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PHYSICS

Yu. V. NOVOZHILOV

THE GROUP OF FOUR-DIMENSIONAL
ISOSPIN AND HYPERCHARGE IN AX-
IOMATIC QUANTUM FIELD THEORY
(Presented by Academician V. A. Fock, 23 VI 1962)

Let us suppose that spatial parity is conserved. Let us consider what symme-
try group then exists (besides the group of real Lorentz transformations) in
axiomatic quantum field theory, based on the quantum-mechanical axioms (I),
the axiom of relativistic invariance (II), the axioms of positivity of energy (III),
and uniqueness of the vacuum (IV).

1. Since the Wightman functions 𝑊𝜑{𝑥}, containing physical fields
𝜑1, … , 𝜑𝑛, must transform under space-time rotations according to
𝑀+-representations of the complex proper Lorentz group 𝐿+(𝐶) (1),
the operator of reflection of spatial coordinates 𝑃𝐿 has the properties
(𝑗, 𝑘 = 1, 2, 3)

[𝑃𝐿, 𝑀+
𝑗𝑘] = 0, [𝑃𝐿, 𝑀−

𝜇𝜈] = 0, 𝑃 +
𝐿𝑀0𝑗

= −𝑀+
0𝑗𝑃𝐿 (1)

(the notation is the same as in (1)). In consequence of (1), under the reflection 𝑃𝐿
the generator 𝑀+

1𝑗 +𝑀−
0𝑗, which produces purely real transformations, goes over

into the generator 𝑀−
0𝑗 −𝑀+

0𝑗 for imaginary transformations of the group 𝐿+(𝐶).
In view of the restrictions imposed by gradient invariance (1), the reflection 𝑃𝐿
is impossible in a gradient-invariant theory.

Let us introduce the reflection operator 𝑃𝑇 in isospin space, with the properties

[𝑃𝑇 , 𝑀−
𝑗𝑘] = 0, [𝑃𝑇 , 𝑀+

𝜇𝜈] = 0, 𝑃 −
𝑇 𝑀0𝑗

= −𝑀−
0𝑗𝑃𝑇 . (2)

The operation 𝑃 = 𝑃𝐿𝑃 𝑇 (“generalized reflection”) preserves the reality of the
coordinates and is compatible with gradient invariance.

Thus, in gradient-invariant theories only the generalized reflection has meaning;
conservation of spatial parity 𝑃𝐿 also implies conservation of isospin parity 𝑃𝑇 .
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In the absence of unphysical fields 𝐴0
𝜇 and 𝐵0

𝜇, one may consider 𝑃𝑇 and 𝑃𝐿
separately (although conservation of 𝑃𝑇 is still a consequence of conservation of
𝑃𝐿). Since 𝑃 1

𝐿𝐴𝜇
𝑃 −1

𝐿 = −𝐴1
𝜇 and 𝑃𝐴0

𝜇𝑃 −1 = −𝐴0
𝜇, it follows that 𝑃 1

𝑇 𝐴𝜇
𝑃 −1 =

𝐴1
𝜇, i.e. 𝐴1

𝜇 is an isopseudovector.

2. The group of internal symmetry must possess a Euclidean metric, since
otherwise either probabilities will not be invariant with respect to transfor-
mations of the group, or, with invariant transition amplitudes, positivity
of transition probabilities is lost.

Transformations of the complex group 𝐿+(𝐶) generated by 𝑀−
𝜇𝜈 are not con-

nected with the space-time properties of physical fields: in application to 𝑊𝜑{𝑧},
[𝑀−

𝜇𝜈, 𝑃𝜆] = 0. But the invariants of the 𝑀−
𝜇𝜈-transformations have a pseudo-

Euclidean metric. Only some of the transformations, namely the subgroup of
transformations with the operators 𝑀−

𝑗𝑘, 𝑗, 𝑘 = 1, 2, 3, are

unitary. This subgroup is the group of rotations in the three-dimensional isospin
space 𝑇𝑗 = 𝑒𝑗𝑖𝑘𝑀−

𝑖𝑘.

If spatial parity is conserved, an isospin reflection 𝑃𝑇 is added to the isospin
rotations. The resulting symmetry group with conserved 𝑇 2, 𝑇3, 𝑃𝑇 is equivalent
to the phenomenological symmetry group proposed by d’Espagnat and Prentki
(2). Since, however, the functions 𝑊𝜑{𝑥} are, in addition, invariant with respect
to Lorentz-like rotations with 𝑀−

0𝑘, the isospinor field 𝑢𝛼 must be described not
by a two-component isospinor (2), but by a bispinor. In the case of a complex
(iso-)bispinor, as is known, we automatically obtain conservation of the number
of isofermions.

