
Soviet-era science, translated into English

MATHEMATICS
K. V. ZADIRAKA

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.18350

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.18350


Abstract
Full Text
MATHEMATICS

K. V. ZADIRAKA

INVESTIGATION OF SINGULARLY PER-
TURBED SYSTEMS IN A NEIGHBORHOOD
OF A FAMILY OF CLOSED ORBITS
(Presented by Academician N. N. Bogolyubov, 2 I 1962)

In the present note, N. N. Bogolyubov’s method (1) for investigating a system
of differential equations

𝑑𝑥
𝑑𝑡 = 𝜀𝑋(𝑡, 𝑥)

in standard form is applied to the study of the properties of solutions of the
system

𝑑𝑥
𝑑𝑡 = 𝑓(𝑥, 𝑧, 𝜀), 𝜀𝑑𝑧

𝑑𝑡 = 𝐹(𝑥, 𝑧, 𝜀), (1)

which is singularly perturbed with respect to the system

𝑑 ̄𝑥
𝑑𝑡 = 𝑓( ̄𝑥, ̄𝑧, 0); 𝐹 ( ̄𝑥, ̄𝑧, 0) = 0, (2)

where 𝑥, 𝑓 and 𝑧, 𝐹 are vectors of dimensions 𝑚 and 𝑛, respectively.
It is assumed that the system 𝐹(𝑥, 𝑧, 0) = 0 has an isolated solution 𝑧 = 𝜑(𝑥),
while the unperturbed system

𝑑 ̄𝑥
𝑑𝑡 = 𝑓( ̄𝑥, 𝜑( ̄𝑥)), ̄𝑧 = 𝜑( ̄𝑥) (2’)

admits a family of solutions

̄𝑥 = ̄𝑥0(𝜃, 𝑐), ̄𝑧 = ̄𝑧0(𝜃, 𝑐), (3)

periodic in 𝜃 = 𝜔(𝑐)𝑡 + 𝜑0 with period 2𝜋, where 𝑐 is a vector with components
𝑐1, 𝑐2, … , 𝑐𝑠, and 𝜑0 is a scalar (𝑠 + 1 < 𝑚), with 𝜔 in the general case being a
function of the vector 𝑐, continuous and bounded together with its first-order
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partial derivatives with respect to 𝑐1, 𝑐2, … , 𝑐𝑠 for all 𝑐 ∈ 𝐶; the parameters
𝜑0, 𝑐1, … , 𝑐𝑠 are essentially distinct.

With respect to the right-hand sides of system (1) and the vector 𝜑 we shall
assume that in the domain 𝑥 ∈ 𝑈𝜌, 𝑧 ∈ 𝑈𝜈, 0 < 𝜀 < 𝜀∗, where 𝑈𝜌 and 𝑈𝜈 denote
the 𝜌- and 𝜈-neighborhoods of the family of orbits, 𝑥0, ̄𝑧0, the vector 𝑓 and its
partial derivatives with respect to 𝑥 and 𝑧 up to order 𝑘, and the vectors 𝐹 and
𝜑, together with their partial derivatives with respect to 𝑥 and 𝑧 up to order
(𝑘 + 1) inclusive, are bounded and uniformly continuous.

We shall prove that system (1) also admits a family of periodic solutions of the
form

𝑥 = 𝑥0(𝜃, 𝑐, 𝜀), 𝑧 = 𝑧0(𝜃, 𝑐, 𝜀)

and establish the properties of these solutions.

