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Abstract
Full Text

V. P. Chistyakov, N. P. Markova

On Some Theorems for Inhomogeneous Branch-
ing Processes
(Presented by Academician A. N. Kolmogorov on 7 II 1962)

A scheme of reproduction of particles is considered, in which each particle, in-
dependently of the others, during the time interval (𝑡, 𝑡 + Δ𝑡) is transformed
into 𝑘 particles (𝑘 natural and not equal to 1) with probability 𝑝𝑘(𝑡)Δ𝑡 + 𝑜(Δ𝑡)
(Δ𝑡 → 0), and undergoes no changes with probability

1 + 𝑝1(𝑡)Δ𝑡 + 𝑜(Δ𝑡) (𝑝𝑘(𝑡) ≥ 0, 𝑘 ≠ 1; 𝑝1(𝑡) ≤ 0,
∞

∑
𝑘=0

𝑝𝑘(𝑡) = 0) .

Such a process is a special case of branching processes.

Let 𝜇𝑠𝑡 be the number of particles at time 𝑡, if at time 𝑠 ≤ 𝑡 there was one
particle, and let

𝐹(𝑠, 𝑡, 𝑥) =
∞

∑
𝑛=0

𝑃𝑛(𝑠, 𝑡)𝑥𝑛

be the generating function for 𝜇𝑠𝑡. 𝐹(𝑠, 𝑡, 𝑥) satisfies the equation (1)

−𝜕𝐹(𝑠, 𝑡, 𝑥)
𝜕𝑠 = 𝑓(𝑠, 𝐹(𝑠, 𝑡, 𝑥)) (1)

with initial condition

𝐹(𝑠, 𝑡, 𝑥)∣𝑠=𝑡 = 𝑥 (0 ≤ 𝑠 ≤ 𝑡 < ∞).

Here

𝑓(𝑠, 𝑥) =
∞

∑
𝑛=0

𝑝𝑛(𝑠)𝑥𝑛.

The process is called degenerating if
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lim
𝑡→∞

𝑃0(𝑠, 𝑡) = 𝑃0(𝑠) = 1.

This limit always exists. It is equal to 1 or different from 1 simultaneously for
all 𝑠. Indeed, let 𝑠0 < 𝑠. Then

𝑃0(𝑠0) =
∞

∑
𝑘=0

𝑃𝑘(𝑠0, 𝑠)𝑃 𝑘
0 (𝑠),

and, if 𝑃0(𝑠) = 1, then also 𝑃0(𝑠0) = 1. At least one of the probabilities 𝑃𝑘(𝑠0, 𝑠)
(𝑘 ≥ 1) is nonzero, since

∞
∑
𝑘=1

𝑃𝑘(𝑠0, 𝑠) ≥ exp [− ∫
𝑠

𝑠0

𝑝0(𝑣) 𝑑𝑣] > 0.

Consequently,

∞
∑
𝑘=0

𝑃𝑘(𝑠0, 𝑠)𝑥𝑘

is strictly monotone in 𝑥, and therefore the equality

1 = 𝑃0(𝑠0) =
∞

∑
𝑘=0

𝑃𝑘(𝑠0, 𝑠)𝑃 𝑘
0 (𝑠)

is possible only when 𝑃0(𝑠) = 1.

Kendall obtained, for the branching birth-and-death process (the process with
𝑓(𝑠, 𝑥) = 𝑝0(𝑠) + 𝑝1(𝑠)𝑥 + 𝑝2(𝑠)𝑥2), a necessary and sufficient condition for de-
generation (2). In this case equation (1) is integrated in elementary functions.
In the present note it is shown that Kendall’s condition is sufficient for degener-
ation in the general case and necessary under certain restrictions; also obtained
are some limit theorems for the birth-and-death process.

§ 1. Conditions for degeneration.
Put

lim
𝑥↑1

𝑓(𝑣, 𝑥)
𝑥 − 1 = 𝑎(𝑣).

