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Abstract
Full Text
PHYSICS

L. S. SOLOV’EV

ON THE STABILITY OF A CYLINDRICAL
PLASMA JET IN A MAGNETIC FIELD
(Presented by Academician M. A. Leontovich, 23 VI 1962)

1. In the paper 1, the following system of magnetohydrodynamic equations
was obtained for stationary helical flows of an ideally conducting incom-
pressible fluid in a magnetic field:
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Here 𝑟, 𝜑, 𝑧 are cylindrical coordinates; 𝜃 = 𝜑 − 𝛼𝑧; 𝛽 = 1 + 𝛼2𝑟2;

Δ∗ = 1
𝑟

𝜕
𝜕𝑟

𝑟
𝛽

𝜕
𝜕𝑟 + 1

𝑟2
𝜕2

𝜕𝜃2 ; 𝛼 = 2𝜋
𝐿 ;

𝐿 is the pitch of the helix; v is the velocity of the fluid; H = B/
√

4𝜋; B is the
magnetic field; 𝑝 is the pressure, and the density 𝜌 is taken equal to unity. The
quantities 𝜓0, 𝜓, 𝑎, 𝑏, and 𝑢 are arbitrary functions depending only on 𝜉, and the
prime denotes differentiation with respect to 𝜉. The equation 𝜉(𝑟, 𝜃) = const
describes a family of magnetic surfaces possessing helical symmetry.

Steady-state waves considered in a moving coordinate system are a special case
of stationary flows. The equation for helical waves in a circular plasma cylinder
is singled out from equation (1) by an appropriate choice of the functions 𝑠, 𝑎, 𝑏,
and 𝑢, which are determined by the equilibrium distribution of the velocity v(𝑟)
and magnetic field B(𝑟), and are chosen so that equation (1), along with helical
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solutions, would also have the solution 𝜉 = 𝜉(𝑟), describing an unperturbed state
with cylindrical magnetic surfaces. In deriving the wave equation, one uses the
invariance of the functions of 𝜉 with respect to deformations of the magnetic
surfaces, i.e., the transition from the unperturbed to the perturbed state. The
wave equation obtained in this way is, generally speaking, nonlinear.

If the magnetic field outside the plasma is also described by the corresponding
current function 𝜓𝑒(𝑟, 𝜃) = 𝐴𝑧+𝛼𝑟𝐴𝜑, then the boundary conditions of tangency
of the lines of force are written in the form 𝜉|Σ = const, 𝜓𝑒|Σ = const. The
third boundary condition for 𝜉 and 𝜓𝑒, following from the balance of pressures
at the free surface of the plasma, 2𝑝 + 𝐻2 = 𝐻2

𝑒 , is always nonlinear.

Here we shall give only the linearized equations and boundary conditions for
waves in a plasma jet. If 𝜉 and 𝜓𝑒 are represented in the form

𝜉 = 𝑟2

2 + ̃𝜉, 𝜓𝑒 = 𝐻𝑧𝑒
𝛼𝑟2

2 − 𝐻𝜑𝑒 ln 𝑟 + ̃𝜓𝑒, where ̃𝜉𝑒 = 𝑓𝑚(𝑟)𝑒𝑖𝑚𝜃, ̃𝜓𝑒 =

= 𝑓𝑚𝑒(𝑟)𝑒𝑖𝑚𝜃, then the equation for 𝑓𝑚𝑒 and the equation linearized (with
respect to ̃𝜉) for 𝑓𝑚 take the form

( 𝑟
𝛽 𝑓 ′

𝑚𝑒)
′
− 𝑚2

𝑟 𝑓𝑚𝑒 = 0; (4)

( 𝑟
𝛽 𝑓 ′

𝑚)
′
+ {−𝑚2𝑠

𝑟 + 4𝛼2𝑟𝑎2
1

𝛽𝑠 + (2𝑎1
𝛽 + 𝑣2

𝜑 − ℎ2
𝜑)

′
} 𝑓𝑚 = 0. (5)

The boundary condition that must be satisfied on the unperturbed boundary
of the plasma cylinder 𝑟 = 𝑅 is obtained by linearization with respect to ̃𝜉 and
𝜓𝑒:

𝑠𝑅𝑓 ′
𝑚

𝑓𝑚
+ 𝐽2

𝑒
𝑅𝑓 ′

𝑚𝑒
𝑓𝑚𝑒

+ 𝛽 (2𝑎1
𝛽 + 𝑣2

𝜑 − ℎ2
𝜑 + ℎ2

𝜑𝑒) = 0. (6)

