𝑟(𝑓; 𝑥) = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑡 + 𝑥)𝑉𝑟(𝑡) 𝑑𝑡,

where

𝑉𝑟(𝑡) = 1
2 +

∞
∑
𝑘=1

𝑟𝑘2 cos 𝑘𝑡,

the equality

lim
𝑟→1

𝜏(𝑟)√
1 − 𝑟 = 2√𝜋 (12)

holds.

Equality (12) was proved by P. P. Korovkin (7).
4. Let ℒ𝑝(−𝜋, 𝜋) be the space of 2𝜋-periodic functions 𝑓(𝑥) for which
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‖𝑓(𝑥)‖𝑝 = {∫
𝜋

−𝜋
|𝑓(𝑥)|𝑝 𝑑𝑥}

1/𝑝
< ∞.

Theorem 6. For every function 𝑓(𝑥) ∈ ℒ𝑝(−𝜋, 𝜋) the inequality

‖ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥)‖𝑝 ≤ [1 + 𝜋√
2

] 𝜔𝑝 (𝑓; √1 − 𝜑1(𝑟)) (𝑝 ≥ 1),

holds, where

𝜔𝑝(𝑓; 𝛿) = sup
|𝑡|≤𝛿

‖𝑓(𝑥 + 𝑡) − 𝑓(𝑥)‖𝑝

is the integral modulus of continuity of the function 𝑓(𝑥) in ℒ𝑝(−𝜋, 𝜋).
Theorem 7. If 𝑓(𝑥) is differentiable on [−𝜋, 𝜋] and 𝑓 ′(𝑥) ∈ ℒ𝑝(−𝜋, 𝜋), then
the inequality

‖ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥)‖𝑝 ≤ [𝜋2

2 + 𝜋√
2

√1 − 𝜑1(𝑟)] 𝜔𝑝[𝑓 ′; (1 − 𝜑1(𝑟))] (𝑝 ≥ 1).

holds.

Theorem 8. If 𝑓″(𝑥) exists on [−𝜋, 𝜋] and 𝑓″(𝑥) ∈ ℒ𝑝(−𝜋, 𝜋), then the in-
equality

‖ℒ𝑟(𝑓; 𝑥) − 𝑓(𝑥)‖𝑝 ≤ 𝜋2‖𝑓″(𝑥)‖𝑝
4 [1 − 𝜑1(𝑟)]+

+𝜋2

4 [(1 − 𝜑1(𝑟)) + 𝜋
2 √4 − 1 − 𝜑2(𝑟)

1 − 𝜑1(𝑟)] 𝜔𝑝[𝑓″; (1 − 𝜑1(𝑟))]. (13)

From inequality (13) it follows that condition (3) affects the rate of approxima-
tion of a twice differentiable function by the positive linear operators (1).
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