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Abstract
Full Text
MATHEMATICS
R. G. MAMEDOV

DIRECT AND INVERSE THEOREMS IN THE
THEORY OF APPROXIMATION OF FUNC-
TIONS BY 𝑚-SINGULAR INTEGRALS
(Presented by Academician V. I. Smirnov on 2 I 1962)

Let 𝐾𝜆(𝑡) be an even function defined on (−∞, ∞) and depending on a real
parameter 𝜆. Consider the 𝑚-singular integral

𝑇 [𝑚]
𝜆 (𝑓; 𝑥) = (−1)𝑚+1 ∫

∞

−∞
[

𝑚
∑
𝑘=1

(−1)𝑚−𝑘(𝑚
𝑘 )𝑓(𝑥 + 𝑘𝑡)] 𝐾𝜆(𝑡) 𝑑𝑡 (1)

for each function 𝑓(𝑡) (−∞ < 𝑡 < ∞), where 𝑚 ≥ 1 is a certain fixed positive
integer (see (5)).
The Fourier transform of a function 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (1 ≤ 𝑝 ≤ 2) will be
denoted by (𝐹)𝑓(𝑡) = 𝐹 [𝑓(𝑡)].
In addition to the Fourier transform, in what follows we shall also need the
Fourier–Stieltjes transform of functions of bounded variation on (−∞, ∞), i.e.,
functions from the class 𝐵𝑉 (−∞, ∞). The Fourier–Stieltjes transform of a
function ℎ(𝑡) ∈ 𝐵𝑉 (−∞, ∞) will be denoted by

(𝐹𝑆)ℎ(𝑡) = 1√
2𝜋 ∫

∞

−∞
𝑒−𝑖𝑥𝑡 𝑑ℎ(𝑡).

Let us note that if 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (𝑝 ≥ 1) and 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞), then the
𝑚-singular integral (1) exists almost everywhere on (−∞, ∞) and

𝑇 [𝑚]
𝜆 (𝑓; 𝑥) ∈ 𝐿𝑝(−∞, ∞) (𝑝 ≥ 1).

In what follows, everywhere we put

𝜓(𝑥) = 𝐹[𝑓(𝑡)], 𝜑𝜆(𝑥) = 𝐹[𝐾𝜆(𝑡)].

Theorem 1. Let 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (1 ≤ 𝑝 ≤ 2), 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞), and
suppose there exists a nonnegative function 𝛾(𝜆), monotonically decreasing to
zero as 𝜆 → ∞, such that
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lim
𝜆→∞

1 −
√

2𝜋
𝑚

∑
𝑘=1

(−1)𝑘−1(𝑚
𝑘 )𝜑𝜆(𝑘𝑥)

𝛾(𝜆) = 𝑟𝑚(𝑥) ≡ 𝑟(𝑥) (2)

for every real 𝑥, where 𝑟(𝑥) is some continuous real-valued function, and 𝑟(𝑥) ≠ 0
for −∞ < 𝑥 < ∞.

Then from the relation

∥𝑇 [𝑚]
𝜆 (𝑓; 𝑥) − 𝑓(𝑥)∥

𝐿𝑝
= 𝑜[𝛾(𝜆)] (3)

it follows that 𝑓(𝑥) = 0 almost everywhere on (−∞, ∞).
Theorem 2. Let 𝑓(𝑡), 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞), and suppose condition (2) is satis-
fied.

If

∥𝑇 [𝑚]
𝜆 (𝑓; 𝑥) − 𝑓(𝑥)∥

𝐿
= 𝑂[𝛾(𝜆)] (4)

as 𝜆 → ∞, then the function 𝑟(𝑥)𝜓(𝑥) is the Fourier–Stieltjes transform of some
function ℎ(𝑡) ∈ 𝐵𝑉 (−∞, ∞), i.e.

𝑟(𝑥)𝜓(𝑥) = (𝐹𝑆)ℎ(𝑡) (5)

for every −∞ < 𝑥 < ∞.

If, in particular, 𝑟(𝑥) = 𝑥𝑘, where 𝑘 ≥ 1 is an integer, then the function 𝑓(𝑡)
has a (𝑘 − 1)-st derivative 𝑓 (𝑘−1)(𝑡) and 𝑓 (𝑘−1)(𝑡) ∈ 𝐵𝑉 (−∞, ∞).
Theorem 2 is in a certain sense reversible.

Theorem 3. Let 𝑓(𝑡), 𝐾𝜆 ∈ (𝑡) ∈ 𝐿(−∞, ∞) and suppose that the condition

1 −
√

2𝜋
𝑚

∑
𝑘=1

(−1)𝑘−1(𝑚
𝑘 )𝜑𝜆(𝑘𝑥)

𝛾(𝜆)𝑟(𝑥) ≡ 1√
2𝜋 ∫

∞

−∞
𝑒−𝑖𝑥𝑡 𝑑𝑄𝜆(𝑡) (𝐹𝑆)𝑄𝜆(𝑡), (6)

is satisfied, where 𝑄𝜆(𝑡) ∈ 𝐵𝑉 (−∞, ∞), [Var 𝑄𝜆(𝑡)]∞−∞ ≤ 𝑀 < +∞.

Then from condition (5), where ℎ(𝑡) ∈ 𝐵𝑉 (−∞, ∞), (4) follows as 𝜆 → ∞.

Now let us additionally suppose that the condition
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lim
𝜆→∞

(𝐹𝑆)𝑄𝜆(𝑡) = 1 (7)

holds.

In this case condition (2) is also satisfied. Consequently, from Theorems 2 and
3 it follows:

Theorem 4. Let 𝑓(𝑡), 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞) and let conditions (6) and (7) be
satisfied.

Then a necessary and sufficient condition for relation (4) to hold as 𝜆 → ∞ is
(5).