If Γ𝜇 is an analogue of the Dirac matrices in isospin space and Γ𝜇Γ𝜈 = 𝑖Σ𝜇𝜈,
then an 𝑀−

𝑗𝑘-transformation for the bispinor 𝑢𝛼 means the substitution 𝑢 →
(1 + 1

2 Σ𝑗𝑘𝜔𝑗𝑘) 𝑢, while the reflection 𝑃𝑇 means the substitution 𝑢 → 𝑖Γ4𝑢. In-
variance with respect to reflections of the function 𝑊𝜑, containing 𝑛 isofermions,
as well as isoscalars and isopseudovectors and containing no antiparticles, is ex-
pressed by the formula ΣΓ4(𝑚)𝑊𝜑 = 0, where 𝑚 = 1, … , 𝑛, which corresponds
to conservation of the difference between the number of isofermions and anti-
isofermions, i.e. to conservation of hypercharge 𝑌 . Consequently, Γ4 character-
izes the hypercharge 𝑌 for particles. If Γ4 and Σ12 are diagonal, then for 𝑢1
and 𝑢2 one has 𝑌 = +1, and for 𝑢3 and 𝑢4 one has 𝑌 = −1; 𝑇3 = 1/2 for 𝑢1, 𝑢3;
𝑇3 = −1/2 for 𝑢2, 𝑢4; for antiparticles the signs of 𝑇3 and 𝑌 are opposite.

The expression for the hypercharge of quantized fields is

̂𝑌𝜑 = −𝑖 ∫ [(𝜋Γ4𝜑) − (𝜋+Γ4𝜑+)] 𝑑𝑉

for a scalar 𝜑,
̂𝑌𝜓 = 𝑖

2 ∫[ ̄𝜓, 𝛾4Γ4𝜓] 𝑑𝑉 , ̄𝜓 = 𝜓+𝛾4,

for fermions 𝜓.
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3. Let us determine the conditions under which transformations with 𝑀−
0𝑗

can also characterize an “internal”symmetry. To this end let us consider
the transition from the pseudo-Euclidean metric of the group 𝑀−

𝜇𝜈 to a
Euclidean one; here we shall use Schwinger’s results on Euclidean quantum
electrodynamics (3).

Suppose that Hermitian fields 𝜓1, … , 𝜓𝑛 belong to an internal group with a Eu-
clidean metric. Denote the Hermitian operators of the isospin group of rotations
in four-dimensional space by 𝑇𝑎𝑏; 𝑎, 𝑏 = 1, 2, 3, 4,

[𝑇𝑎𝑏, 𝑇𝑐𝑑] = 𝑖[𝛿𝑎𝑐𝑇𝑏𝑑 − 𝛿𝑎𝑑𝑇𝑏𝑐 − 𝛿𝑏𝑐𝑇𝑎𝑑 + 𝛿𝑏𝑑𝑇𝑎𝑐]. (3)

The matrices 𝑇𝑎𝑏 = −𝑇𝑏𝑎 are antisymmetric. Put, for 𝑗, 𝑘 = 1, 2, 3, 𝑀−
𝑗𝑘 = 𝑇𝑗𝑘.

Since the matrix 𝑀−
0𝑗 is symmetric, the transition from 𝑖𝑀−

0𝑗 to 𝑇4𝑗 also includes
a change of symmetry.

For integral isospin 𝑇 the reflection operator 𝑃𝑇 is Hermitian and symmetric;
therefore

𝑇4𝑘 = 𝑖 exp 𝑖𝜋
4 𝑃𝑇 ⋅ 𝑀−

2𝑘 exp (−𝑖𝜋
4 𝑃𝑇 ) = −𝑃 −

𝑇 𝑀0𝑘
. (4)

(The operator 𝑀−
0𝑘 is anti-Hermitian with respect to states constructed with the

aid of the fields 𝜓.)

In the case of isospin 𝑇 = 1/2, the Hermitian isospinor 𝜒 in four-dimensional Eu-
clidean space has 8 components; the Hermitian isospinor 𝑢 in pseudo-Euclidean
space (the “rotation”operators 𝑀−

𝜇𝜈) has only 4 components. Therefore the
transition to the Euclidean “internal”metric is possible if the isospinor field in
the pseudo-Euclidean metric is complex; the additional degree of freedom then
corresponds to anti-isofermions.

For the isospinor 𝜒,
𝑇𝑎𝑏 = 1

4𝑖 [𝛼𝑎, 𝛼𝑏],

where 𝛼𝑎 are symmetric anticommuting 8 × 8 matrices; the isospin-reflection
operator 𝑃𝑇 is ⋯

𝑃𝑇 = 𝑖𝛼4. The relation of 𝛼4 to the reflection operator 𝑖Γ′
4 for 𝑢 (Γ′

4 is Γ4
in the Majorana representation) is given by the formula 𝛼4 = 𝜆2Γ′

4, where 𝜆2
is a two-row antisymmetric Hermitian matrix acting in the space of the two
pseudo-Euclidean isospinors 𝑢𝐼 and 𝑢𝐼𝐼 and describing the isofermion number.

