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Abstract
Full Text

A. P. KHROMOV
EXPANSION IN EIGENFUNCTIONS OF ORDINARY
LINEAR DIFFERENTIAL OPERATORS ON A FINITE
INTERVAL
(Presented by Academician I. G. Petrovsky on 7 V 1962)

Let us consider on the interval [0, 1] the boundary-value problem defined by the
differential equation

𝑦(𝑛) + 𝑝2(𝑥)𝑦(𝑛−2) + ⋯ + 𝑝𝑛(𝑥)𝑦 + 𝜆𝑦 = 0 (1)

and by the normalized (1, p. 51) boundary conditions:

𝑈𝑖(𝑦) =
𝜎𝑖

∑
𝑗=0

𝑎𝑖𝑛−𝜎𝑖+𝑗𝑦(𝜎𝑖−𝑗)(0) +
𝜎𝑖

∑
𝑗=0

𝑏𝑖𝑛−𝜎𝑖+𝑗𝑦(𝜎𝑖−𝑗)(1) = 0;

|𝑎𝑖𝑛−𝜎𝑖+𝑗| + |𝑏𝑖𝑛−𝜎𝑖+𝑗| > 0, 𝑖 = 1, 2, … , 𝑛;
𝑛 − 1 ≥ 𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑛 ≥ 0, 𝜎𝑘 > 𝜎𝑘+2.

(2)

We assume that 𝑛 is odd; 𝑝𝑖(𝑥) (𝑖 = 2, … , 𝑛) are certain complex-
valued functions, with 𝑝(𝑛−𝑖)

𝑖 (𝑥) ∈ ℒ[0, 1] (𝑖 = 2, … , 𝑛); 𝑈𝑖(𝑦) (𝑖 =
1, 2, … , 𝑛) are linearly independent linear forms with complex coefficients
in 𝑦(0), … , 𝑦(𝑛−1)(0), 𝑦(1), … , 𝑦(𝑛−1)(1); 𝜆 is a complex parameter. Questions
concerning expansion in eigenfunctions of such boundary-value problems were
considered by G. D. Birkhoff (3), J. D. Tamarkin (5), and M. Stone (4). In this,
additional requirements, called regularity conditions (1, p. 51), were imposed
on the boundary conditions. Boundary-value problems with irregular boundary
conditions were studied by L. Ward (6) and M. V. Keldysh (2). Below, some
other classes of boundary-value problems with irregular boundary conditions
are considered.

Let 𝜆 = 𝜌𝑛, 𝜔𝑘 = 𝑒 2𝑘−1
𝑛 𝜋𝑖 (𝑘 = 1, … , 𝑛), and let 𝑦1(𝑥), 𝑦2(𝑥), … , 𝑦𝑛(𝑥) be a

fundamental system of solutions of equation (1), defined in (1), pp. 45–46. Then
the equation for the eigenvalues is represented in the form
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Δ(𝜆) = ∣
𝑈11 … 𝑈1𝑛

⋯ ⋯ ⋯
𝑈𝑛1 … 𝑈𝑛𝑛

∣ = ∣
𝐴11 + 𝐵11𝑒𝜌𝜔1 … 𝐴1𝑛 + 𝐵1𝑛𝑒𝜌𝜔𝑛

⋯ ⋯ ⋯ ⋯ ⋯ ⋯
𝐴𝑛1 + 𝐵𝑛1𝑒𝜌𝜔1 … 𝐴𝑛𝑛 + 𝐵𝑛𝑛𝑒𝜌𝜔𝑛

∣ =

= ∣
𝐴11 … 𝐴1𝑛

⋯ ⋯ ⋯
𝐴𝑛1 … 𝐴𝑛𝑛

∣ + ∑(±) ∣
𝐴1𝑖1

… 𝐴1𝑖𝑛−1
𝐵1𝑖𝑛

⋯ ⋯ ⋯ ⋯ ⋯
𝐴𝑛𝑖1

… 𝐴𝑛𝑖𝑛−1
𝐵𝑛𝑖𝑛

∣ 𝑒𝜌𝜔𝑖𝑛 + ⋯

⋯ + ∣
𝐵11 … 𝐵1𝑛

⋯ ⋯ ⋯
𝐵𝑛1 … 𝐵𝑛𝑛

∣ 𝑒𝜌(𝜔1+⋯+𝜔𝑛) = 0,

(3)

