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MATHEMATICS
V. A. TUPCHIEV

ON THE EXISTENCE, UNIQUENESS, AND
ASYMPTOTICS OF THE SOLUTION OF A
BOUNDARY-VALUE PROBLEM FOR A SYS-
TEM OF DIFFERENTIAL EQUATIONS WITH
A SMALL PARAMETER AT THE HIGHEST
DERIVATIVE

(Presented by Academician 1. G. Petrovskii on 20 IX 1961)

Consider the system

d?z
u2dt2 = F(zy,1)
dy
E _f<zayat)7 (1)

where p is a small parameter.

I. The question of the existence and uniqueness of the solution of system (1) was
examined in paper (1), but under conditions on the right-hand sides of system
(1) in the unbounded domain R:

|z| < o0, ly| < oo, 0<t<1.

Here we eliminate the need to impose conditions on the right-hand sides in all
of R and, for this purpose, single out by means of the methods of works (%) a
bounded domain G € R. The result is Theorem 1.

Theorem 1. Suppose that conditions (A) are satisfied:

1. The system obtained from (1) if one formally puts ;= 0 (or, as we shall
say, the degenerate system)
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0= F(Zvyvt)a (2’)

dy 9
W fewn, wo=0, )
has everywhere on the interval 0 < ¢ < 1 a unique solution {z(¢),y(t)}, corre-
sponding to some isolated root z, = ¢,(y, t) of equation (2”), and the derivative
d?z/dt? is bounded on the interval 0 <t < 1.

2. The functions F(z,y,t), f(z,y,t) have continuous first partial derivatives
with respect to z, y, and are continuous in ¢ in the domain G: 0 <t <1,
ly —yt)| < e, |z — 2(t)| < d, where d = max{|z(0)],]|2(1)|} + & ¢ > 0is
any arbitrarily small number.

3. In the domain G, F, > a > 0.

Then, for sufficiently small p < p, there exists a unique solution of system (1),
and the estimates

|z — 2| < |2(0)|e Vil 4 |z(1)|e VM (-t/m 4 Oy,

ly —yl < f/(%)lwr @%' I

hold, where C'is a constant independent of 1, 0 < m < a.

II. The method of constructing the asymptotics is a further development of
the method used in paper (*). The asymptotics is constructed according
to the following scheme.

Let us define three types of functions.

(n) (n)
Y z

a‘) gu,rm gu,n; b) wk? pk; C) Yn> Zn-

1. First set n = 0.

The functions a) are determined from system (2).

The functions b) are determined in the following way. We write system (1) in

_ 40
the variables p and 7 = (in what follows, t° will be assigned the values 0
or 1):
&—F(z t0 + ur) @—f(z 0 + ur) (3)
d7'2 - )y) /’[’ ) d’]‘ - 7y7 I‘L *
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Represent z and y in the form of series

z=2(T)+ 2 (T)+ -+ uz, (1) + Yy =yo(T) +py (7) ++ "y, (T) +-,
(3)
whose coefficients are determined from the system of equations obtained as a

result of substituting the series (3") into system (3), followed by equating terms
with equal powers of p.

Then z,,y, satisfy the system

d*zy 0 dyo
2 F(29,90,1"), ar 0 (4)
or, in the variables ¢ and p,
d? () (0) (0) d (0)
2 _ 7 =F t0 —y =0.
'udtzz (Z,y, )7 dty 0

(n)

(n) n
Here we introduce the notation z = p"z,, y = pu"y,. The last expression

leads to the system

0)
0 F 0) (0) o dy 0
- ( 25 Y, )a E - Y%
()
from which, under the additional condition ¥ = y(t°), the functions b) are
t=to

determined. For k > 0 we regard the functions b) as identically equal to zero.

We define the functions ¢). These functions have not yet been defined, since we
have not assigned additional conditions to system (4). Instead of defining them
directly, we shall determine the difference &, = z; — %, and y, from the system

d? _ dy,
Wfo :F(50+20»y07t0)’ T: =0

We take the additional condition in the form

(0)
for to =0 £8|T:0 =—z Oa €8|T:DO = 0’ y8|7':0 - 0’

(0)
fOI" tozl Eé’T:O:_Zla é :0) yé‘T:O:g(l)

|‘r:7c>o

sovietrxiv.org/items/ru-196201.15183 Machine Translation


https://sovietrxiv.org/items/ru-196201.15183

Here and in what follows, the right superscript will indicate at which value of
t% (t° = 0 or t° = 1) the functions of types b) and c) are taken.