We now give a definition (see (1,2)). Let 𝛾(𝜆) ≥ 0 be a nonincreasing function
and lim𝜆→∞ 𝛾(𝜆) = 0. Suppose that there exists a class 𝐸 of functions 𝑓(𝑥)
such that:

1∘. From ‖𝑇 [𝑚]
𝜆 (𝑓; 𝑥) − 𝑓(𝑥)‖ = 𝑜[𝛾(𝜆)] it follows that 𝑓(𝑥) = const.

2∘. From ‖𝑇 [𝑚]
𝜆 (𝑓; 𝑥) − 𝑓(𝑥)‖ = 𝑂[𝛾(𝜆)] it follows that 𝑓(𝑥) ∈ 𝐸.

3∘. For every function 𝑓(𝑥) ∈ 𝐸 one has

‖𝑇 [𝑚]
𝜆 (𝑓; 𝑥) − 𝑓(𝑥)‖ = 𝑂[𝛾(𝜆)] as 𝜆 → ∞.

Then the 𝑚-singular integral (1) is said to be saturated with order 𝑂[𝛾(𝜆)],
and 𝐸 is called the class of saturation.

We note that Theorems 1 and 4 determine the class and the order of saturation
of the 𝑚-singular integrals (1) in the space 𝐿(−∞, ∞). From these theorems
it follows that the order of saturation of the 𝑚-singular integrals is 𝛾(𝜆), and
the class of saturation consists of those functions 𝑓(𝑥) for which condition (5)
is satisfied.

We note that the saturation classes of many known summability methods were
found by A. Kh. Turetskii (3,4).
Theorem 5. Let 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2), 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞), and let
condition (2) be satisfied for all real 𝑥.

If

‖𝑇 [𝑚]
𝜆 (𝑓; 𝑥) − 𝑓(𝑥)‖𝐿𝑝

= 𝑂[𝛾(𝜆)] (8)

as 𝜆 → ∞, then the function 𝑟(𝑥)𝜓(𝑥) is the Fourier transform of some function
𝜇(𝑡) ∈ 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2), i.e. the relation

𝑟(𝑥)𝜓(𝑥) = 𝐹[𝜇(𝑡)] (9)
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holds.

If, in particular, 𝑟(𝑥) = 𝑥𝑘 or 𝑟(𝑥) = |𝑥|𝑘, then

𝑓 (𝑘)(𝑡) ∈ 𝐿𝑝(−∞, ∞).

Theorem 5 is converse under a small additional restriction.

Theorem 6. Let 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2), 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞), and
suppose the condition

1 −
√

2𝜋 ∑𝑚
𝑘=1(−1)𝑘−1(𝑚

𝑘 )𝜑𝜆(𝑘𝑥)
𝛾(𝜆)𝑟(𝑥) ≡ 1√

2𝜋 ∫
∞

−∞
𝑒−𝑖𝑥𝑡 𝑑𝑄𝜆(𝑡) = (𝐹𝑆)𝑄𝜆(𝑡),

(10)

is satisfied, where

𝑄𝜆(𝑡) = ∫
𝑡

−∞
𝑏𝜆(𝑢) 𝑑𝑢, ∫

∞

−∞
|𝑏𝜆(𝑢)| 𝑑𝑢 ≤ 𝑀 < +∞.

Then condition (9), where 𝜇(𝑡) ∈ 𝐿𝑝(−∞, ∞), implies (8) as 𝜆 → ∞.

From Theorems 5 and 6 it follows:

Theorem 7. Let 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2), 𝐾𝜆(𝑡) ∈ 𝐿(−∞, ∞), let
condition (10) be satisfied, and

lim
𝜆→∞

(𝐹𝑆)𝑄𝜆(𝑡) = 1. (11)

Then the necessary and sufficient condition for relation (8) to hold is (9).

Theorems 1 and 7 determine the class and the order of saturation of the 𝑚-
singular integrals (1) in the space 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2). More precisely,
it follows from the indicated theorems that the order of saturation of the 𝑚-
singular integrals (1) is 𝛾(𝜆), and the saturation class consists of those functions
𝑓(𝑥) for which condition (9) is satisfied.

In particular, if 𝑚 = 1 and 𝐾𝜆(𝑡) = 𝜆√
2𝜋 𝐾(𝜆𝑡), then from Theorems 1, 2, and

5 the corresponding results of Sunouchi (1) follow.

In the case 𝑚 = 1, 𝑟(𝑥) = 𝑐|𝑥|𝛼 (𝑐 > 0, 0 < 𝛼 ≤ 2), 𝛾(𝜆) = 𝜆−𝛼, and
𝐾𝜆(𝑡) = 𝜆√

2𝜋 𝐾(𝜆𝑡), our theorems yield the corresponding results of Butzer (2).

It is known (7) that for functions 𝑓(𝑡) ∈ 𝐿𝑝(−∞, ∞) (2 < 𝑝 ≤ ∞) the Fourier
transform in the ordinary sense, generally speaking, does not exist. However,
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using the notion of summability of integrals by the Cesàro method, the Fourier
transform can be defined (6). Sunouchi (1) partially used these results to deter-
mine the saturation of singular integrals with kernels of Fejér type in the space
𝐿𝑝(−∞, ∞) (2 < 𝑝 ≤ ∞).
If one uses these definitions of Offord (6) and the corresponding schemes of
Sunouchi (1) and Butzer (2), one obtains the corresponding direct and inverse
theorems for the approximation of functions by 𝑚-singular integrals in the space
𝐿𝑝(−∞, ∞) (2 < 𝑝 ≤ ∞).
Institute of Mathematics and Mechanics
Academy of Sciences of the Azerbaijan SSR
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Note: Figure translations are in progress. See original paper for figures.
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