where 𝑈𝑖(𝑦𝑗) = 𝑈𝑖𝑗 = 𝐴𝑖𝑗 + 𝐵𝑖𝑗𝑒𝜌𝜔𝑗 ; 𝐴𝑖𝑗 (respectively 𝐵𝑖𝑗𝑒𝜌𝜔𝑗) is the part of the
form 𝑈𝑖(𝑦𝑗) at the point 0 (respectively at the point 1).

Introduce the following notation. In the case 0 ≤ arg 𝜌 ≤ 𝜋/𝑛, denote by 𝑝0
and 𝑝1 the coefficients in relation (3)′, respectively, at

exp [𝜌 (
𝜇

∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3𝜇+2

𝜔𝑖)] and exp [𝜌
𝜇

∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3𝜇+1

𝜔𝑖]

for 𝑛 = 4𝜇 + 1 (or at

exp ⎡⎢
⎣

𝜌 ⎛⎜
⎝

𝜇+1
∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3(𝜇+1)

𝜔𝑖⎞⎟
⎠

⎤⎥
⎦

and exp ⎡⎢
⎣

𝜌
𝜇

∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3(𝜇+1)

𝜔𝑖⎤⎥
⎦

for 𝑛 = 4𝜇 + 3); in the case 𝜋/𝑛 ≤ arg 𝜌 ≤ 2𝜋/𝑛, denote by ̃𝑝0 and ̃𝑝1 the
coefficients at

exp [𝜌 (
𝜇−1
∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3𝜇+1

𝜔𝑖)] and exp [𝜌 (
𝜇

∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3𝜇+1

𝜔𝑖)]

for 𝑛 = 4𝜇 + 1 (or at

exp [𝜌 (
𝜇

∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3𝜇+2

𝜔𝑖)] and exp ⎡⎢
⎣

𝜌 ⎛⎜
⎝

𝜇
∑
𝑖=1

𝜔𝑖 +
𝑛

∑
𝑖=3(𝜇+1)

𝜔𝑖⎞⎟
⎠

⎤⎥
⎦

for 𝑛 = 4𝜇 + 3).

We shall consider the boundary-value problem (1)—(2) under the following ad-
ditional requirements:
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lim
𝜌→∞

𝑝0
𝜌𝛼1

≠ 0, lim
𝜌→∞

𝑝1
𝜌𝛽1

≠ 0, lim
𝜌→∞

̃𝑝0
𝜌𝛼2

≠ 0, lim
𝜌→∞

̃𝑝1
𝜌𝛽2

≠ 0, (4)

where 𝛼1, 𝛽1, 𝛼2, 𝛽2 are certain real numbers. These conditions generalize the
conditions of regularity. It is not difficult to show that the boundary conditions
are regular if and only if

𝛼1 = 𝛽1 = 𝛼2 = 𝛽2 =
𝑛

∑
𝑖=1

𝜎𝑖

(with respect to 𝜎𝑖 (𝑖 = 1, 2, … , 𝑛), see (2)).

Definition 1. We shall call the boundary-value problem 𝐴 under conditions
(4) a boundary-value problem of class (𝛼1, 𝛽1, 𝛼2, 𝛽2).
Then the following assertions hold.

