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Abstract
Full Text

MATHEMATICS
V. F. GAPOSHKIN

ON THE PRINCIPLE OF THE CRITICAL
POINT IN BANACH SPACES
(Presented by Academician P. S. Aleksandrov on 15 III 1962)

1. In this note we consider the problem of finding critical points of a functional
𝑓(𝑥), defined in a Banach space 𝐵, relative to the manifold

𝑁 = {𝑥 ∶ Φ(𝑥) = 𝑏1}. (1)

Here Φ(𝑥) is an operator mapping 𝐵 into the Banach space 𝐵1, and 𝑏1 ∈ 𝐵1 is
a certain fixed element. We shall further assume that the functional 𝑓(𝑥) and
the operator 𝐿Φ(𝑥) are Fréchet differentiable, and denote

𝐿𝑓(𝑥) = grad 𝑓(𝑥), 𝐿Φ(𝑥) = Φ′(𝑥).

The operator adjoint to the linear operator 𝐿Φ(𝑥) will be denoted by 𝐿∗
Φ(𝑥). A

point 𝑥0 ∈ 𝑁 is called a conditionally critical point of the functional 𝑓(𝑥)
relative to 𝑁 if there exists an element ℎ1 ∈ 𝐵∗

1 such that

𝐿𝑓(𝑥0) = 𝐿∗
Φ(𝑥0)ℎ1. (2)

Many authors have dealt with the finding of critical points relative to manifolds.
In the finite-dimensional case the fundamental works here are those of L. A.
Lyusternik and L. G. Shnirelman. Some results of this theory were transferred
to infinite-dimensional spaces in the works of L. A. Lyusternik, Z. S. Citlanadze,
and others (1−7). These results include, in particular, the so-called critical-point
principle, established in works (1−7) for the sphere and certain other manifolds
in Hilbert or Banach space. As is known, the critical-point principle makes it
possible, under certain assumptions, to establish the existence of a countable
number of critical points of an even functional 𝑓(𝑥) relative to the sphere.

In the present note we obtain the critical-point principle for manifolds 𝑁 of
general form, given by formula (1).

Let us introduce the following assumptions:

1) The space 𝐵 is reflexive and 𝑁 is bounded in norm.
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2) 𝐿𝑓(𝑥) is uniformly continuous and bounded in norm on 𝑁 .

3) ‖𝐿∗
Φ(𝑥)ℎ1‖ ≥ 𝑚‖ℎ1‖, 𝑚 > 0, ℎ1 ∈ 𝐵∗

1, 𝑥 ∈ 𝑁 .

4) The operator 𝐿Φ(𝑥) satisfies a Lipschitz condition and is bounded on 𝑁 .

5) There exist such 𝐴, 𝛿 > 0 that, for ‖𝑥𝑖 − 𝑥0‖ ≤ 𝛿, 𝑥0 ∈ 𝑁 , there are
projectors 𝑃𝑖, 𝑃𝑖𝐵∗ = 𝐹𝑥𝑖

(𝑖 = 1, 2), with

‖𝑃1 − 𝑃2‖ ≤ 𝐴‖𝑥1 − 𝑥2‖.

Here
𝐹𝑥 = {𝑓∗ ∈ 𝐵∗, 𝑓∗ = 𝐿∗

Φ(𝑥)ℎ1, ℎ1 ∈ 𝐵∗
1}.

Remark. If 𝐵 is a Hilbert space, then condition 5) is a consequence of condi-
tions 3) and 4).

We shall, following (8), call an operator (functional) strongly continuous if
it maps every weakly convergent sequence into a strongly convergent sequence.
In what follows, [𝐴] will everywhere denote a certain closed compact homotopic
class of sets in 𝑁 , i.e. a class of compact sets, co-

containing all topological limits of their sets and containing, together with any
set, its arbitrary continuous deformations (in 𝑁).

Theorem 1. Let assumptions 1)—5) be satisfied. If

𝑐 = sup
𝐴∈[𝐴]

min
𝑥∈𝐴

𝑓(𝑥),

then there exists a sequence of “almost critical”points 𝑥𝑛 ∈ 𝑁 such that
lim𝑛→∞ 𝑓(𝑥𝑛) = 𝑐 and

lim
𝑛→∞

∥𝐿𝑓(𝑥𝑛) − 𝐿∗
Φ(𝑥𝑛)ℎ(𝑛)

1 ∥ = 0, (3)

where ℎ(𝑛)
1 ∈ 𝐵∗

1.

The proof uses the method of displacement along the trajectories of a certain
differential equation and is based on the following lemma.

