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Abstract
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MATHEMATICS

V. M. VOLOSOV

AVERAGING IN SOME SYSTEMS OF DIF-
FERENTIAL EQUATIONS

(Presented by Academician I. G. Petrovskii, 12 III 1962)

In (1,2) averaging was studied in systems of the form

'/t:‘gx(xayatvs)v yzy(m7y7ta€>

(x={z1, 2}y y={Y1s s Um}, X ={X1,....X,,}, Y ={¥1,....Y,. },

€ > 0 is a small parameter) under the assumption that, for certain func-
tions, mean values exist along the integral curves of the degenerate system
x = const, y = Y(z,v,t,0) = Yy(z,y,t), and moreover these means do not
depend on the initial values of the solutions of the degenerate system.

In the present paper averaging theorems are formulated in which dependence of
the mean values on the choice of the trajectory of the degenerate system along
which the averaging is performed is allowed.

We introduce the following requirements:

1) The function X (z,y,t,¢) is defined and uniformly bounded for 0 < e < ¢,
(eg > 0), z,y,t € G (G is some open, possibly unbounded, domain of the
(n + m + 1)-dimensional space x,y,t) and is uniformly continuous in &
with respect to the aggregate x,y,t.

2) X,(x,y,t) = X|._o is continuous, satisfies a Lipschitz condition in z,t,
and has continuous bounded derivatives in y.

3) Y(z,y,t,¢) is defined for z,y,t € G, 0 < & < g, is continuous, satisfies
a Lipschitz condition in z,y,t, and has a partial derivative in € that is

)4

Oe e=0

is continuous, satisfies a Lipschitz condition in x,t, and has continuous

bounded first-order derivatives in y.

continuous in & uniformly with respect to x,y,t. Yi(z,y,t) =
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Through every point x,¥y,t, € G there passes a unique integral curve
x = const, y = ©(xg, Yo, to,t) of the degenerate system x = const, y =Y},
lying in G for all ¢ > ¢, extendable to the boundary (or lying entirely
inside) the domain G for ¢ < ¢,. The function ¢ is continuous and has
continuous bounded derivatives with respect to y,, ¢y, and

m+1
D? > const > 0
=1

everywhere in the domain G, where D, are the minors of order m of the matrix

5)

Op ¢
dyy’ Oty

In G there lies a smooth (n+m)-dimensional manifold M : © = a(\), y =
b(A), t = c(N), where A = {\,...,\,.,,,} is a set of parameters (A € A,
where A is an open domain, and for A € A the point a,b,¢c € G). The
functions a, b, ¢ are continuous and have continuous bounded derivatives.
Moreover,

n+m+1

Z A2 > const > 0
=1

for all A € A, where A, are the minors of order (n 4+ m) of the matrix

6)

|ou, 20 o
ON 0N O\

N

| cos (7,m)| > const > 0 at each point M, where 7 and n are, respectively,
the unit tangent vector to the curve x = const, y = ¢ and the unit normal
to M. Every trajectory x = const, y = ¢ from G intersects M once (if the
conditions of the theorem are changed analogously to (!), then multiple
intersections may be allowed).

In G there are defined k (kK < m) independent integrals of the system
T = const, y=Y:

O(z,y,t) =c (c{=cq,.rc}, P={Dq,....,2;,}).

The values of ® for z,y,t € G completely cover some open, possibly un-
bounded, domain I" of the variables ¢y, ..., ¢,. ®(z,y,t) is continuous, has
continuous bounded derivatives, 9®/0x and 9P /dy satisfy, with respect
to x,t, a Lipschitz condition and admit continuous bounded derivatives
with respect to y.
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8) Let R(x,y,t) be an (n + k)-dimensional vector function defined in G, tak-

ing values in the space of the variables x,,...,x,,¢cy,..., ¢, such that its
projections onto the subspaces x and ¢ are respectively X; and

0P 0P

—X;+=—Y.