We transform system (1) by means of the substitution

𝑧 = 𝜑(𝑥) + 𝑦 (4)

to the form

𝑑𝑥
𝑑𝑡 = Φ(𝑥, 𝑦, 𝜀), 𝜀𝑑𝑦

𝑑𝑡 = 𝔄(𝑥)𝑦 + 𝑄(𝑥, 𝑦, 𝜀), (5)

where the following notation has been introduced:

Φ(𝑥, 𝑦, 𝜀) = 𝑓(𝑥, 𝜑(𝑥) + 𝑦, 𝜀), 𝔄(𝑥) = 𝜕𝐹(𝑥, 𝜑(𝑥) + 𝑦, 𝜀)
𝜕𝑧 ∣

𝑦=0
,

𝑄(𝑥, 𝑦, 𝜀) = 𝐹(𝑥, 𝜑(𝑥) + 𝑦, 𝜀) − 𝜕𝐹(𝑥, 𝜑(𝑥))
𝜕𝑧 𝑦 − 𝜀𝑑𝜑

𝑑𝑥 𝑓(𝑥, 𝜑(𝑥) + 𝑦, 𝜀).

We note that the functions ̄𝑥 = ̄𝑥0(𝜃, 𝑐) and ̄𝑦 = 0 are a solution of the system

𝑑 ̄𝑥
𝑑𝑡 = 𝑓( ̄𝑥, 𝜑( ̄𝑥)), 𝜀𝑑 ̄𝑦

𝑑𝑡 = 𝔄( ̄𝑥) ̄𝑦, (6)

for which the variational equations corresponding to the family (3) have the
form

𝑑𝛿 ̄𝑥
𝑑𝑡 = ̄𝑓( ̄𝑥0)𝛿 ̄𝑥, (7)
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𝜀𝑑𝛿 ̄𝑦
𝑑𝑡 = 𝔄( ̄𝑥0)𝛿 ̄𝑦, (8)

where ̄𝑓 = 𝜕𝑓
𝜕𝑥 + 𝜕𝑓

𝜕𝑧
𝑑𝜑
𝑑𝑥 , and 𝔄 are periodic functions of 𝜃 with period 2𝜋.

We shall assume that all nonzero characteristic exponents 𝑎𝑠+2, … , 𝑎𝑚 of equa-
tion (7) and all 𝑛 characteristic exponents of equation (8) have negative real
parts. The first 𝑠 + 1 characteristic exponents of equation (7) are equal to zero,
since 𝜕 ̄𝑥0/𝜕𝜃 and 𝜕 ̄𝑥0/𝜕𝑐𝑗 (𝑗 = 1, … , 𝑠) are solutions of this equation.

According to A. M. Lyapunov’s theorem (2) and the remarks made in (3),
there exist real nonsingular matrices 𝑃(𝜃, 𝑐) and 𝑅(𝜃, 𝑐), periodic in 𝜃 with
period 2𝜋 (if none of the real characteristic numbers of equations (7) and (8)
is negative∗), possessing continuous first derivatives with respect to 𝜃 and 𝑐 for
all 𝜃 ∈ Θ, 𝑐 ∈ 𝐶, as well as such square real matrices 𝐻(𝑐) and 𝐻1(𝑐), that the
transformation

𝛿 ̄𝑥 = 𝜕 ̄𝑥0

𝜕𝜃 𝑢 + 𝜕 ̄𝑥0

𝜕𝑐 𝑣 + 𝑃(𝜃, 𝑐)𝑤, (9)

𝛿 ̄𝑦 = 𝑅(𝜃, 𝑐)𝜉 (10)

reduces systems (7) and (8) to equivalent systems with constant coefficients

𝑑𝑢
𝑑𝑡 = 0, 𝑑𝑣

𝑑𝑡 = 0, 𝑑𝑤
𝑑𝑡 = 𝐻(𝑐)𝑤, (11)

𝜀𝑑𝜉
𝑑𝑡 = 𝐻1(𝑐)𝜉, (12)

where the eigenvalues of the matrices 𝐻(𝑐) and 𝐻1(𝑐) are the nonzero charac-
teristic exponents of equation (7) and the characteristic exponents of equation
(8), respectively.