The transition from 𝑀−
0𝑗 to 𝑇4𝑗 is effected by means of the transformation

𝑇4𝑗 = −𝑖 exp 𝑖𝜋
4 𝛼4 ⋅ 𝑀−

0𝑗 exp (−𝑖𝜋
4 𝛼4) = −𝛼4𝑀−

0𝑗. (5)

Thus, the transition from the three-dimensional isospin group to the four-
dimensional isospin group 𝑇𝑎𝑏 is possible only with conservation of isospin
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parity, which, according to Sec. 1, is equivalent to conservation of spatial
parity.

Representations of the 4-isospin group are labeled by the eigenvalues of the
operators (𝑇 ±)2, 𝑇 ±

3

𝑇 ±
3 = 1

2 [𝑇12 ± 𝑇34] and so on. (6)

An essential feature of the group (3) obtained is that four-dimensional symmetry
can be realized only in states with hypercharge equal to zero, since the parity
𝑃𝑇 anticommutes with 𝑇𝑗4:

𝑃𝑇 𝑇 𝑗4
+ 𝑇𝑗4𝑃𝑇 = 0. (7)

4. The expression obtained earlier for the electric charge remains valid in
the case of isobosons. In the case of isospinor representations, however,
there are two possibilities: either the charge 𝑄 has another relation to the
isospin 𝑇 , or isofermions do not exist.

The electric charge is determined by such a phase transformation 𝐷𝑄 when
(for invariant 𝑊𝜑{𝑥, 𝐴1}) 𝐴1

𝜇 does not change (being the “3”component of an
isopseudovector, or, like 𝑇3, the “12”component of an antisymmetric tensor
(1)). One of such transformations may be exp(𝑖𝑀−

12𝛼) = 𝐷0
𝐴. In the case of

isofermions, however, there is an additional phase transformation 𝐷𝑌 = 1+𝑖𝑌 𝛽
with real 𝛽, where 𝑌 is the hypercharge, which commutes with 𝑇3 = 1

2 Σ12 and
is an isoscalar. The field 𝐴1

𝜇 will be invariant with respect to 𝐷0
𝐴 ⋅ 𝐷𝑌 , in

particular, 𝐴1
𝜇 is invariant with respect to the transformation exp 𝑖 (𝑇3 + 𝜋

2 𝑌 )
or else 𝑃𝑇 exp 𝑖𝜋𝑇3 for isofermions. In view of this we set, similarly to (2),

𝑄 = 𝑇3 + 1
2𝑌 . (8)

This formula is therefore not only a consequence of relativistic and gauge in-
variance, but also a consequence of the possibility of passing from the pseudo-
Euclidean “internal”space to a Euclidean one.

5. Thus, with conservation of spatial parity 𝑃𝐿, the axiomatic theory contains
an additional group of four-dimensional Euclidean rotations 𝑇𝑎𝑏 with a
“spatial”isospinor reflection, which determines the hypercharge.

In the absence of the electromagnetic field (and of vector mesons associated
with gauge invariance), the symmetry properties may be “maximal”with re-
spect to what can be given by the axioms of quantum field theory together
with the condition of conservation of spatial parity; in this case states can be
characterized by the quantum numbers of isospin 𝑇 2 = 𝑇 2

12 + 𝑇 2
23 + 𝑇 2

31, 𝑇3, and
by hypercharge (parity), but not by four-dimensional symmetry in the general
case, since 𝑇34𝑃𝑇 = −𝑃𝑇 𝑇 34

.

sovietrxiv.org/items/ru-196201.11610 Machine Translation

https://sovietrxiv.org/items/ru-196201.11610


Let us compare our results with the conclusions of phenomenological theories.
The set of quantum numbers 𝑇 , 𝑇3, 𝑌 coincides with the set in the theory of
d’Espagnat and Prentki (2). In that theory, however, there is no hidden four-
dimensional symmetry obtained by us, which manifests itself when the hyper-
charge is equal to zero (the quantum numbers 𝑇 ±, 𝑇 ±

3 ).

The isospin group of the axiomatic theory also does not coincide with the group
proposed by Salam and Polkinghorne (4), where there is no reflection, the charge
is identified with 𝑇12, and the three-dimensional isospin with 𝑇 +.

The relations (3), (7), (8), which determine the symmetry in the axiomatic
theory, were postulated in the phenomenological group of A. M. Baldin and A.
A. Komar (5).
Leningrad State University
named after A. A. Zhdanov
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