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Many algorithmic problems are undecidable for groups and for semigroups. In
considering the simplest case—commutative semigroups—it is natural to expect
algorithmic decidability of most mass problems.

The algorithmic decidability of the word problem is known (1?) for finitely
defined commutative semigroups, i.e., commutative semigroups specified by a
finite number of generators and defining relations. In this note an algorithm
is constructed that makes it possible to determine whether a finitely defined
commutative semigroup is a group; and certain other problems are also listed
for which solution algorithms have been obtained.

Let the system of defining relations of a finitely defined commutative semigroup
G with generators

aq,Qgy ...,y (1)

have the form

where A;, B; are nonempty words in &.

If in the system (2) there is a defining relation of the form

a,=N or N =aq (3)

where the word N does not contain the generator a,, then this defining relation
may be deleted from (2), replacing a; everywhere by the word N, and thereby
obtaining an isomorphic semigroup with a smaller number of generators.
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The elements of our semigroup are words of the form a}*ah?--ah", where

D1,Da, -, D, are nonnegative integers. In writing an arbitrary word, the
zero power of a generator will be omitted. We shall assume that not all the
exponents py,p,, ..., P, can be equal to zero simultaneously, i.e., by a word of
the semigroup we shall always mean a nonempty word.

Transformations of any word of the form A, X into the word B, X, and conversely,
where X is an arbitrary word of the semigroup &, will be called elementary and
will be represented in the form of schemes A, X — B; X, B;X — A, X. We shall
also say that the elementary transformation A, — B; (B, — A;) is applicable to
the word A; X (B,;X). If the word B, (A;) contains generators that are not in A,
(B;), then we shall say that the transformation A, — B, (B, — A,) generates
new generators in A, X (B;X). We shall agree to adjoin to the transformation
schemes also schemes of the form X — X, where X is an arbitrary word of the
semigroup. These transformations will be called tautological.

By an elementary transformation we shall also mean the replacement of A; by
B, (or conversely) after a preliminary permutation of the generators in order to
obtain A; (or B;) at the beginning of the word being transformed.

The following lemmas are almost obvious.

Lemma 1. A finitely defined commutative semigroup & with generators (1) is
a group if and only if in & there exists

word F, which is the identity of the semigroup and contains all generators, i.e.

E=ad"ay?ah", wherep, >0 (i=1,2,...,n).

Lemma 2. Suppose that in the system of defining relations (2) of the finitely
defined commutative semigroup & with generators (1) there are no defining
relations of the form (3). Then, if & is a group, the system (2) must contain
defining relations of the form a; = a,4 or a,4, = a;, at least one for each q;
(i=1,2,...,n).

Lemma 3. Suppose that the word E, which is the identity of the finitely defined
commutative semigroup &, does not contain some of the generators. Moreover,
suppose that E has the property that every elementary transformation 4, — B;,
B, — A, (1 =1,2,...,s) is either applicable to some power of the word E, but
does not generate new generators, or is not applicable to any power of the word
E. Then the semigroup & is not a group.

The lemmas listed above make it possible to formulate an algorithm ® for rec-
ognizing whether the semigroup &, given by the system of generators (1) and
defining relations (2), is a group.

1. The k-th step (1 < k < s) consists in taking the defining relation A; = B,
and seeing whether it has the form (3). If not, one proceeds to the next
step of ®. If it does, then, replacing a; by the word N in the remaining
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defining relations, one removes the relation A, = B, from the system (2)
and proceeds to the next step of ®. After carrying out s such steps, one
obtains a semigroup &’ (= ®), given by the generators

A Qe A (4)

217 7,27 P

and the defining relations

Al=B, (i=1,2,..,m). (5)

2. The (s+j)-th step (1 < j < p—1) consists in checking whether the system
(5) contains at least one defining relation of the form

a;, =a; A or a; A=a,. (6)

If not, then the process stops, and (on the basis of Lemma 2) & is not a group.
If it does, one proceeds to the next step of ®.