Theorem 1. The eigenvalues of the boundary-value problem 𝐴 of class
(𝛼1, 𝛽1, 𝛼2, 𝛽2) form two infinite sequences {𝜆′

𝑘}∞
𝑘=1, {𝜆″

𝑘}∞
𝑘=1 such that

𝜆′
𝑘+ℎ′ = [(2𝑘 − 1)𝜋]𝑛[1 + 𝑜(1)]𝑒𝑖𝜋/2,

𝜆″
𝑘−ℎ″ = [(2𝑘 − 1)𝜋]𝑛[1 + 𝑜(1)]𝑒𝑖⋅3𝜋/2,

moreover, beginning with some point, all eigenvalues are simple (ℎ′, ℎ″ are cer-
tain integers depending only on the problem 𝐴).
Number the eigenvalues of the boundary-value problem 𝐴 of class (𝛼1, 𝛽1, 𝛼2, 𝛽2)
in increasing order of their moduli:

|𝜆1| ≤ |𝜆2| ≤ ⋯ .

Let {𝐶𝑝}∞
𝑝=1 be a sequence of contours in the 𝜆-plane, each of which contains

𝜆1, … , 𝜆𝑝 and contains no other 𝜆𝑗 (𝑗 = 𝑝 + 1, 𝑝 + 2, …).
Definition 2. We shall call the function

𝑆𝑞(𝐴, 𝑓) = 1
2𝜋𝑖 ∫

1

0
∫

𝐶𝑝

𝐺(𝑥, 𝜉; 𝜆) 𝑑𝜆 𝑓(𝜉) 𝑑𝜉

the partial sum of the Fourier series in eigenfunctions and associated
functions ((1), pp. 21—24) of the boundary-value problem 𝐴 for a certain
integrable function 𝑓(𝑥) (𝐺(𝑥, 𝜉; 𝜆) is the resolvent (Green’s function); 𝑞 is

sovietrxiv.org/items/ru-196201.13955 Machine Translation

https://sovietrxiv.org/items/ru-196201.13955


the number of all eigenfunctions and associated functions corresponding to the
eigenvalues 𝜆1, … , 𝜆𝑝 that have fallen inside 𝐶𝑝).

This definition will be justified if one evaluates the integral

1
2𝜋𝑖 ∫

1

0
∫

𝐶𝑝

𝐺(𝑥, 𝜉; 𝜆) 𝑑𝜆 𝑓(𝜉) 𝑑𝜉

by the residue theorem, using the analytic behavior of 𝐺(𝑥, 𝜉; 𝜆) ((1), pp. 37–
40). From Theorem 1 it follows easily that, for every sufficiently large 𝑞, there
is a 𝑝 = 𝑝(𝑞) such that 𝑆𝑞(𝐴, 𝑓) =

= 1
2𝜋𝑖 ∫

1

0
∫

𝐶𝑝(𝑞)

𝐺(𝑥, 𝜉; 𝜆) 𝑑𝜆 𝑓(𝜉) 𝑑𝜉.

Theorem 2. If 𝐴 is a boundary-value problem of class (𝛼1, 𝛽1, 𝛼2, 𝛽2), then

lim
𝑞→∞

max
0≤𝑥≤1

|𝑓(𝑥) − 𝑆𝑞(𝐴, 𝑓)| = 0

for every function 𝑓(𝑥) ∈ 𝐷𝐴𝑟 , where

𝑟 = 1
𝑛 [

𝑛
∑
𝑖=1

𝜎𝑖 − min{𝛼1, 𝛽1, 𝛼2, 𝛽2} − 𝑛 + 1] + 2

(𝐷𝐴 is the domain of definition of the operator 𝐴).

In general, the exponent 𝑟 cannot be lowered. This theorem generalizes the
well-known theorem of Birkhoff ((1), p. 72) for boundary-value problems with
regular boundary conditions.