This limit, finite or infinite, always exists. We shall assume that 𝑎(𝑣) is Riemann
integrable on every finite interval (𝑠, 𝑡) ⊂ [0, ∞).
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In this case 𝐹(𝑠, 𝑡, 𝑥) satisfies the integral equation:

𝐹(𝑠, 𝑡, 𝑥) = 1 − 1 − 𝑥
𝑒−𝜌(𝑠,𝑡) + (1 − 𝑥) ∫𝑡

𝑠
𝛽
2 (𝑣, 𝐹 (𝑣, 𝑡, 𝑥))𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

, (2)

𝜌(𝑠, 𝑡) = ∫
𝑡

𝑠
𝑎(𝑣) 𝑑𝑣, 𝛽

2 (𝑣, 𝑦) = 𝑓(𝑣, 𝑦) − 𝑎(𝑣)(𝑦 − 1)
(𝑦 − 1)2 .

Equation (1) is obtained from (2) by differentiation. Fulfillment of the initial
condition is obvious.

Let us note that the process under consideration will be regular. (A process is
called regular if, for any 𝑠 and 𝑡 (0 ≤ 𝑠 ≤ 𝑡), ∑∞

𝑛=0 𝑃𝑛(𝑠, 𝑡) = 1. Passing to the
limit in (2) as 𝑥 ↑ 1, we obtain ∑∞

𝑛=0 𝑃𝑛(𝑠, 𝑡) = 1.)

Theorem 1. The divergence of the integral

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

is a sufficient condition for extinction of the nonhomogeneous branching process
for which 𝑎(𝑣) is Riemann integrable on every finite interval (𝑠, 𝑡) ⊂ [0, ∞).
Proof. From (2), putting 𝑥 = 0, we find:

𝑃0(𝑠, 𝑡) = 1 − 1
𝑒−𝜌(𝑠,𝑡) + ∫𝑡

𝑠
𝛽
2 (𝑣, 𝑃0(𝑣, 𝑡))𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

. (3)

Replacing 𝑃0(𝑣, 𝑡) by 0 on the right-hand side of (3), we obtain

𝑃0(𝑠, 𝑡) ≥ 1− 1
𝑒−𝜌(𝑠,𝑡) + ∫𝑡

𝑠 (𝑎(𝑣) + 𝑝0(𝑣))𝑒−𝜌(𝑠,𝑣) 𝑑𝑣
= 1− 1

1 + ∫𝑡
𝑠 𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

.

Consequently, if the integral

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

diverges, then lim𝑡→∞ 𝑃0(𝑠, 𝑡) = 1.

Theorem 2. If 𝑓(𝑠, 𝑥) is a polynomial in 𝑥, then the condition

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∞ (4)

is necessary and sufficient for extinction.
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Proof. Sufficiency follows from Theorem 1. We shall prove necessity. Suppose
the process becomes extinct. Replacing 𝑃0(𝑣, 𝑡) by one in (3), we obtain the
estimate

𝑃0(𝑠, 𝑡) ≤ 1 − 1
𝑒−𝜌(𝑠,𝑡) + ∫𝑡

𝑠
1
2 𝑏(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

,

where
𝑏(𝑣) =

𝑛
∑
𝑘=2

𝑘(𝑘 − 1)𝑝𝑘(𝑣)

(𝑛 is the degree of the polynomial). It follows that

lim
𝑡→∞

[𝑒−𝜌(𝑠,𝑡) + ∫
𝑡

𝑠
1
2 𝑏(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣] = ∞.

If
lim

𝑡→∞
∫

𝑡

𝑠
𝑏(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∞,

then also
lim

𝑡→∞
∫

𝑡

𝑠
(𝑎(𝑣) + 𝑝0(𝑣))𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∞,

since

∫
𝑡

𝑠
(𝑎(𝑣)+𝑝0(𝑣))𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∫

𝑡

𝑠

𝑛
∑
𝑘=2

(𝑘−1)𝑝𝑘(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 ≥ 1
𝑛 ∫

𝑡

𝑠

𝑛
∑
𝑘=2

𝑘(𝑘−1)𝑝𝑘(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣.