ox oyt

Let R have a mean value along every solution y(t) of the degenerate system
(under the condition z, y(ty), ¢y, € G):

to+T
lim —/ R[z,y(t),t|dt = R(x,c), where ¢ = ®[xz,y(t),t].
t

The function

R(z,c)=R(r) (r={z,c} ={xy,....,7,,¢1, . Cp})

is defined in the domain r € Il = G, + I (direct sum), where G, is the
projection of G' onto the subspace z. R satisfies a Lipschitz condition with
respect to x, has continuous bounded derivatives with respect to ¢, and
the function
S = R(z,y,t) — R[z, ®(z,y,1)]

is uniformly bounded. The mean value R exists uniformly: for every
d > 0 there is a T'(0) > 0 such that, for any value r = {z,c} € II and all
solutions of the degenerate system and all ¢, such that z, y(¢,), t, € G
and Pz, y(t),t] = ¢,

1[° (Rl y(t),1] — R, Bl y(t), ]]} dt

T
0

<¢ for T2>T(0).

9) For sufficiently large T' > 0, for the function

to+T
Nz/' Sl ol Yo to, )] d
to

the inequalities

‘81\7 ON < ‘<
—], < cons 00
9y, ot

hold.

10) For every € such that € € (0, ], there exists an open bounded subdomain
G (e) C G such that some prescribed initial point ly(xg, Yo, ty) € G lies in
all Gy(e) together with some fixed neighborhood of radius p > 0. Every
point of G (¢) is separated from M, in the time counted along the integral
curve of the system = = const, y = Y|, issuing from it, up to the point of
intersection of this curve with M, by an interval At such that

|At| < K/e (K = const > 0).
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11) For ¢ € (0,¢,] there exist subdomains G,(¢) C Gy(e) such that I, € G,
and the distance from the points of G to the boundary of G, is not less
than p > 0.

12) Let there exist an interval
Agt(e) = [to,t1(e)]  (ty > tg, ty —tg < K/e)

such that the integral curve of the basic system & = X, ¢ =Y, issuing
from [, at t = ¢, exists and lies in G for all € such that || € (0,&,] (no
assumption of uniqueness of this solution is made).

Denote by A,t(e) the interval

[to, to(e)]
such that ¢y > t,, Ayt C Ajt, and for t € Ayt the integral curve of the system
. =¢eX, y=1Y does not leave the

G (g) (according to the assumptions made, for £ € (0,¢,] the interval A,, exists
and, generally speaking, has length ~ %)

Theorem 1. Under the stated conditions, for arbitrary K > 0, 6 > 0, there
exists an €, > 0 such that for 0 < ¢ < e, and t € Ay, (e) the solution of the
averaged system of the first approzimation ¥ = eR(7) does not leave Il = G, +T
and |r — 7| < &, where ¥ = {%(t,€),¢(t,&)}; T and ¢ are the solutions of 1 = eR,
r = {z(t,e),c(t,e)}, x(t,e) and y(t,e) are the solutions of © = eX, § =Y,
and C(t,é) = (p[x(tvg)vy(tvg)vt]f with :L'|t:t0 = ‘i|t:t0 = Zo, y|t:t0 = Yo, C_|t:t0 =
c|t:to = ®(z, Yo, to)-

From conditions 1)-12) it follows that in G the system of equations

Ou Ou
—+—Y,=S5
ooy
(u = u(z,y,t) = {ug, ..., u, 1 }) with the boundary conditions ul, , ;) = 0 has

a unique continuous solution.
Assume, in addition to the conditions of Theorem 1, that:

13) u(x,y,t) has derivatives with respect to zy,...,z, and is uniformly

bounded together with du /0.

n

14) X and Y have continuous bounded derivatives with respect to .

Theorem 2. Under the additional conditions 13) and 14), there exists C > 0
such that for sufficiently small € and t € Ay, (e), [r —7| < Ce.

The equations of higher approximations for the system & = X, y = Y, under
the condition that the mean values depend on the choice of solutions of the
degenerate system x = const, y = Y|, are a generalization of the equations
obtained in (2), and are derived in an analogous way. The theorems justifying
the higher approximations under such averaging are formulated similarly to
Theorems 1 and 2.*
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* A bibliography on the question considered is available in (1-3).
Note: Figure translations are in progress. See original paper for figures.
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