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Abstract
Full Text

S. G. Gindikin and F. I. Karpelevich

THE PLANCHEREL MEASURE FOR RIE-
MANNIAN SYMMETRIC SPACES OF NON-
POSITIVE CURVATURE

(Presented by Academician P. S. Aleksandrov, February 21, 1962)

Let G be a connected semisimple Lie group with finite center, and let U be its
maximal compact subgroup. Denote by & the homogeneous space G/U. As is
known, & is a Riemannian symmetric space of nonpositive curvature. In the
present paper an explicit form of the Plancherel measure for such spaces is
found.

Harish-Chandra showed (1) that the Plancherel measure is closely related to
the asymptotics of zonal spherical functions on &£, and found an integral rep-
resentation for the density of this measure. T. S. Bhanu-Murti (?) computed
the explicit form of the density of the Plancherel measure for all (except one)
classical symmetric spaces of maximal rank. The formulas obtained in (?) made
it possible, to a certain extent, to predict the structure of the density of the
Plancherel measure for arbitrary symmetric spaces of the type under considera-
tion.

Let h be a Cartan subalgebra* of the space &; let ¥ be the system of its roots
relative to b; let 7 (X7) be the set of positive (negative) roots for some ordering.
Denote by 3t (37) the subalgebras spanned by the root vectors corresponding
to the positive (negative) roots. By the Iwasawa theorem, every element g of
G can be represented in the form g = 2z hu (2~ € Z,h € H,u € U). The
element h occurring in this decomposition will be denoted by h(g). For every
complex-valued linear form x on b set hX = exp(x(§)), where £ = Inh is the
preimage of the element h under the canonical mapping of the algebra § onto
the group H. Using the Cartan scalar product (£, &,), which is positive definite
on b, we shall identify the form x with the vector x = £ +1in (&, € b).

Let R be an arbitrary open half-space in h, bounded by a hyperplane passing
through the origin of the coordinates. Put

Ypr=YNR, YL =X"NR, Yr=YX Nk

Denote by 3,35, 3 the subalgebras spanned by the root vectors corresponding
to the roots from X, X}, X5, respectively. Consider the integral**

I(& R, v) z/hx(zg)dzﬁ,
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where x = —(p + 1),

p= % Y a
aeXt
(in this sum each root occurs as many times as its multiplicity). If EE is empty,
then we put I(&, R,v) = 1. Denote by Ap the set of vectors £ € b such that
(&,@) > 0 for all @ € £}, It will be shown below that the integral I(&, R,v)
converges absolutely if Rev € Ap. In the case when ¥} = X%, and hence
37 = 3", we shall denote the integral I(&, R,v) simply by I(&,v), and the set
Ap by A. The convergence of the integral

* We agree to denote Lie groups by capital Latin letters, and their Lie algebras
by the corresponding lowercase Gothic letters.

** Everywhere in this article, [ f(p) dp denotes the integral over the whole group
P, where dp is the invariant measure on P.

I(&,v) for Rev € A is proved in (1*). We note that if the rank of the space & is
equal to 1 and X7, is nonempty, then X}, = %, and hence I(&, R,v) = I(&,v).

To each vector A € A there corresponds a certain unitary representation of the
group G, realized in spherical functions on the space £. The regular represen-
tation of the group G in L, on & decomposes into a continuous direct sum of
the indicated representations. In this case the Plancherel measure has the form
p(dX) = |c(&,N)|72d)\, where d) is Euclidean measure in A and, as follows from
(1), c(E,N) = I(&,iN)(I(E,p)) L. The integral I(&,i\) diverges. It must be
understood as the analytic continuation of I(&,v) in v. Thus the problem of
computing the Plancherel measure reduces to computing the integral I(&,v).
We compute an even more general integral I(&£, R,v). It turns out that this
integral is equal to the product of analogous integrals for certain symmetric
spaces of rank 1 associated with the space €. Namely, denote by X} the subset
of positive roots which are not integral multiples of other positive roots. With
each root o € I} we associate a symmetric space &, in the following way. De-
note by &, the subalgebra generated by all root vectors corresponding to the
roots & and —a. The subalgebra &, is semisimple. It is invariant under the
involutive automorphism which singles out the subalgebra i in &. The subal-
gebra #, = Y N &, is a maximal compact subalgebra in &_,. The symmetric
space £, = G, /U, has rank 1. As a Cartan subalgebra of the space &, one
may take the line ), in $ on which the root « is situated.*

The principal result of the present paper is the following theorem.

