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Abstract
Full Text

I. Ts. Gohberg
A GENERAL THEOREM ON THE FACTORIZATION
OF MATRIX FUNCTIONS IN NORMED RINGS AND
ITS APPLICATIONS
(Presented by Academician P. S. Aleksandrov on 5 IV 1962)

1. Let 𝐹 be an arbitrary closed set in the complex plane. By 𝐾(𝐹) we denote
the ring of all rational functions whose poles do not belong to 𝐹 .

We shall call a normed ring 𝐶(𝐹) of complex-valued continuous functions on 𝐹
an 𝑅-ring if 𝐾(𝐹) is contained in 𝐶(𝐹) and is dense in it in the norm of the ring
𝐶(𝐹). It is easy to see that the bicompactum of maximal ideals of the 𝑅-ring
𝐶(𝐹) is homeomorphic to 𝐹 . Hence, in particular, it follows that

max
𝜁∈𝐹

|𝑎(𝜁)| ≤ ‖𝑎(𝜁)‖.

In what follows we shall assume that 𝐶(𝐹) is an 𝑅-ring. Let 𝐺𝑗
(𝑗 = 1, 2, … , 𝜔; 𝜔 ≤ ∞) be the set of all distinct connected components
of the complement 𝐺 of the set 𝐹 . Denote by 𝜘𝑗(𝑟) (𝑗 = 1, 2, … , 𝜔) the
functional, defined on all functions 𝑟(𝜁) ∈ 𝐾(𝐹) for which 𝑟(𝜁) ≠ 0 (𝜁 ∈ 𝐹),
and equal to the difference between the number of poles and the number
of zeros in 𝐺𝑗 of the function 𝑟(𝜁) (see (1)). The functionals 𝜘𝑗(𝑟) extend
by continuity to the set 𝒪𝐶 of all invertible elements of 𝐶(𝐹) and have the
properties: 1) 𝜘𝑗(𝑟) is an integer for any 𝑎 ∈ 𝒪𝐶 ; 2) 𝜘𝑗(𝑎1𝑎2) = 𝜘𝑗(𝑎1) + 𝜘𝑗(𝑎2)
(𝑎1, 𝑎2 ∈ 𝒪𝐶).
Denote by 𝐶𝑛×𝑛(𝐹) the ring of all matrices of functions of order 𝑛 with elements
from 𝐶(𝐹), and by 𝒪𝐶;𝑛 the set of all invertible matrix functions from the ring
𝐶𝑛×𝑛(𝐹), i.e. 𝒪𝐶;𝑛 consists of all 𝑋(𝜁) ∈ 𝐶𝑛×𝑛(𝐹) for which det𝑋(𝜁) ≠ 0
(𝜁 ∈ 𝐹).
Theorem 1. The general form of every functional 𝜘(𝑋), defined on the set of
all 𝑋 ∈ 𝒪𝐶;𝑛 and having properties 1) and 2), is given by the formula

𝜘(𝑋) = ∑
𝑗

𝑘𝑗𝜘𝑗(𝑋), (1)

where 𝑘𝑗 are arbitrary integers.

2. Suppose that the set 𝐺 is not connected. Divide the set of all connected com-
ponents of the domain 𝐺 in some way into two classes: 𝐺+

𝑗 (𝑗 = 1, 2, … , 𝜔+; 0 <
𝜔+ ≤ ∞), 𝐺−

𝑗 (𝑗 = 1, 2, … , 𝜔−; 0 < 𝜔− ≤ ∞). Put
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𝐺± = ⋃ 𝐺±
𝑗 ; 𝐹 ± = 𝐹 ∪ 𝐺∓; 𝐾±(𝐹) = 𝐾(𝐹 ±).

Denote by 𝐶+(𝐹) (𝐶−(𝐹)) the ring which is the closure of the ring 𝐾+(𝐹)
(𝐾−(𝐹)) in the norm of the ring 𝐶(𝐹). Obviously, 𝐶±(𝐹) is an 𝑅-ring on the
set 𝐹 ±.

* The sum appearing on the right-hand side of equality (1) makes sense, since for
each function 𝑎 ∈ 𝒪𝐶 only a finite number of the functionals 𝜘𝑗 can be nonzero.

A left standard factorization of a matrix-function 𝐴(𝜁) ∈ 𝒪𝐶;𝑛 (see (2)) is
its representation in the form

𝐴(𝜁) = 𝐴+(𝜁)𝐷(𝜁)𝐴−(𝜁) (𝜁 ∈ 𝐹), (2)

where 𝐴±(𝜁) ∈ 𝒪𝐶±;𝑛,

𝐷(𝜁) = ∥(𝜁 − 𝜆+

𝜁 − 𝜆− )
𝜈𝑗

𝛿𝑗𝑘∥
𝑛

1
, (3)

𝜈1 ≥ 𝜈2 ≥ ⋯ ≥ 𝜈𝑛 are certain integers, and 𝜆± are certain points respectively
from the domains 𝐺±.

If in equality (2) the factors 𝐴±(𝜁) are interchanged, then the resulting factor-
ization of the matrix-function 𝐴(𝜁) is called a right standard factorization.

