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Let &;,&,, ..., &, .. be a sequence of independent random variables with the same
distribution function F(x) and finite variance. Without loss of generality, one
may assume that their mathematical expectation is zero and their variance is
equal to one. Denote by F, (z) the distribution function of the random variable

G &t
Z, = NG .

It is known that F, (x), as a distribution function, can be represented uniquely
in the form

Fo(z) = / Py (x) de + t,(x),

where P, (z) is the corresponding probability density, and 1, (z) is the singular
part of the distribution.

In the present article the asymptotic behavior of the quantity

+oo
= [ IPa) = pla)| do.
where

1
o(z) = \/7276

Yu. V. Prokhorov (!) showed that condition

—x2/2

A. There exists an ny such that

+oo
/ P, (z)dx >0,

is necessary and sufficient for ¢,, = o(1).
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For the case when the summands have a finite moment of the third order, Yu.
V. Prokhorov showed that under condition A

cn:O< lnn>
n

In the case of existence of an absolute moment of order 2+, a similar result was
established in work (?). Under more restrictive conditions, Yu. V. Prokhorov’
s result that ¢, = o(1) was also obtained by V. Smith ().

One of the authors of the present article, under the assumption that F,, (z) is
integrable to a power v > 1, and assuming that £; has a finite moment of third
order a, succeeded in refining the asymptotic behavior of c,,, establishing that
under condition A and these additional assumptions

where

1
3V2w

It turned out that the assumption of integrability to a power v > 1 is superfluous.
Namely:

(1+4e732)

Theorem 1. If condition A is satisfied and the summands & have a finite
moment of third order a, then relation (*) holds.

Moreover, the following theorems are valid:

Theorem 2. If condition A is satisfied and the summands & have a finite
moment of order 246 (0 < § < 1), then

cp =0 (n%2).
Theorem 3. For any sequence 0 < A, — 0 there exists a distribution F(x)

satisfying condition A such that, as n — oo,

n

h — +o0.

n

The proof of Theorems 1 and 2 requires many auxiliary propositions and com-
putations. In essence, the method of proof of these theorems consists in a
combination of the methods set forth in papers (1,4).
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Theorem 3 is proved as follows. Let A, be a given sequence tending to zero.
Without loss of generality, one may assume that A, tends to zero monotonically.
Let A(2) = A, ([2] is the integer part of z), ] =1, and for n > 1

8 n n+1
o \3/2 (7) 32 (7)] .
T [ 16 16
Obviously, the series ) (n 4 1)e;,,; converges.

Put > e/, = F and ¢, = ¢, /E. Then

an =1

The distribution function

F(z) = ni:en@ (\%) :

where

1 x
O(x) = \/—27_/ e ™2 dx,

will be the function required by Theorem 3.

This example was constructed for another purpose by Yu. V. Prokhorov and is
printed here for the first time with the kind permission of Yu. V. Prokhorov.
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