Theorem 1. The integral I(E, R,v) converges absolutely if and only if Rev €
Ap, and, with a suitable normalization of measures,

IER )= [] I(€a va) (1)

aeEaﬂR
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where v,, is the restriction of the form (v,$) to the line $,,.
From Theorem 1 it follows immediately that

Corollary. The formula
(&) = ] e(€arra)
aEEg
s valid.

For all spaces & of rank 1 the integral I(&, v) is easily computed directly.** After

substituting the resulting expressions for I(&£,,v,) in (1), we obtain Theorem
2.

Theorem 2. With a suitable normalization of the measure dzj, on the group
Z},, we have:

& Rv)= ] B (2?7271/2 N (wa))?

aEeS, (a,a)

where p,, is the multiplicity of the root o, and B(z,y) is the beta function.
We shall precede the proof of Theorem 1 by two lemmas.

Lemma 1. Let a finite-dimensional algebra R be decomposed into the direct
sum of two subspaces A and B. Suppose that in R there exists a system of
subspaces Iy, ..., I;.; such that R = I, D I} D - D I, = {0}, R, I,,] C I,
and I, = A, + B, where Ay, =ANI,, B, =B NI,. Choose a basis in the
space A, (B;), extend it to a basis in A;_; (B,_,), and so on. The aggregate of
the coordinates of a vector n € R with respect to the basis vectors,

* We note that if &£ is a space of maximal rank, then the subalgebra &, is a
three-dimensional subalgebra associated with the root a.

** See also (1*). We note that the final formula for spaces of rank 1, given in
(1%) (no. 13, p. 303), contains an inaccuracy.

lying in 2, (B,,), but not lying in A, (B,,,), by a,(n), (by(n)). Then
exp(n) = exp(ag) ... exp(a;) exp(b;) ... exp(by)*,

where a;, € Ay, b, € B, and the coordinates a;(ay,) (b;(b;,)) for i # k are equal
to zero. Moreover, if

ap(n) = ay, b(n) =0by, ag(ay) =ay, by(by)="by,
then

ay, = ay, + fr(ag, .-, ap_1;00, -, bp_1), b = by + (g, s ap_1,00s - s b_1)-

(2)
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The proof of Lemma 1 is easily obtained, for example, by means of the Campbell-
Hausdorff formula.

Remark. Let us note that the conditions of Lemma 1 are satisfied if 2 is an
ideal in 9, and B is an arbitrary complementary subspace. In this case, as the
system of subspaces I; one may take the subspaces

N=I1DOADMA DM, MA]D .
Moreover, B, = {0} for k > 1.

Lemma 2. Let some set of roots T C X of the space £ be invariant with
respect to some root a (i.e. if 8 € T and §+ ka € X, then S+ ka € T), and let

0= ZﬁeT B. Then (a,d) = 0.

Proof. Let S, be the reflection in the plane perpendicular to the root a. As
is known, S, is an element of the Weyl group of the space £. By virtue of the
invariance of T with respect to «, we have S, T =T, since

SaB = B—2(a,B)(a,a) -«
Consequently, S, 6 = §. On the other hand,

S,0=08—2(a,8)(a, )" -,
whence (a,d) = 0.