Lemma 1. Let assumptions 1)—5) be satisfied. Suppose that for some 𝑥0 ∈ 𝑁
and for all ℎ1 ∈ 𝐵∗

1

∥𝐿𝑓(𝑥0) − 𝐿∗
Φ(𝑥0)ℎ1∥ ≥ 𝛼 > 0. (4)

Then, for 𝑥 ∈ 𝛾 = {𝑥 ∶ ‖𝑥 − 𝑥0‖ ≤ 𝜂}, there exists 𝜉(𝑥) ∈ 𝐵 such that:
a) (𝐿𝑓(𝑥), 𝜉(𝑥)) ≥ 1; b) 𝐿Φ(𝑥)𝜉(𝑥) = 0; c) 𝜉(𝑥) satisfies the Lipschitz condition
with constant 𝐶𝜉 and ‖𝜉(𝑥)‖ ≤ 𝐾. Here 𝐶𝜉, 𝐾, 𝜂 depend on 𝛼, but do not
depend on 𝑥0.
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In order to obtain a stronger assertion on the existence of a critical point, one
must impose, in addition to conditions 1)—5), supplementary conditions on the
operators 𝐿𝑓(𝑥) and 𝐿Φ(𝑥). We shall consider the following assumptions:

2′) The operators 𝐿𝑓(𝑥), Φ(𝑥), and 𝐿Φ(𝑥) are strongly continuous.

2″) Relation (3) and 𝑥𝑛
sl−→ 𝑥0 imply that

lim
𝑘→∞

‖𝑥𝑛𝑘
− 𝑥0‖ = 0.

We shall denote the totality of conditions 1), 2″, 3), 4), and 5) by 𝐴, and the
totality of conditions 1), 2), 2″, 3), 4), and 5) by 𝐵.

Theorem 2. Let one of the conditions 𝐴 or 𝐵 be satisfied. Then, if

𝑐 = sup
𝐴∈[𝐴]

min
𝑥∈𝐴

𝑓(𝑥),

there exist 𝑥0 ∈ 𝑁 and ℎ1 ∈ 𝐵∗
1 such that 𝑓(𝑥0) = 𝑐 and

𝐿𝑓(𝑥0) = 𝐿∗
Φ(𝑥0)ℎ1.

Remark. Theorem 2 establishes the critical point principle, which is a natural
generalization of the principle of minimum (maximum). It is known (12; see
also 13,14) that a necessary condition for a minimum of a functional at 𝑥0 ∈ 𝑁
is the validity of equality (2). This result is valid under certain assumptions on
the regularity of the point 𝑥0 ∈ 𝑁 . Conditions 3) and 5) are analogues of these
regularity conditions.

2. Let us consider some special cases of Theorem 2. Let

Φ(𝑥) = {𝜑0(𝑥), 𝜑1(𝑥), … , 𝜑𝑛(𝑥)}, (5)

where 𝜑𝑖(𝑥) (𝑖 = 0, 1, … , 𝑛) are functionals in 𝐵. We impose on the manifold

𝑁 = {𝑥 ∶ 𝜑𝑖(𝑥) = 𝑎𝑖 (𝑖 = 0, 1, … , 𝑛)} (6)

and on the functional 𝑓(𝑥) the following restrictions:

a) 𝐵 is reflexive and 𝑁 is bounded in norm;

b) 𝐿𝜑𝑖
(𝑥) (𝑖 = 0, 1, … , 𝑛) satisfy the Lipschitz condition;

c)

sovietrxiv.org/items/ru-196201.11018 Machine Translation

https://sovietrxiv.org/items/ru-196201.11018


∥
𝑛

∑
𝑖=0

𝜆𝑖𝐿𝜑𝑖
(𝑥)∥ ≥ 𝑚

𝑛
∑
𝑖=0

|𝜆𝑖| for all 𝜆𝑖, 𝑚 > 0, 𝑥 ∈ 𝑁;

d) 𝐿𝑓(𝑥) is strongly continuous and bounded on 𝑁 ;

e) 𝐿𝜑𝑖
(𝑥) are strongly continuous.