And then from the identity

1 + ∫
𝑡

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = 𝑒−𝜌(𝑠,𝑡) + ∫

𝑡

𝑠
(𝑎(𝑣) + 𝑝0(𝑣))𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 (5)

it follows that

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∞.

If, however,

lim
𝑡→∞

∫
𝑡

𝑠
𝑏(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 < ∞,

then there exists

lim
𝑡→∞

𝑒−𝜌(𝑠,𝑡) = ∞,
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and then from (5) it follows that

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∞,

since

𝑎(𝑣) + 𝑝0(𝑣) =
𝑛

∑
𝑘=2

(𝑘 − 1)𝑝𝑘(𝑣) ≥ 0.

If 𝑓(𝑠, 𝑥) is not a polynomial, then, under some restrictions, condition (4) re-
mains necessary. Three cases are possible: 1) the limit M𝜇𝑠𝑡 as 𝑡 → ∞ does
not exist, 2) lim𝑡→∞ M𝜇𝑠𝑡 exists and is finite, 3) lim𝑡→∞ M𝜇𝑠𝑡 is infinite.

Let us show that in the first case condition (4) is satisfied and the process
becomes extinct. Suppose that

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 < ∞.

Then from (5) it follows that there exists a finite

lim
𝑡→∞

𝑒−𝜌(𝑠,𝑡);

and hence there exists the limit M𝜇𝑠𝑡 = 𝑒𝜌(𝑠,𝑡). A contradiction has been
obtained. Consequently,

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 = ∞,

and by Theorem 1 the process becomes extinct.

Consider the second case. We first show that the divergence of the integral

∫
∞

𝑠
𝑝0(𝑣) 𝑑𝑣

is a necessary condition for extinction. Note that in the branching process with
𝑓(𝑠, 𝑥) = 𝑝0(𝑠) − 𝑝0(𝑠)𝑥 the probability of extinction is equal to

1 − exp [− ∫
∞

𝑠
𝑝0(𝑣) 𝑑𝑣] .

sovietrxiv.org/items/ru-196201.13614 Machine Translation

https://sovietrxiv.org/items/ru-196201.13614


In the process under consideration, a particle existing at time 𝑠 dies simultane-
ously with the particle of the auxiliary process (with 𝑓(𝑠, 𝑥) = 𝑝0(𝑠) − 𝑝0(𝑠)𝑥),
while preservation of the particle or its transformation into a set of particles cor-
responds to preservation of the particle of the auxiliary process. Consequently,
the divergence of the integral

∫
∞

𝑠
𝑝0(𝑣) 𝑑𝑣

is a necessary condition for extinction of the process. And since in the case
under consideration

lim
𝑡→∞

𝑒−𝜌(𝑠,𝑡) = 𝛿(𝑠) > 0,

there exists such a 𝑡0 that

∫
𝑡

𝑡0

𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 ≥ 𝛿(𝑠)
2 ∫

𝑡

𝑡0

𝑝0(𝑣) 𝑑𝑣.

Consequently,

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣

diverges.

Thus, with the aid of Theorems 1 and 2 and the remarks just made, it is not
possible to resolve the question of extinction of a process for which

∫
∞

𝑠
𝑝0(𝑣)𝑒−𝜌(𝑠,𝑣) 𝑑𝑣 < ∞, lim

𝑡→∞
M𝜇𝑠𝑡 = ∞

and 𝑓(𝑠, 𝑥) is not a polynomial in 𝑥.

§ 2. Limit theorems. For homogeneous branching processes the form of
the limiting distribution depends on the asymptotics of 𝑀∗(𝑡)—the conditional
mathematical expectation of the number of particles under the condition that
the process has not become extinct by time 𝑡. When 𝑀∗(𝑡) tends to a constant
as

𝑡 → ∞, the limiting distribution is discrete; if 𝑀∗(𝑡) −−−→
𝑡→∞

∞, then the limiting
distribution is continuous, and for an extinct process an exponential distribution
is obtained. For an inhomogeneous process 𝑀∗(𝑠, 𝑡) = 𝑀{𝜇𝑠𝑡 ∣ 𝜇𝑠𝑡 > 0} as
𝑡 → ∞ may tend to a finite limit, to infinity, or have no limit. If 𝑀∗(𝑠, 𝑡) tends
to a constant, then in this case a discrete distribution is also obtained.
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We note that 𝑀∗(𝑠, 𝑡) may tend to a constant in the case of a non-extinct process.
For a homogeneous process in the non-extinct case the limiting distribution is
always continuous.