2. Suppose that we have determined functions of types a), b), ¢) up to the
(n — 1)-st number; we shall now determine them for the n-th number.

We determine the functions a). To this end, differentiating system (1) n times
with respect to p and putting it equal to zero, we obtain

d? _ — d_ —
TL(TL - 1)Wz,u,n72 = F,un’ ay#’n = fﬂn'

We take the additional condition in the form

o0
R /O L dr

We determine the functions b). As a result of substituting the series (3’) into
system (3) and equating the terms with p to the power n, we obtain the system

d

d*z,
= F _ =
dT2 n’ d’Tyn fn717 (5)

or, in the notation 2™, y™ and the variables ¢ and pu:

d2

d
MQEZ —y) = fn=b), (6)

(n) — pn)
’ dt

The functions F(™ and f(®~1 can be represented in the form of symbolic for-
mulas

(n) — = 2 (0)
Laon PP
v=0
where
0 1o} 0
D=d dov? + ... + d" dy =V L O 2 4 (¢t 4 =
1V + 2V + + nv 1 z 820 + Y ay() + ( )atov 2
0 0 0 0

— (2 _Z (2) 2 — ) (n) _~Z_

=z +y ey Ay =2 +y .

02 Yo 02 Yo

Similarly for f»=1).
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Differentiating system (6) k times with respect to x and putting it equal to zero,
we arrive at the system

d? _ —(n) d_(n) —n-1)
k(k — 1)@22%—2 = Fuk, Eyfuc) =Fu

from which, under the additional condition

—_(n Y (to)a n= ka
T (°) = {O“’“ nt

the functions b) are determined.

We introduce the following notation:

1 —(n) - - — -
nk = Mn—kzuk’ Zpn = Zpo T Zp1 e Hznnv

Sy

and, as can be shown, the identity holds

Tnfk

nk = m%mwk (t%).

wl

Similarly for y, and also for f and F'.

Now we determine the functions c), as above, in the case n = 0, through the
difference ¢,, = z,, — Z,, and y,,. The functions &,, and y,, satisfy the system

d? d
ﬁén :Fz0§n+Gnv %Z/n = fa-1,

where G,, depends on the functions of preceding indices and on 7.

We take the additional conditions in the form:

1 o=
0 _ 0 _ 0 (n) 0 _ (0) — 0
fOI‘ 0= 0 £n|7.:0 - _azy/n ) £n|7':oo - 07 Yn |‘r:0 - Oa
for t¥ =1 §1| :fizlm 1| =0
nlr—q !l Hm nlre_oo ’
1| — l m (1) _ (71)71 - Tnfl 7 dr
Unlreo = 77 \ Vun A 1, :
The existence of the functions &,,&,...,&, as solutions of the corresponding

second-order equations on the semi-infinite interval follows from work (%).
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Theorem 2. Suppose that conditions (A) are satisfied and, in addition, the func-
tions F(z,y,t), f(z,y,t) in the domain G possess continuous partial derivatives
with respect to all arguments up to orders (n+ 1) and n, respectively, inclusive;
moreover, on the setst =0, y =0, |z] < [2(0)] andt =1, y =7(1), |z| < |Z(1)],
they respectively possess derivatives with respect to z up to orders (2n + 1) and
2n, inclusive.

Then the estimates

|2 =Z,| <Cutt,  ly—Y,| <Ot

hold, where C' does not depend on t, u, for sufficiently small pn < pig and t varying
on the interval 0 < t < 1, while Z,, has the form

Zp =200 4200 4 4200 O L AW A Ly 4 S,
- [(z°ﬁ+z°ﬁ+ +2000) 4 g (22<1> + +zu(")) +ot % ﬂn”>]
- {(21@+z1<1>+ +21 ) 4 (2 + +z,f7)+.. +% }LF].

The expression for'Y, is analogous.
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