Instead of restriction d), one may consider the following restrictions:
d′) let 𝐾 ≥ 1 be a fixed constant and let the continuous functionals 𝜆𝑖(𝑥) satisfy
the condition

∥𝐿𝑓(𝑥) −
𝑛

∑
0=𝑖

𝜆𝑖(𝑥)𝐿𝜑𝑖
(𝑥)∥ ≤ 𝐾 min

{𝑎𝑖}
∥𝐿𝑓(𝑥) −

𝑛
∑
𝑖=0

𝑎𝑖𝐿𝜑𝑖
(𝑥)∥ . (7)

Let the set of indices 𝐼 = {0, 1, … , 𝑛} be divisible into two groups 𝐼′ and 𝐼″

such that for 𝑖 ∈ 𝐼 ′ the 𝐿𝜑𝑖
(𝑥) are strongly continuous, while for 𝑖 ∈ 𝐼″ the

𝐿𝜑𝑖
(𝑥) are uniformly continuous and bounded on 𝑁 , and the operator

𝑅(𝑥) = ∑
𝑖∈𝐼″

𝜆𝑖(𝑥)𝐿𝜑𝑖
(𝑥)

has a continuous inverse operator 𝑅−1, 𝑅−1(𝑅(𝑥)) = 𝑥 (𝑥 ∈ 𝑁);
d″) in particular, in condition (7) one may take as 𝜆𝑖(𝑥)

𝜆𝑖(𝑥) = (𝐿𝑓(𝑥), 𝑁𝑖(𝑥)),

where {𝑁𝑖(𝑥)} is a system forming, with {𝐿𝜑𝑖
(𝑥)}𝑛

𝑖=0, a biorthogonal system:

(𝐿𝜑𝑖
(𝑥), 𝑁𝑗(𝑥)) = 𝛿𝑖𝑗 (𝑖, 𝑗 = 0, 1, … , 𝑛). (8)

Let 𝐿𝜑𝑖
(𝑥) (𝑖 = 1, … , 𝑛) be strongly continuous, let 𝜑0(𝑥) = ‖𝑥‖, let 𝐿𝜑0

(𝑥)
(𝑥 ∈ 𝑁) have a continuous inverse operator, and let (𝐿𝑓(𝑥), 𝑁0(𝑥)) > 0 (𝑥 ≠ 𝜃),
𝑓(𝑥) > 0 (𝑥 ≠ 𝜃), 𝑓(𝜃) = 0.

Theorem 3. Let Φ(𝑥) have the form (5), and suppose that conditions
a)—d) are fulfilled (condition d) may be replaced by d′) or d″)). If
𝑐 = sup𝐴∈[𝐴] min𝑥∈𝐴 𝑓(𝑥), then there exists 𝑥0 ∈ 𝑁 such that 𝑓(𝑥0) = 𝑐,

𝐿𝑓(𝑥0) =
∞

∑
𝑖=1

𝜆𝑖𝐿𝜑𝑖
(𝑥0). (9)

Theorem 3 with condition d) follows from Theorem 2 (A); with condition d′) or
d″)—from Theorem 2 (B). (Condition b) in this case follows from conditions b)
and c).)
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Remark 1. For the case 𝑛 = 0 and 𝑓(𝑥) = 𝑓(−𝑥), stronger results are obtained
by considering homotopy classes on the projective sphere (see (1−4)).
Remark 2. If 𝐵 is a Hilbert space, then Theorem 3 implies the result of (5).
This follows from the fact that the condition |Δ(𝑥)| ≥ 𝑐 > 0, where Δ(𝑥) is the
Gram determinant of the system {𝐿𝜑𝑖

(𝑥)}, is equivalent to condition c). Note
that, unlike in (5), we do not require that 𝐿𝑓(𝑥) satisfy a Lipschitz condition.

Remark 3. In (7) a theorem is formulated whose conclusion coincides with the
conclusion of Theorem 3, d′). The proof of this theorem rests on the following
lemma:

Lemma. Suppose {𝐿𝜑𝑖
(𝑥)} (𝑖 = 0, 1, … , 𝑛) are linearly independent for all

𝑥 ∈ 𝑁 , satisfy a Lipschitz condition, and ‖𝐿𝜑𝑖
(𝑥)‖ ≥ 𝛿 > 0. Then there

exists a system {𝑁𝑖(𝑥)} satisfying the relations (8) and such that, for 𝑥 ∈ 𝑁 ,
‖𝑁𝑖(𝑥)‖ ≤ 𝐶 (𝑖 = 0, 1, … , 𝑛), and the 𝑁𝑖(𝑥) satisfy a Lipschitz condition.

For such a lemma to be valid, it is necessary that the 𝐿𝜑𝑖
(𝑥) be uniformly

linearly independent in the sense of condition c). Otherwise one can construct
examples in which sup𝑥∈𝑁 ‖𝑁𝑖(𝑥)‖ = ∞.