It is easy to see that if the matrix-function 𝐴(𝜁) admits the factorization (2)
with some pair of points 𝜆± ∈ 𝐺±, then it admits the factorization (2) also with
any other pair of points chosen arbitrarily in the corresponding domains 𝐺±. In
particular, if the domain 𝐹 is bounded, 𝜁 = 0 ∈ 𝐺+ and 𝜁 = ∞ ∈ 𝐺−, then
equality (3) may be replaced by the equality

𝐷(𝜁) = ∥𝜁𝜈𝑗𝛿𝑗𝑘∥𝑛
1 .

If the matrix-function 𝐴(𝜁) ∈ 𝒪𝐶;𝑛 admits a left (right) standard factorization,
then the numbers 𝜈𝑗(= 𝜈𝑗(𝐴)) are uniquely determined by the matrix-function
𝐴. These numbers are called, respectively according to the type of factorization,
the left (right) indices of the matrix 𝐴(𝜁).
Let us note that for any factorization

𝑛
∑
𝑗=1

𝜈𝑗(𝐴) =
𝜔+

∑
𝑗=1

𝜘+
𝑗 (det𝐴(𝜁)),

sovietrxiv.org/items/ru-196201.19231 Machine Translation

https://sovietrxiv.org/items/ru-196201.19231


where 𝜘+
𝑗 are all the functionals defined in Sec. 1 that correspond to the com-

ponents 𝐺+
𝑗 (𝑗 = 1, 2, … , 𝜔+).

The following general theorem holds:

Theorem 2. In order that every matrix-function 𝐴(𝜁) ∈ 𝒪𝐶;𝑛 admit a left
(right) standard factorization, it is necessary and sufficient that every function
𝑥(𝜁) ∈ 𝐶(𝐹) be representable in the form

𝑥(𝜁) = 𝑥+(𝜁) + 𝑥−(𝜁) (𝜁 ∈ 𝐹), (4)

where 𝑥±(𝜁) ∈ 𝐶±(𝐹).
This theorem is a generalization of the theorems from (2) on the factorization
of matrix-functions for certain concrete 𝑅-rings.

In the proof of this theorem one device is used which, under other circumstances,
was applied in the paper of G. F. Mandzhavidze and B. V. Khvedelidze (3).
All the principal results from (2) extend to the standard factorization of matrix-
functions considered here in general 𝑅-rings. In particular, there are generaliza-
tions of the theorems on the general form of the factors 𝐴±(𝜁) in (2) (see (2),
§7), the stability theorems for systems of indices ((2), §10), the theorems on the
indices and factorization of triangular matrix-functions ((2), §11), and, for the
case when 𝐹 is the real line or the unit circle, the theorems on the factorization
of Hermitian and pseudopositive matrix-functions ((2), §8).

3. We give one application of Theorem 2. Let 𝑉𝑡 (0 ≤ 𝑡 < ∞; 𝑉0 = 𝐼) be
a strongly continuous semigroup of linear isometric operators acting in a
separable Banach space 𝔅, and suppose 𝑉𝑡𝔅 ≠ 𝔅 (0 < 𝑡 < ∞). Denote
by 𝑇 the generating operator of this semigroup.

As is known, 𝑇 is a closed operator with a dense domain of definition, and all
points 𝜆 with Re𝜆 > 0 are regular points of this operator.

For all points 𝜆 with Re𝜆 < 0 the relation |(𝑇 − 𝜆𝐼)𝑓| ≥ |Re𝜆| |𝑓| (𝑓 ∈ 𝔅𝑇 )
holds, and the quantity 𝔪 = dim𝐸/(𝑇 − 𝜆𝐼)𝔅 takes one and the same positive
value.*

Suppose that each operator 𝑉𝑡 has a bounded inverse on the left 𝑉 (−1)
𝑡 , which

can be chosen so that the family 𝑉𝑡 = 𝑉 (−1)
−𝑡 (−∞ < 𝑡 ≤ 0) forms a strongly

continuous semigroup and |𝑉𝑡| = 1 (−∞ < 𝑡 ≤ 0). These conditions are,
obviously, always satisfied when 𝔅 = ℌ is a Hilbert space.

To each complex-valued finite continuous function 𝑟(𝑡) (−∞ ≤ 𝑡 ≤ ∞) we
associate the operator 𝐴𝑟, defined by the equality

𝐴𝑟𝑓 = ∫
∞

−∞
𝑟(𝑡)𝑉𝑡𝑓 𝑑𝑡 (𝑓 ∈ 𝔅).
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Denote by 𝔎 the set of all operators of the form 𝜇𝐼 +𝐴𝑟, where 𝜇 is an arbitrary
complex number and 𝑟 an arbitrary continuous finite function. Let the closure
of the linear manifold 𝔎 in the operator norm be denoted by 𝔖. On the set 𝔎
we define a new multiplication by putting

(𝜇1𝐼 + 𝐴𝑟1
) ∘ (𝜇2𝐼 + 𝐴𝑟2

) = 𝜇1𝜇2𝐼 + 𝐴𝜇1𝑟2+𝜇2𝑟1+𝑟1∗𝑟2
,

where

(𝑟1 ∗ 𝑟2)(𝑡) = ∫
∞

−∞
𝑟1(𝑡 − 𝑠)𝑟2(𝑠) 𝑑𝑠.