Applying now to system (5) the transformation

𝑥 = ̄𝑥0(𝜃, 𝑐) + 𝑃(𝜃, 𝑐)ℎ, 𝑦 = 𝑅(𝜃, 𝑐)𝜉, ℎ = (ℎ𝑠+2, … , ℎ𝑚), (13)

we obtain the system
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𝑑𝜃
𝑑𝑡 = 𝜔(𝑐) + 𝐴1(𝜃, 𝑐, ℎ, 𝜉, 𝜀),
𝑑𝑐
𝑑𝑡 = 𝐴2(𝜃, 𝑐, ℎ, 𝜉, 𝜀),
𝑑ℎ
𝑑𝑡 = 𝐻(𝑐)ℎ + 𝐴3(𝜃, 𝑐, ℎ, 𝜉, 𝜀),

𝜀𝑑𝜉
𝑑𝑡 = 𝐻1(𝑐)𝜉 + 𝐴4(𝜃, 𝑐, ℎ, 𝜉, 𝜀).

(14)

* Matrices 𝑃(𝜃, 𝑐) and 𝑅(𝜃, 𝑐) will have period 4𝜋 in 𝜃 if among the real characteristic numbers of equations (7) and (8), respectively, there are negative ones.

The functions 𝐴𝑖 (𝑖 = 1, … , 4) are defined in the domain

𝜃 ∈ Θ, 𝑐 ∈ 𝐶, ℎ ∈ 𝑈𝜌, 𝜉 ∈ 𝑈𝜈, 0 < 𝜀 < 𝜀∗, (15)

where 𝑈𝜌 and 𝑈𝜈 denote the 𝜌- and 𝜈-neighborhoods of the points ℎ = 0 and
𝜉 = 0, have bounded and uniformly continuous derivatives with respect to 𝜃 and
𝑐, are periodic in 𝜃, and satisfy the inequalities

|𝐴𝑖(𝜃, 𝑐, 0, 0, 𝜀)| ≤ 𝑀(𝜀),
|𝐴𝑖(𝜃′, 𝑐′, ℎ′, 𝜉′, 𝜀) − 𝐴𝑖(𝜃″, 𝑐″, ℎ″, 𝜉″, 𝜀)| ≤ (16)

≤ 𝜆(𝜀, 𝜎, 𝜇) (|𝜃′ − 𝜃″| + |𝑐′ − 𝑐″| + |ℎ′ − ℎ″| + |𝜉′ − 𝜉″|) ,

where 𝜎 < 𝜌, 𝜇 < 𝜈, and moreover 𝑀(𝜀) → 0, 𝜆(𝜀, 𝜎, 𝜇) → 0 together with 𝜀.
The following assertions hold:

1. One can specify a positive number 𝜀1 such that, for every positive 𝜀 < 𝜀1,
the system of equations (14) has a unique integral manifold, periodic in 𝜃
with period 2𝜋, representable by relations of the form

ℎ = 𝑔(𝜃, 𝑐, 𝜀), 𝜉 = 𝑔1(𝜃, 𝑐, 𝜀),

where the functions 𝑔 and 𝑔1 are defined in the domain 𝜃 ∈ Θ, 𝑐 ∈ 𝐶 and satisfy
the inequalities

|𝑔(𝜃, 𝑐, 𝜀)| ≤ 𝐷(𝜀), |𝑔(𝜃′, 𝑐′, 𝜀)−𝑔(𝜃″, 𝑐″, 𝜀)| ≤ Δ(𝜀)(|𝜃′−𝜃″|+|𝑐′−𝑐″|), (17)

|𝑔1(𝜃, 𝑐, 𝜀)| ≤ 𝐷(𝜀), |𝑔1(𝜃′, 𝑐′, 𝜀) − 𝑔1(𝜃″, 𝑐″, 𝜀)| ≤ Δ(𝜀)(|𝜃′ − 𝜃″| + |𝑐′ − 𝑐″|),

with 𝐷(𝜀) → 0, Δ(𝜀) → 0 together with 𝜀. Moreover, 𝑔 and 𝑔1 will have
bounded and uniformly continuous derivatives up to order 𝑘, inclusive.
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2. One can specify positive constants 𝜀0, 𝛾0, 𝐶0, 𝜎0, 𝛾1, 𝐶1, 𝜎1 (𝜎0 < 𝜌, 𝜎1 <
𝜈, 𝜀0 < 𝜀1) such that, for all 𝜀 < 𝜀0, any real 𝑡0, and any 𝜃 ∈ Θ, 𝑐 ∈ 𝐶,
there exist an [𝑚 − (𝑠 + 1)]-dimensional domain 𝑈𝜎0