We now pass to the proof of Theorem 1. First note that formula (1) reduces
the assertion on the convergence of I(&, R, v) to the corresponding assertion for
a space of rank 1, whose validity is easily established directly. Thus it remains
only to prove formula (1). We shall carry out the proof by induction on the
number k(R) of vectors contained in ¥} N R. For k(R) = 0 Theorem 1 is
obvious. Suppose now that Theorem 1 is valid for all half-spaces @) for which
k(Q) < k(R). For the half-space R one can construct such an open half-space
@, bounded by a hyperplane L passing through the origin, that

Y5 CZh ER\Z5HCL

and X} N L consists of one root a. With this root « there is associated, in
the manner indicated above, the symmetric space £, = G, /U, of rank 1 with
Cartan subalgebra . In &, choose subalgebras 31 and 3, analogous to the
subalgebras 37 and 3~ of the algebra &. It is easy to see that

r=345+34

and 35 is an ideal in 3. On the basis of the remark to Lemma 1, every element
zf, € Z};, can be represented in the form 2z}, = zazj; In canonical coordinates
the invariant measure on the nilpotent Lie group is Euclidean measure. From
(2) it follows that

dzp = dzdzy.
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Therefore
I(&,R,v) = /hx(zézg) dzgdz].

The element z! belongs to the half-simple group G, and in it decomposes as:

Let us now observe that [&,,, 3] C 3g. Therefore

(2a) 2520 = 20(2h,28) = 2q € Zg.

Obviously,
hX(z~gu) = hX(g),

where z— € Z7 and u € U. Hence
I(&,R,v) = /hx(th (28)) dz5dz],.

For every closed half-space P C @ put Zp = P N X. There is only a finite
number of different nonempty systems of roots =p. Number them in decreasing
order so that
EQ:EODEl :)"':)El'

Let I, be the subalgebra in 3, spanned by the root vectors corresponding to
roots from =;. We have

3g=I,>I;>..01,;={0}
It is obvious that if I; corresponds to =; = = P and I; corresponds to E; = = Py
and if the half-space P, is the arithmetic sum of the half-spaces P,
* By exp(n) we denote the canonical mapping of the algebra 91 onto the corre-
sponding simply connected group N.
and P}, then [I;, I;] C Ij, where I, corresponds to =, = Ep . Hence it follows
that [3¢, ;] C Iy Put 2 =3, and B = 35. The subalgebra 3, is nilpotent.
The subspaces 2,83, and I, satisfy the conditions of Lemma 1; moreover, as the
basis appearing in its formulation we may choose root vectors. Consequently,

2 = 2q (7 7) = 207

where 2z, € Zg, 7, € Z,. Let us now note that [8,,, I,] C I. Hence it follows
that the canonical coordinates ay(zg) = ai(Inzg) and by (zg) = by(Inzg) are
expressed linearly only in terms of the coordinates bi(,%) = b;(In 25), where
i < k, and, by virtue of the nilpotency of the group Z_, the transition matrix
from b;(2)) to by(2q) is nilpotent. Therefore (see (2))
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b;(25) = by, + Ur(bos - by_1),

where b; = b;(z,). Thus, dz, = dZ,. As a result we obtain

I(&,R,v) = /hX(zgha(z;)) dzydz.

Next,

2oha(28) = ha(28) 25,
where

25 = ht(23) 250 (22) € Z4.
The measures dzz2 and dié are connected by the relation
dz, = hi(z%) dz,

where ¢ = 25625 B. Let us now note that, if hy, € H, then

hX(hog) = hiy - WX (g).

Consequently,

1(E R, v) = / RXH () dat - / WX(5h) dz,
It is obvious that

WX () = hE (2,

where x’,19’ are the projections of the vectors x and ¥ onto the line §,. We
have:

1
—pHU=—pat g > B,

BEXg

where
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pa=% > 8,

peXTNL

i.e. p, is the vector appearing in the definition of the integral I(&,,v,). The set

[e2Nule

of roots X, is invariant with respect to the root a. Therefore, by Lemma 2, the
projection of the vector —p + ¢ onto the line $),, coincides with the vector —p,,.
The projections of the vectors onto the line §,, correspond to the restrictions of
the corresponding forms to this line. Thus,

I(&,R,v)=I(E,,v,)I(&,Q,v),
and the validity of Theorem 1 for the integral I(&, R, v) follows directly from
the induction hypothesis.
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