3. The (s + p)-th step consists in checking whether (5) contains at least one
defining relation of the form a; = aipA or aipA = a; . If not, then the
process breaks off, and & is not a group. If it does, then all defining
relations of the form (6) are written down for each j (j =1,2,...,p):

a; = a; Ay, (r=1,2,...,nq),

a;, = a;, Ay, (r=1,2,...,n5),

(7)

a; A (r=1,2,...,n,),
the product E of all A;, occurring in (7) is formed, and one proceeds to the
next step of .

4. The (s+p+t)-th step (1 <t < p) consists in deciding whether the equality
a;, = a; E holds in &’. If a;, # a; E, then the process ends, and & is not
a group. If a;, = a; E, one proceeds to the next step of ®.

5. The (s+2p+1)-th step consists in checking whether the identity E contains
all generators (4). If it does, then the process breaks off, and (on the basis
of Lemma 1) & is a group. If not, one proceeds to the concluding procedure
described in the next item.

6. If one of the elementary transformations A] — Bj or B; — A} is appli-
cable to some natural power g of the word F and generates in E9 new
generators, then one acts on E? by this transformation (EF? — E;) and
removes the relation A} = Bj from (5). Here the number ¢ is chosen so
large that under this transformation £¢ — E; not a single one disappears.
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generator occurring in F. If none of the indicated transformations is applicable
to any power of the word F, then F is left unchanged. Finally, if the indicated
transformations are applicable to E4, but do not produce new generators, then,
leaving E unchanged, one excludes A] = Bj from (5). The transformation
E — E; in the last two cases is tautological.

In an analogous way, the resulting word E is tested by the elementary transfor-
mations A}, — Bj and Bj — A5, and so on up to the last pair of transformations
A, — B;, and B, — A . As a result one obtains the word E,,. Using the
schemes of the remaining defining relations, one again repeats, in the manner
described, the test of the word E,,, and so on. This process stops when either
a word E, is obtained to no positive power of which any elementary transfor-
mations of the remaining defining relations are applicable, or when not a single

defining relation remains in the system (5).

7. If the word E,. obtained after completion of the procedure of item 6 con-
tains all generators (4), then, on the basis of Lemma 1, & is a group. If
the word E, does not contain some of the generators (4), then by Lemma
3 the semigroup & is not a group.

Using the constructed algorithm ®, we easily find an algorithm for recognizing
whether the semigroup & has an identity, and also an algorithm that makes it
possible to establish the presence or absence of an inverse for any element in an
arbitrary semigroup & with identity.

A semigroup H with zero is called nilpotent if some power k of it is equal to
ZEro:

Hf=H-H-...-H=0.
k times

The question of the existence of such a number k for a finitely defined commu-
tative semigroup is algorithmically solved by the following

Theorem 1. In order that a commutative semigroup with zero, given by a system
of generators (1) and defining relations (5), be nilpotent, it is necessary and
sufficient that the word M;, obtained as the result of applying to a,; the procedure
of item 6 of the algorithm ®, contain all generators (1) for alli=1,2,...,n.

The question of the existence of a zero in a finitely defined commutative semi-
group, given by the system of generators (1) and defining relations (2), is solved
as follows.

To the system of generators (1) we add new generators

art,axt, .. at (8)

r'n

in the same number, and to the defining relations (2) the new relations

sovietrxiv.org/items/ru-196201.12939 Machine Translation


https://sovietrxiv.org/items/ru-196201.12939

aa;t =1, ala;=1 (i=1,2,...,n), (9)

?

where 1 denotes the empty word. As is known, the associative system (with
commutative multiplication) given by the generators (1) and (8) and defining
relations (2) and (9) will be an Abelian group. We shall call this group the
group given by the generators (1) and defining relations (2).

Theorem 2. A commutative semigroup given by generators (1) and defining
relations (2) has a zero if and only if the group given by gemerators (1) and
defining relations (2) is the trivial group.

The author expresses sincere gratitude to A. I. Mal’ cev for posing the problems
and for discussion of the work.
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