Theorem 3. The system of eigenfunctions and associated functions of the
boundary-value problem 𝐴 of class (𝛼1, 𝛽1, 𝛼2, 𝛽2) is complete in 𝔏[0, 1].
Theorem 4. Let 𝐴, 𝐴′ be boundary-value problems of classes (𝛼1, 𝛽1, 𝛼2, 𝛽2),
(𝛼′

1, 𝛽′
1, 𝛼′

2, 𝛽′
2);

𝜒 ≥ max {
𝑛

∑
𝑖=1

𝜎𝑖 − min
𝑖

{𝛼𝑖, 𝛽𝑖};
𝑛

∑
𝑖=1

𝜎′
𝑖 − min

𝑖
{𝛼′

𝑖, 𝛽′
𝑖}} .

Let {Γ𝑙}∞
𝑙=1 be an arbitrary sequence of circles in the 𝜆-plane with common

center at the origin, with radii 𝑅𝑙 (𝑙 = 1, 2, …) increasing without bound, and
such that
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inf
𝜆∈⋃∞

𝑙=1 Γ𝑙, 𝜆𝑖∈Λ
|𝜆 − 𝜆𝑖| > 0,

where Λ is the set of all eigenvalues of the problems 𝐴 and 𝐴′.

Then, for every function 𝑓(𝑥) ∈ 𝔏[0, 1],

lim
𝑙→∞

max
0<𝛿≤𝑥≤1−𝛿

∣∫
1

0
∫

Γ𝑙

(1 − 𝜆4

𝑅4
𝑙

)
𝜒

[𝐺(𝑥, 𝜉; 𝜆) − 𝐺′(𝑥, 𝜉; 𝜆)] 𝑑𝜆 𝑓(𝜉) 𝑑𝜉∣ = 0,

lim
𝑙→∞

max
0≤𝑥≤1

∣∫
1−𝛿

𝛿
∫

Γ𝑙

(1 − 𝜆4

𝑅4
𝑙

)
𝜒

[𝐺(𝑥, 𝜉; 𝜆) − 𝐺′(𝑥, 𝜉; 𝜆)] 𝑑𝜆 𝑓(𝜉) 𝑑𝜉∣ = 0

(𝛿 is an arbitrary number subject to the inequalities 0 < 𝛿 < 1 − 𝛿).

This theorem generalizes Stone’s theorem (4) on equisummability by Riesz
means for regular boundary conditions.

Theorem 5. If 𝐴 and 𝐴′ are two boundary-value problems of classes (𝛼, 𝛼, 𝛽, 𝛽)
and (𝛼′, 𝛼′, 𝛽′, 𝛽′), then

lim
𝑞→∞

max
𝛿≤𝑥≤1−𝛿

|𝑆𝑞(𝐴, 𝑓) − 𝑆𝑞(𝐴′, 𝑓)| = 0

for every function 𝑓(𝑥) ∈ 𝔏[0, 1] that vanishes outside [𝛿, 1 − 𝛿] (𝛿 is the same
as in Theorem 4).

Theorem 6. Suppose that, for the boundary-value problems 𝐴 and 𝐴′, the
following relations hold:

𝑝𝑖 = 𝑝′
𝑖 [1 + 𝑂 (1

𝜌)] , ̃𝑝𝑖 = ̃𝑝′
𝑖 [1 + 𝑂 (1

𝜌)] (𝑖 = 0, 1).

Then there exists an integer ℎ, depending only on the boundary-value problems
𝐴 and 𝐴′, such that for every function 𝑓(𝑥) ∈ 𝐿[0, 1] that vanishes outside
[𝛿1, 1 − 𝛿2]:

a)
lim

𝑞→∞
max

0<𝑥<1−min𝑖{ 1
|𝛼𝑖−𝛽𝑖| }−𝛿2

∣𝑆𝑞(𝐴, 𝑓) − 𝑆𝑞+ℎ(𝐴′, 𝑓)∣ = 0; (5)

if
max

𝑖
{|𝛼𝑖 − 𝛽𝑖|} > 1

and 𝛼𝑖 ⩽ 𝛽𝑖 for 𝑛 = 4𝜇 + 1 (or 𝛼𝑖 ⩾ 𝛽𝑖 for 𝑛 = 4𝜇 + 3), 𝑖 = 1, 2;
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b)
lim