It is easily proved that for any pair of elements 𝜇1𝐼 + 𝐴𝑟1
, 𝜇2𝐼 + 𝐴𝑟2

∈ 𝔎 the
relation

∥(𝜇1𝐼 + 𝐴𝑟1
) ∘ (𝜇2𝐼 + 𝐴𝑟2

)∥ ≤ ∥𝜇1𝐼 + 𝐴𝑟1
∥ ∥𝜇2𝐼 + 𝐴𝑟2

∥

holds.

It follows from this that the new multiplication operation can be extended by
continuity to all pairs of elements of 𝔖. With this definition of multiplication, 𝔖
becomes a commutative normed ring. The bicompact of maximal ideals of this
ring is homeomorphic to the compactified real axis. By 𝐴(𝜁) (−∞ ≤ 𝜁 ≤ ∞) we
shall denote the function of the element 𝐴 on the bicompact of maximal ideals
of the ring 𝔖, and by ℭ the normed ring of all such functions with the ordinary
operations and with the definition of the norm ‖𝐴(𝜁)‖ = |𝐴|. It is easy to see
that ℭ is an 𝑅-ring on the real line.

By 𝐺+ (𝐺−) we denote the upper (lower) open half-plane. The naturally defined
subrings ℭ+ and ℭ− are 𝑅-rings on 𝐺±, respectively.

By 𝔅𝑛×1 we denote the direct sum of 𝑛 copies of the space 𝔅. Then the ring
𝔖𝑛×𝑛 of matrices of order 𝑛 with entries from 𝔖 consists of operators acting
in 𝔅𝑛×1. To each such operator 𝐴 ∈ 𝔖𝑛×𝑛 we naturally associate a matrix-
function 𝐴(𝜁) (−∞ ≤ 𝜁 ≤ ∞) from ℭ𝑛×𝑛.

Under the following additional assumptions: a) 𝔪 < ∞; b) every function
𝑥(𝜁) ∈ ℭ representable in the form (4), the following holds:

Theorem 3. In order that the operator 𝐴 ∈ ℭ𝑛×𝑛 be normally solvable and
that at least one of the equations 𝐴𝜑 = 0 (𝜑 ∈ 𝔅𝑛×1), 𝐴∗𝜓 = 0 (𝜓 ∈ 𝔅∗

𝑛×1) have
no more than a finite number of linearly independent solutions, it is necessary
and sufficient that the condition

det𝐴(𝜁) ≠ 0 (−∞ < 𝜁 < ∞). (5)

be satisfied.
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* The author owes this proposition to Yu. I. Lyubich.

If condition (5) is satisfied and the equality

A−1(𝜁) = 𝐴+(𝜁)𝐷(𝜁)𝐴−(𝜁) (−∞ < 𝜁 < ∞),

where

𝐷(𝜁) = ∥(𝜆 − 𝑖
𝜆 + 𝑖)

𝜈𝑖

𝛿𝑗𝑘∥
𝑛

1
,

gives the standard factorization of the matrix-function A−1(𝜁), then the equa-
tion A𝜑 = 0 has exactly 𝛼 = ∑𝜈𝑗>0 𝑚𝜈𝑗 linearly independent solutions, and the
equation A∗𝜓 = 0 has exactly 𝛽 = −𝑚 ∑𝜈𝑗<0 𝜈𝑗 linearly independent solutions.
In particular, the index of the operator A is determined by the equality

𝜘(A) = 𝛼 − 𝛽 = − 𝑚
2𝜋 [arg det𝐴(𝜁)]𝜁=∞

𝜁=−∞.

If condition (5) is satisfied and, for the vector 𝑦 ∈ 𝔅𝑛×1, the condition 𝜓(𝑦) = 0
is satisfied, where 𝜓 is an arbitrary solution of the equation A∗𝜓 = 0, then one
of the solutions of the equation A𝑥 = 𝑦 is given by the equality

𝑥 = A+𝐷A−𝑦,

where A±, 𝐷 are the operators corresponding respectively to the matrix-
functions 𝐴±(𝜁) (∈ 𝒞±

𝑛×𝑛), 𝐷(𝜁) (∈ 𝒞𝑛×𝑛).
This theorem generalizes a number of theorems from (2) on systems of integral
equations on a half-line with kernels depending on the difference of the argu-
ments. From this theorem one can derive certain additions to the theorems
indicated in (2).

Theorem 3 has a discrete analogue corresponding to the case in which the semi-
group under consideration is discrete. The discrete analogue of Theorem 3 for
𝑛 = 1 was formulated in (1)*.

Because of lack of space, analogous generalizations are not given here for the-
orems on paired systems of integral equations and their transposes, for their
discrete analogues, and for systems of one-dimensional singular integral equa-
tions.
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Note: Figure translations are in progress. See original paper for figures.
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