of points {ℎ} and an
𝑛-dimensional domain 𝑈𝜎1

of points 𝜉 with the properties

|ℎ∗
𝑡 − 𝑔(𝜃𝑡, 𝑐𝑡, 𝜀)| ≤ 𝐶0𝑒−𝛾0(𝑡−𝑡0)|ℎ∗

0 − 𝑔(𝜃0, 𝑐0, 𝜀)|,

|𝜉∗
𝑡 − 𝑔1(𝜃𝑡, 𝑐𝑡, 𝜀)| ≤ 𝐶1𝑒−𝛾1(𝑡−𝑡0)|𝜉∗

0 − 𝑔1(𝜃0, 𝑐0, 𝜀)|,

where ℎ∗
𝑡 and 𝜉∗

𝑡 are arbitrary solutions of system (14); ℎ∗
0 = ℎ∗

𝑡(𝑡0), 𝜉∗
0 = 𝜉∗

𝑡 (𝑡0),
𝜃0 = 𝜃𝑡(𝑡0), 𝑐0 = 𝑐𝑡(𝑡0).
Taking into account that system (14) is equivalent to system (1), we have the
following theorem:

Theorem. If the assumptions made above are satisfied, then one can specify a
number 𝜀0 > 0 such that, for any positive 𝜀 < 𝜀0, the following assertions hold:

1. System (1) has a unique integral manifold 𝔐.

2. This manifold admits the parametric representation

𝑥 = ̄𝑥0(𝜃, 𝑐) + 𝑃(𝜃, 𝑐)𝑔(𝜃, 𝑐, 𝜀),

𝑧 = 𝜑(𝑥) + 𝑅(𝜃, 𝑐)𝑔1(𝜃, 𝑐, 𝜀),

where the right-hand sides are defined in the domain 𝜃 ∈ Θ, 𝑐 ∈ 𝐶, 0 < 𝜀 < 𝜀0,
are periodic in the angular variable 𝜃 with period 2𝜋, and have bounded and
uniformly continuous derivatives with respect to 𝜃 and 𝑐 up to order 𝑘, inclusive.

3. One can find a function 𝛿(𝜀) → 0 as 𝜀 → 0 such that

|𝑥(𝜃, 𝑐, 𝜀) − ̄𝑥0(𝜃, 𝑐)| < 𝛿(𝜀), |𝑧(𝜃, 𝑐, 𝜀) − ̄𝑧0(𝜃, 𝑐)| < 𝛿(𝜀).
4. On the manifold 𝔐, system (1) is equivalent to the system

𝑑𝜃
𝑑𝑡 = 𝜔(𝑐) + 𝐴∗

1(𝜃, 𝑐, 𝜀), 𝑑𝑐
𝑑𝑡 = 𝐴∗

2(𝜃, 𝑐, 𝜀),

where

𝐴∗
1 = 𝐴1(𝜃, 𝑐, 𝑔(𝜃, 𝑐, 𝜀), 𝑔1(𝜃, 𝑐, 𝜀), 𝜀), 𝐴∗

2 = 𝐴2(𝜃, 𝑐, 𝑔(𝜃, 𝑐, 𝜀), 𝑔1(𝜃, 𝑐, 𝜀), 𝜀)
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are definite functions, periodic in 𝜃 with period 2𝜋 and possessing bounded and
uniformly continuous derivatives with respect to 𝜃 and 𝑐 up to and including
order 𝑘 − 20.

5. The manifold 𝔐 has the property of attracting solutions of system (1)
that are close to it.

I take this opportunity to express my heartfelt gratitude to N. N. Bogolyubov
for his attention to this work.
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