Let now 𝐵 be a Hilbert space and

Φ(𝑥) = {𝜑𝑖(𝑥)}∞
𝑖=1,

𝑁 = {𝑥 ∶ 𝜑𝑖(𝑥) = 𝑎𝑖 (𝑖 = 1, 2, …)}. (10)

Assumptions:

a0) 𝑁 is bounded in norm;

b0) 𝐿𝑓(𝑥), 𝐿𝜑𝑖
(𝑥) are strongly continuous;

c0)

𝑚 (
𝑘

∑
𝑖=1

𝜆2
𝑖 )

1/2

≤ ∥
𝑘

∑
𝑖=1

𝜆𝑖𝐿𝜑𝑖
(𝑥)∥ ≤ 𝑀 (

𝑘
∑
𝑖=1

𝜆2
𝑖 )

1/2

(𝑥 ∈ 𝑁)

for all 𝜆𝑖 and 𝑘 = 1, 2, … ; 0 < 𝑚 ≤ 𝑀 ;

d0) the operators 𝐿𝜑𝑖
(𝑥) satisfy the Lipschitz condition with constants 𝐶𝑖, and

∞
∑
𝑖=1

𝐶2
𝑖 < ∞.

Theorem 4. Let 𝑁 have the form (10), and suppose that assumptions a0)—d0)
are satisfied. Then, if

𝐶 = sup
𝐴∈[𝐴]

min
𝑥∈𝐴

𝑓(𝑥),
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there exist 𝑥0 ∈ 𝑁 and a sequence {𝜆𝑖} ∈ 𝑙2 such that 𝑓(𝑥0) = 𝐶 and

𝐿𝑓(𝑥0) =
∞

∑
𝑖=1

𝜆𝑖𝐿𝜑𝑖
(𝑥0).

Remark 1. Instead of condition b0), one may consider conditions b00, b000,
analogous to conditions d′, d″ of Theorem 3.

Remark 2. Condition c0) means that the system {𝐿𝜑𝑖
(𝑥)} is a Riesz basis (see

(9)) in its closed linear hull 𝐺𝑥 (for every 𝑥 ∈ 𝑁).

Remark 3. The theorem of E. S. Tsitlanadze [6] follows from Theorem 4 as a
special case. Indeed, one may note that the conditions imposed in that paper
on the Gram determinant of the system {𝐿𝜑𝑖

(𝑥)} imply that this system is a
Bari basis in 𝐺𝑥 (see (10)). Then it is also a Riesz basis in 𝐺𝑥, and the relations
c0) are satisfied.

We indicate one more special case of Theorem 2.

Let Φ(𝑥) be an operator acting from the space 𝐿2
𝜎1

(𝑎1, 𝑏1) into 𝐿2
𝜎2

(𝑎2, 𝑏2), and
let 𝑁 = {𝑥 ∶ Φ(𝑥) = 𝑦}, where 𝑦 is a fixed element.

Suppose that the linear operator 𝐿∗
Φ(𝑥), for every 𝑥 ∈ 𝑁 , generates the Riesz–

Fischer kernel 𝐾(𝜉, 𝑢; 𝑥), i.e., for every 𝜉 ∈ (𝑎1, 𝑏1)

𝐾(𝜉, 𝑢; 𝑥) = 𝐴(𝑥)𝐾(𝜉, 𝑢),

where 𝐴(𝑥) is a linear operator (for every 𝑥 ∈ 𝑁), and 𝐾(𝜉, 𝑢) is the kernel (in
Bochner’s sense) of some unitary operator.

Suppose the following assumptions are satisfied:

𝛼) 𝑁 is bounded in norm;

𝛽) 0 < 𝑚‖ℎ‖ ≤ ‖𝐴(𝑥)ℎ‖ ≤ 𝑀‖ℎ‖ (𝑥 ∈ 𝑁); ℎ ∈ 𝐿2
𝜎1

(𝑎1, 𝑏1);
𝛾) 𝐿𝑓(𝑥), 𝐿Φ(𝑥), Φ(𝑥) are strongly continuous;

𝛿) 𝐿Φ(𝑥) satisfies the Lipschitz condition.

Theorem 5. Suppose assumptions 𝛼)—𝛿) are satisfied, and

𝐶 = sup
𝐴∈[𝐴]

min
𝑥∈𝐴

𝑓(𝑥).

Then there exist 𝑥0 ∈ 𝑁 and a function ℎ(𝑢) ∈ 𝐿2
𝜎2

(𝑎2, 𝑏2) such that 𝑓(𝑥0) = 𝐶,

𝐿𝑓(𝑥0) = 𝑑
𝑑𝜉 [∫

𝑏2

𝑎2

𝐾(𝜉, 𝑢; 𝑥0) ℎ(𝑢) 𝑑𝜎2(𝑢)] .

Received
9 III 1962
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