𝑞→∞
max

𝛿3<𝑥<min𝑖{ 1
|𝛼𝑖−𝛽𝑖| }+𝛿1<1

∣𝑆𝑞(𝐴, 𝑓) − 𝑆𝑞+ℎ(𝐴′, 𝑓)∣ = 0, (6)

if
max

𝑖
{|𝛼𝑖 − 𝛽𝑖|} > 1

and 𝛼𝑖 ⩾ 𝛽𝑖 for 𝑛 = 4𝜇 + 1 (or 𝛼𝑖 ⩽ 𝛽𝑖 for 𝑛 = 4𝜇 + 3), 𝑖 = 1, 2;

c)
lim

𝑞→∞
max

𝛿3⩽𝑥⩽1−𝛿3
∣𝑆𝑞(𝐴, 𝑓) − 𝑆𝑞+ℎ(𝐴′, 𝑓)∣ = 0,

if
max

𝑖
{|𝛼𝑖 − 𝛽𝑖|} ⩽ 1.

Here 𝛿1, 𝛿2, 𝛿3 are arbitrary positive numbers satisfying the inequalities appear-
ing in one of the cases a), b), or c).

In general, the intervals of uniform convergence in relations (5) and (6) cannot
be extended.

Theorem 7. Suppose that, for the boundary-value problems 𝐴 and 𝐴′ gener-
ated by the differential expressions

𝑦(𝑛) + 𝑝𝑛−𝑘(𝑥)𝑦(𝑘) + ⋯ + 𝑝𝑛(𝑥)𝑦

and
𝑦(𝑛) + 𝑞𝑛−𝑘(𝑥)𝑦(𝑘) + ⋯ + 𝑞𝑛(𝑥)𝑦,

the following relations are satisfied:

𝑝𝑖 = 𝑝′
𝑖 [1 + 𝑂 ( 1

𝜌 𝑛−𝑘−1 )] , ̃𝑝𝑖 = ̃𝑝′
𝑖 [1 + 𝑂 ( 1

𝜌 𝑛−𝑘−1 )] , 𝑖 = 0, 1;

0 ⩽ 𝑘 ⩽ 𝑛 − 2 − max
𝑖

{|𝛼𝑖 − 𝛽𝑖|}.

Then
lim

𝑞→∞
max

0<𝛿⩽𝑥⩽1−𝛿
∣𝑆𝑞(𝐴, 𝑓) − 𝑆𝑞+ℎ(𝐴′, 𝑓)∣ = 0

for every function 𝑓(𝑥) ∈ 𝐿[0, 1] that vanishes outside [𝛿, 1 − 𝛿] (ℎ is the same
as in Theorem 6).

Remark. Completeness of the eigenfunctions and associated functions in 𝐿[0, 1]
also holds in the case when each of the coefficients 𝑝 in

exp [𝜌 ∑ 𝜔𝑖]

in relation (3) is either identically equal to zero, or, for it, for some 𝛾,

lim
𝜌→∞

𝑝
𝜌𝛾 ≠ 0,
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and when at least one of the following two alternatives is fulfilled:

either lim
𝜌→∞

𝑝0
𝜌𝛼1

≠ 0, lim
𝜌→∞

̃𝑝0
𝜌𝛼2

≠ 0;

or lim
𝜌→∞

𝑝
𝜌𝛽1

≠ 0, lim
𝜌→∞

̃𝑝1
𝜌𝛽2

≠ 0.

Similar results are not difficult to obtain for even 𝑛.

In conclusion I express my deep gratitude to N. P. Kuptsov for posing the
problem and for supervising the work.

Received
5 V 1962
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