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Abstract
Full Text

MATHEMATICS
M. GIMADISLAMOV

ON EXPANSION IN EIGENFUNCTIONS OF A
NON-SELF-ADJOINT SYSTEM OF DIFFER-
ENTIAL EQUATIONS ON THE WHOLE AXIS

(Presented by Academician 1. G. Petrovskii, 17 IV 1962)

In the present paper an expansion in eigenfunctions is obtained for a non-self-
adjoint operator generated by a system of second-order differential equations on
the whole axis.

We consider a system of differential expressions of the 2nd order, which is written
briefly in the form

y) = —y" + P(x)y, (1)
where y(x) is a k-dimensional column vector; P(z) is a complex-valued matrix
of order k.

If (1+22)Y2|P(z)| € L, (—00,00), then the differential expression (1) generates
a closed operator L in L?(—o0, 00) with domain D, consisting of vector-functions
y(x) € Li(—o00,00) which have an absolutely continuous derivative and I(y) €
L3(—00,00). In what follows we shall assume that

el P(x)| € Lj,(~00,00). (2)

Denote by s = VA, s = 0 +it, 0 < args < =, and by Y;(z,s) and Y,(z, s)
linearly independent solutions of the matrix equation

—Y” + P(2)Y = s%Y. (3)
Under condition (2), these solutions may be chosen so that, for any fixed x, they

are analytic in s in the domain Im s > —a/2 and have the following asymptotics
in x:

Y, (x,5) = e[l + o(1)] as r — 0o, (4)
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) o efisf
Y, (z,s) = eis® [1 _/ TP PE)Y;(&,s)dE+ 0(1)] as r — —oo;

Y,(x,8) = e [1 + o(1)] as T — —00,

) Ooeisf
Vws)=e o [1- [ Sop@mics i waoto )

uniformly in s for Ims > —a/2.

Denote

B Yi(z,s) Ys(x,s)
Wis) = der (307 200)

Theorem 1. If condition (2) is satisfied, the spectrum of the operator consists
of a finite number of eigenvalues—the zeros of the function W(A\Y?)—and of a
continuous spectrum on the nonnegative half-axis A > 0.

Let us note that the point A = 0 is not an eigenvalue. In what follows, for
simplicity, we shall assume that: 1) W(A/2) has no zeros on the axis o; 2) the
zeros of W(A'/?) are simple.

Let Ay, Ay, ..., A, be the eigenvalues, and let y, (z),ys(x), ..., y,.(z) be the corre-

sponding eigenvector-functions of the operator L. Then the following holds:

Theorem 2. If conditions 1) and 2) are satisfied and G(x,&, \) is the resolvent
kernel of the operator L, then for any point A not belonging to the spectrum of
the operator L,

where the integral on the right converges absolutely and uniformly with respect to
x, & in the interval —oo < x,€ < 0o. Here O,(x, o) are linearly independent solu-
tions of the matrix equation (3), and ¥,(z, o) are linearly independent solutions
of the matrix equation

~7" 4+ ZP(z) = 0%Z; (M)

A;(0) are matrices of order k.
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We outline the proof of Theorem 2. First we construct the Green’ s function
G(z,&,\) for the operator L, i.e., we solve the equation l(y) — Ay = f, where
f(z) € Li(—00,00):

_ _ _Yl(x7 8)512(57 3)7 fOI‘ 5 < €,
G(xv 57 )\) - K(xa 57 \/X) - W(S) { }/2(.13, 8)522(67 8)7 fOI‘ § > x’ (8)
where
1 Y; Y2> (Sll 512> _
Wi(s) (Yll Y2/ So1 Sao L )

Denote by Cp s the contour in the s—plane consisting of the straight line 7 =

§>0 from 0 = —VR2 — 62 to 0 = VR2 — §2 and the arc of the circle s = Re®
from 6 = n = arcsin i to § = m —1n. Choose § and R, so that, if A, is an

eigenvalue, then Im )\(1)/ # 0 and R3 > |X|.

Consider the integral

K b b)
Ins /C %ds (10)

R,

for R > Ry; the point v/X lies inside the contour Crs- Applying the residue
theorem and letting R — oo, we obtain:

G928 1 [T (o4 i8)K(2,€ 0+ i5)

=1 7

where GU)(z,€) = y;(7)z;(§), and n(d) denotes the number of eigenvalues lying
inside C 5.

By virtue of conditions 1) and 2), as  — 0 equality (11) takes the form

Glae.n) =3 D) 1/0 oir,bo) Zoln820) 4y (1)

y=i A=A i 02—\

Taking into account relation (9) and the asymptotic formulas (4) and (5), one
obtains that:

Sio(x,8) = (=1)k(2is)FLe ™2 [W,(s) - 1+ o(1)] as x — oo,
Sio(z,8) = (—1)F(2is)kte ™21 — A(s) + o(1)] asx — —o0,
Soo(z,8) = (—1)F1(2is)k~Lei[1 — B(s) + o(1)] as z — oo,
Soo(z,8) = (—1)FFL(2is)k L2 [W (s) - 1+ o(1)] as x — —o0,
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where

B 677;35 S 62’55
W, (s) = det (1_/00 5 P d§> = det (1—/00 5 Yo dg) ,

(W, (s)]* ! = det(1 — A(s)) = det(1 — B(s)).