Here 𝑠 = 𝐽2
0 − 𝐽2; 𝑎1 = 𝐽0𝑣𝜑 − 𝐽ℎ𝜑; 𝐽0 = 𝛼(𝑣𝑧 + 𝑣Φ) − 𝑣𝜑; 𝐽 = 𝛼𝐻𝑧 − ℎ𝜑;

𝑟𝑣𝜑 = 𝑣𝜙; 𝑟ℎ𝜑 = 𝐻𝜙; v(𝑟) and H(𝑟) are prescribed (equilibrium) functions
of the radius; 𝑣Φ = 𝜔/𝑘 is the phase velocity of the wave. The parameter 𝛼
is related to the wave number 𝑘 = 2𝜋/𝜆 by the relation 𝛼𝑚 = 𝑘. Analogous
equations describing the propagation of linear waves in a plasma cylinder at rest
(𝑣𝑧 = 𝑣𝜑 = 0) were obtained in papers (2, 3).

2. In the case of a plasma cylinder rotating as a whole (𝑣𝜑 = const) with
a uniform longitudinal current (ℎ𝜑 = const) and a uniform longitudi-
nal magnetic field (𝐻𝑧 = const), equation (5) is exact (independently of
the perturbation amplitude), and the problem of stationary helical waves
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in such a plasma cylinder bounded by an ideally conducting wall can
be solved exactly. In this case equation (5) has the solutions 𝑓𝑚(𝑟) ∼
𝜀𝐽𝑚(𝜒𝑟)−𝛼𝑟𝜒𝐽 ′

𝑚(𝜒𝑟), where 𝐽𝑚(𝑥) is the Bessel function, 𝜒2 = 𝜀2−𝛼2𝑚2,
𝜀 = 2𝛼𝑎1/𝑠. Denoting by 𝑖𝑛 = (𝜒𝑅)𝑛 the roots of 𝑓𝑚(𝑅)*, from the
boundary condition 𝑓𝑚(𝑅) = 0 we find

𝑣Φ = 𝑣𝜑 ( 1
𝛼 + 𝑅

𝑖𝑛
) ± 1

𝛼
√𝐽2 − 2𝛼𝑅ℎ𝜑

𝑖𝑛
𝐽 + 𝛼2𝑅2𝑣2𝜑

𝑖2𝑛
, (7)

where 𝑗2
𝑛 = 𝑖2

𝑛 + 𝛼2𝑚2𝑅2.

If the expression under the radical is negative, the phase velocity contains both
a real and an imaginary part, i.e., an oscillatory-type instability occurs (4). The
stability condition is 𝑣2

𝜑 ≥ ℎ2
𝜑.

In the equilibrium plasma configuration under consideration the pressure is dis-
tributed according to a parabolic law. From the equilibrium condition

(𝑝 + 𝐻2

2 )
′

= 𝑟 (𝑣2
𝜑 − ℎ2

𝜑) (8)

there follows the possibility of a pressure decreasing with radius if 𝑣2
𝜑 < 2ℎ2

𝜑.
Thus, for

𝐵2
𝜑 ≤ 4𝜋𝜌𝑣2

𝜑 < 2𝐵2
𝜑 (9)

a plasma cylinder with pressure (and therefore also temperature) going to zero
at 𝑟 = 𝑅 is stable with respect to arbitrary helical perturbations.

3. Let us now consider the case of an arbitrary distribution of the magnetic
field B(𝑟) and suppose that v ∥ B. Eliminating the term with the first
derivative by means of the substitution 𝐹 = √𝑟𝑠/𝛽 𝑓𝑚 and expanding the
equa-

* For long waves (𝑘𝑅 ≪ 1), 𝑖𝑛 are close to the roots of 𝐽𝑚(𝑥).
expanding (5) in the neighborhood of the point 𝑟 = 𝑟𝑠, where 𝐽 = 0, we obtain

𝑑2𝐹
𝑑𝜉2 + {−𝐸 − 𝑁

(1 + 𝜉2)2 + 𝑀
1 + 𝜉2 } 𝐹 = 0. (10)

Here

𝜉 = 𝑟 − 𝑟𝑠
𝛾 +𝑖𝐽 ′

0
𝐽 ′ , 𝛾2 = − ( 𝛼𝑣𝜙𝐽 ′

𝐽 ′2 − 𝐽 ′2
0

)
2

; 𝐸 = 𝑚2

𝑟2𝑠
𝛾2; 𝑁 = 1+4𝛼2ℎ2

𝜙/𝐽 ′2;
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𝑀 = −2𝛼2(𝑝 + 𝑣2/2)′

𝑟𝑠(𝐽 ′2 − 𝐽 ′2
0 )

.