If 𝑀∗(𝑠, 𝑡) −−−→
𝑡→∞

∞, then for an inhomogeneous process with 𝑓(𝑠, 𝑥) = 𝑎(𝑠)(𝑥 −

1) + 𝑏(𝑠)
2 (𝑥 − 1)2 it can be shown that the distribution

𝑆𝑠𝑡(𝑦) = P { 𝜇𝑠𝑡
𝑀∗(𝑠, 𝑡) < 𝑦 ∣ 𝜇𝑠𝑡 > 0}

converges to a limiting one; moreover, if the process becomes extinct, then the
limiting distribution is exponential.

It is not difficult to obtain the following theorems.

Theorem 3. For a non-extinct process with 𝑓(𝑠, 𝑥) = ∑𝑛
𝑘=0 𝑝𝑘(𝑠)𝑥𝑘, the ran-

dom variable 𝜉𝑠𝑡 = 𝜇𝑠𝑡
𝑀𝜇𝑠𝑡

converges in probability to 𝜉𝑠, whose characteristic
function satisfies the functional equation:

𝜑(𝑠, 𝜏𝑒𝜌(𝑠,𝑡)) = 𝐹(𝑠, 𝑡, 𝜑(𝑠, 𝜏))

for all 𝑠, 𝑡 (0 ≤ 𝑠 ≤ 𝑡 < ∞), and the partial differential equation (if 𝜑(𝑠, 𝜏) is
continuous in 𝑠)

𝜏𝑎(𝑠)𝜕𝜑(𝑠, 𝜏)
𝜕𝜏 = 𝜕𝜑(𝑠, 𝜏)

𝜕𝑠 + 𝑓(𝑠, 𝜑(𝑠, 𝜏)).

If, in addition, lim𝑡→∞ 𝑀𝜇𝑠𝑡 < ∞ (this limit exists in the case of a non-extinct
process), then 𝜇𝑠𝑡

𝑝
−−−→
𝑡→∞

𝜇𝑠, which has a discrete distribution concentrated at
integer points.

Theorem 4. For an extinct process with 𝑓(𝑠, 𝑥) = 𝑎(𝑠)(𝑥 − 1) + 𝑏(𝑠)
2 (𝑥 − 1)2,

the following assertions hold:

1) If as 𝑡 → ∞ there exists a finite limit 𝑀∗(𝑠, 𝑡), then

P{𝜇𝑠𝑡 = 𝑛 ∣ 𝜇𝑠𝑡 > 0} −−−→
𝑡→∞

𝑃𝑛,
∞

∑
𝑛=1

𝑃𝑛 = 1,

and the limiting distribution does not depend on 𝑠.

2) If lim𝑡→∞ 𝑀∗(𝑠, 𝑡) = ∞, then
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𝑆𝑠𝑡(𝑦) = P { 𝜇𝑠𝑡
𝑀𝜇𝑠𝑡

< 𝑦 ∣ 𝜇𝑠𝑡 > 0} −−−→
𝑡→∞

𝑆(𝑦) = {0, 𝑦 < 0,
1 − 𝑒−𝑦, 𝑦 ≥ 0.

Theorem 3 is proved in the same way as the analogous theorem in (1). The
proof of Theorem 4 is carried out by means of characteristic functions, which
are written out explicitly.

In the case where the limit 𝑀∗(𝑠, 𝑡) as 𝑡 → ∞ does not exist, the distribu-
tion 𝑆𝑠𝑡(𝑦) and the conditional distribution of 𝜇𝑠𝑡 under the condition of non-
extinction cannot have a limit, since along different subsequences the character-
istic functions tend to different limits.
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