From this asymptotics and from the properties of the Green function it follows
that Si5(z,s) and Syo(x,s) are linearly independent solutions of the matrix
equation (7). We choose linearly independent solutions of equation (7) so that
Sia(w,5) = (—1)"(2is)" Wy (s)] % Zo(w, ),
Saa(w,5) = (=1)*(2is)F W (s)] % 2y (. 9),

Zy 21\ _
det (Zé Zi) =W(s).

Then relation (9) takes the form:

(=DM (2is) 1 (W (s)] 7 (Yl Y2> <Z§ Zz) .

/ 4 4 1
Wi(s) Yy Y, Zy Z (13)

Let us compute oK (z,&,0) — oK (x,&,—0o) for £ < x:

— k+10. io k—1 o %
oK (2,6,0) — oK (2,6, —o) = Qo) [Wi(0)]

Yi (.’L‘, U>Z2(€v 0)

W(o)
(=¥ (=2i0)* Wy (—0)] '
+ W(—O’) Yl (.’E, _0)22 (g, _J)
(=DM o(2i0) W (o)) F B
- W(O’) n(xﬁa);eiv2 ( 70)

-1 ko. — %0 k—1 Wl —o)% k . )
e I/V)(—a[) o) Zy(l)(x7_0)ei22(fv—0),

(14)
where e; is the unit column vector; e} is the unit row vector; 1)(21)*(5 ,0) is the

+

i-th row of the matrix Z,(§,0); ygn(m,—o) is the é-th column of the matrix
Y (xz,—0o).

Since Z, (&, —0o) and Z, (¢, —o) are fundamental matrices of (7), it follows that
o (€0) = )" 2,(E ~0) + 0y 2,6, o), (15)

7)% 7)%
where a<1> ,a(2) are constant row vectors.
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We determine the row vectors a(1i>* and ag)* as follows: we differentiate equality

(15); the equality obtained, together with (15), gives the following system of
equations:

U;Z)*(£7 U) = a(li)*Zl (ga _U) + a(2i)*Z2 (ga _0)7
(e o) = al 7] (6, —0) + aY" Z4 (¢, —o0).

Taking (13) into account, from this system we obtain

e _ (O] F e : (i)«

a; = W(—O’) [UZ (fv U>Y2 (Ev _U) + Ua (5, 0)}/2(& _U)]a
; —D)*(=2i0) W (=) F . , i)

ofr = CUEZEE TACALE 1011 (6 —0) + o (€ 0)Til6 o))

Similarly, for the column vector ygi)(x, —o) we have

v (@, —0) = Vi (2,006 + Yy(z,0)by, (16)

where bgi), béi) are constant column vectors, which we determine analogously to
the preceding ones, and we obtain:

; —1)*(2i0)k1 o) F ; )/
b = CLC DL 70 0140 2, -0) + Zy(. o (.~

(Z(z, o))\ (@, —0) + Z, (z, )y (2, —0)].

Substituting the expressions found for v(;)*(f, o) and y(li)(x,—o) into (14), we
obtain that, for ¢ < z,

oK(x,£,0) — oK (x,&,—0) =

o(2i0) 1 (=2i0) L [W, (o)W, (—0)] 7 22:

W (o)W, (—0) Y(x,0)T;(0)Z;(¢,—0), (17)

J
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where
T2(O-> = Z2(£7 O')Yé(d?, _U) + Zé(l‘, U)YQ(x7 _U)a

T\(0) = =2 (,0)Y{(x, —0) + Z}(x,0)Y, (2, —0)].

In a similar way we arrive at the same expression (17) also for £ > x. Denoting

o (2i0)" 1 [Wy(0)) %

0,(z,0) = W(o) Y;(z,0),
o(—2iog)k1 —o)|'F
\I/j(ga U) = ( 2 )W([l/z_; )] Zj(ga *0)7
A(o) = = Ti(o),

we obtain formula (6).

From the expansion (6) it is not difficult to obtain an expansion for any vector-
function y(x) € Dy and an analogue of Parseval’ s equality.

It is likewise not difficult to write the expansion for G(z, £, A) when the zeros of
W (s) are multiple.

Remark 1. If W(s) has zeros on the real axis 7 = 0, then the expansion for
G(z,&, \) is obtained by the method of paper (1).

Remark 2. If (1 + 22)'/2|P(z)| € L (—00,00), then the expansion (6) can be
obtained if W (s) has no zeros on the real axis.

Remark 3. For k = 1, from the expansion (6) one can obtain Kemp’ s result
(3).

In conclusion, the author expresses his gratitude to Prof. M. A. Naimark for
advice and comments.
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