In deriving (10) it was assumed that 𝑣𝜙 is imaginary and sufficiently small in
absolute value, 𝑚 ≫ 1, and the equilibrium equation (8) was used. If equation
(10) has a localized solution for 𝐸 > 0, then the plasma cylinder is unstable
(𝑣2

𝜙 < 0) independently of the boundary conditions. For real 𝜉 = 𝑥, the condition
for the existence of eigenvalues 𝐸 > 0 is 𝑀 > 1/4 (5). The local solution on
the real axis 𝑥 can be analytically continued into the complex 𝜉-plane. Thus,
for 𝑀 > 1/4, local solutions also exist for 𝜉 = 𝑥 + 𝑖𝐽 ′

0/𝐽 ′, if |𝐽 ′
0| ≪ |𝐽 ′|, i.e., if

the parallel displacement of the axis is smaller than the distance to the singular
points ±𝑖. The latter condition reduces to the requirement 4𝜋𝜌𝑣2 < 𝐵2. In
expanded form the stability criterion 𝑀 < 1/4 has the form

8𝜋
𝐵2𝑧

(𝑝 + 𝜌𝑣2

2 )
′
+ 𝑟

4 (𝜇′

𝜇 )
2

(1 − 4𝜋𝜌𝑣2

𝐵2 ) > 0, (11)

where 𝜇 = 𝐵𝜙/𝑟𝐵𝑧. For 𝑣 = 0, (11) becomes Suydam’s criterion (6), and for
𝐵𝜙 ∼ 𝑟, 𝐵𝑧 = const, it becomes the condition (9) obtained above.

4. For axisymmetric oscillations (𝑚 = 0) of a rotating plasma cylinder with-
out a longitudinal field (𝐵𝑧 = 0), according to (5) we have the equation

(1
𝑟 𝑓 ′

0)
′
+ {−𝑘2

𝑟 + 𝑘2

𝜔2 [
(𝑟4𝑣2

𝜙)′

𝑟4 − (ℎ2
𝜙)′]} 𝑓0 = 0. (12)

From the general Sturm—Liouville theory (7) it follows that the necessary and
sufficient condition for the existence of 𝜔2 > 0 for the boundary-value problem
𝑓0(0) = 𝑓0(𝑅) = 0 is the positivity of the expression in square brackets. Hence
we obtain the stability condition

(𝜌𝑟2𝑣2
𝜙)′ − 𝑟4

4𝜋 (
𝐵2

𝜙
𝑟2 )

′

> 0, (13)

which for 𝐵𝜙 = 0 becomes Rayleigh’s criterion (9), and for 𝐵𝜙 ∼ 𝑟, 𝑣𝜙 ∼ 𝑟
becomes the condition 𝑣2

𝜙 > 0, which also follows from the solution of the exact
problem in Sec. 2, if 𝐵𝑧 = 0. Criterion (13), like (11), is local in character and
can be established on the basis of an analysis of the balance of forces (4).

5. Condition (11) is derived from equation (5) without taking into account
the boundary condition (6). On the other hand, from (6), in the case of
continuity of the fields 𝐵𝑧 and 𝐵𝜙 at the surface of the plasma cylinder
bordering the external magnetic field, one can obtain a sufficient condition
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for instability without specifying the solutions of (5). If at the boundary
of the cylinder 𝑟 = 𝑅 the quantities 𝐽 and 𝑣𝜙 are small, then, neglecting
their squares, we obtain from (6)

𝐽0 = −𝑣𝜙𝑓𝑚
𝑅𝑓 ′𝑚

± √2ℎ𝜙𝐽𝑓𝑚
𝑅𝑓 ′𝑚

. (14)

It follows from this that the boundary of the stability region for the mode 𝑚 is
𝐽 = 0, or

𝐵𝑧 = 𝑚𝐵𝜙
𝑘𝑅 . (15)

For a plasma cylinder with a uniform longitudinal field and a uniform current,
the condition for the occurrence of instability (15) was obtained in work (8);
however, in this particular case the instability also follows from Suydam’s cri-
terion.

The surface instability considered arises when the helical perturbation of the
plasma surface is directed along the magnetic-field lines. It is associated only
with the existence of a free boundary of the plasma cylinder and takes place in-
dependently of the distribution of the internal magnetic field and, consequently,
of the fulfillment of Suydam’s criterion.

In conclusion, let us note that consideration of nonlinear helical waves shows
that, on approaching the boundary of the stability region (15), there is a ten-
dency for the wave crests on the surface of the plasma cylinder to sharpen.

Received
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