
Soviet-era science, translated into English

A. I. KOSHELEV
1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.09784

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.09784


Abstract
Full Text

A. I. KOSHELEV
ON THE CONVERGENCE OF THE METHOD OF SUC-
CESSIVE APPROXIMATIONS FOR QUASILINEAR EL-
LIPTIC EQUATIONS
(Presented by Academician I. N. Vekua, 11 X 1961)

Let us consider, inside a finite 𝑛-dimensional domain Ω bounded by a surface Γ,
the differential equation

𝑛
∑
𝑖=1

𝜕𝑎𝑖(𝑥; 𝑢, 𝑝𝑗)
𝜕𝑥𝑖

− 𝑎0(𝑥; 𝑢, 𝑝𝑗) = 0, (1)

where 𝑢 is the unknown function, 𝑥 ∈ Ω, and 𝑝𝑗 = 𝜕𝑢/𝜕𝑥𝑗 (𝑗 = 1, … , 𝑛).
We shall assume that the result of substituting any function 𝑢 ∈ 𝑊 (1)

2 (Ω) into
𝑎𝑖 (𝑖 = 0, 1, … , 𝑛) gives functions from 𝐿2(Ω), and, moreover, that the par-
tial derivatives 𝑎𝑖 (𝑖 = 0, 1, … , 𝑛) with respect to the variables 𝑢, 𝑝1, … , 𝑝𝑛 are
bounded for all values of 𝑥, 𝑢, and 𝑝. Thus, for any 𝑢, 𝑝1, … , 𝑝𝑛 and 𝑥 ∈ Ω, the
inequalities

∣ 𝜕𝑎𝑖
𝜕𝑝𝑗

∣ < 𝐾 (𝑖, 𝑗 = 0, 1, … , 𝑛), (2)

hold, where 𝐾 is some positive constant (which may be sufficiently large) and
𝜕/𝜕𝑝0 = 𝜕/𝜕𝑢.
We shall also assume that, for all 𝑥, 𝑢, and 𝑝𝑗, and for arbitrary real 𝜉0, 𝜉1, … , 𝜉𝑛,
the inequality

𝑛
∑

𝑖,𝑘=0

𝜕𝑎𝑖
𝜕𝑝𝑘

𝜉𝑖𝜉𝑘 ≥ 𝛼
𝑛

∑
𝑖=0

𝜉2
𝑖 , (3)

holds, where 𝛼 is some positive constant. Inequality (3) ensures the ellipticity
of equation (1).

1. We shall first seek a generalized solution of equation (1) satisfying the
boundary condition

𝑢∣Γ = 0. (4)
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By a generalized solution of problem (1)—(4) we mean a function

𝑢 ∈
0

𝑊 (1)
2 (Ω)∗,

which, for every function 𝑣 from the same space, satisfies the equality

∫
Ω

[
𝑛

∑
𝑖=1

𝑎𝑖(𝑥; 𝑢, 𝑝𝑗)
𝜕𝑣
𝜕𝑥𝑖

+ 𝑎0(𝑥; 𝑢, 𝑝𝑗)𝑣] 𝑑𝑥 = 0. (5)

Numerous works have been devoted to the study of equation (1) with the bound-
ary condition (4), as well as with some other boundary conditions. In these
works not only existence and uniqueness theorems have been obtained, but also
the differential properties of solutions have been studied. In the present note
we shall show that the generalized solution of problem (1), (4), as well as the
re-

* By
0

𝑊 (1)
2 we denote the space of functions having all generalized partial deriva-

tives of first order in the sense of S. L. Sobolev and satisfying condition (4).

solutions of the second and third boundary-value problems can be obtained by
the ordinary process of successive approximations, starting from the solution of
the corresponding boundary-value problem for the Poisson equation. In doing
so, we do not impose restrictive conditions of closeness of the operator on the
left-hand side of equation (1) to a linear operator. It turns out that conditions
(2) and (3) guarantee convergence of the indicated process in the energy metric.
Hence, in particular, existence and uniqueness theorems will follow.

Inequalities (2) and (3) can be written in the following form

𝛽
𝑛

∑
𝑖=0

𝜉2
𝑖 ≥

𝑛
∑

𝑖,𝑘=0

𝜕𝑎𝑖
𝜕𝑝𝑘

𝜉𝑖𝜉𝑘 ≥ 𝛼
𝑛

∑
𝑖=0

𝜉2
𝑖 , (6)

where 𝛼 and 𝛽 are positive constants.

In the case when the coefficients 𝑎𝑖 (𝑖 = 0, 1, … , 𝑛) do not depend on 𝑢, in-
equalities (6) are consequences of the ellipticity inequality (2) for 𝜉0 = 0 and of
conditions (3) (boundedness of the derivatives of the coefficients 𝑎𝑖).

Let us write equality (5) in the form

∫
Ω

(
𝑛

∑
𝑖=1

𝜕𝑢
𝜕𝑥𝑖

𝜕𝑣
𝜕𝑥𝑖

+ 𝑢 ⋅ 𝑣) 𝑑𝑥 = ∫
Ω

(
𝑛

∑
𝑖=1

𝜕𝑢
𝜕𝑥𝑖

𝜕𝑣
𝜕𝑥𝑖

+ 𝑢 ⋅ 𝑣) 𝑑𝑥− 1
𝛽 ∫

Ω
[

𝑛
∑
𝑖=1

𝑎𝑖
𝜕𝑣
𝜕𝑥𝑖

+ 𝑎0𝑣] 𝑑𝑥.

(7)
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On the left in the last equality stands the scalar product (𝑢, 𝑣) of functions in
the space 𝑊 (1)

2 .

The right-hand side of equality (7) may be regarded as a linear functional defined

on
0

𝑊 (1)
2 . By Riesz’theorem this functional can be represented in the form (𝑢∗, 𝑣),

where 𝑢∗ is some element of
0

𝑊 (1)
2 . In other words, an operator 𝐴 is defined

which assigns to each 𝑢 ∈
0

𝑊 (1)
2 the corresponding element 𝑢∗ ∈

0
𝑊 (1)

2 . Thus, the
problem of finding a generalized solution of problem (1), (4) reduces to solving
the equation

𝑢 = 𝐴𝑢.

It is easy to see that the operator 𝐴 is a contraction operator. Indeed, let 𝑢1

and 𝑢2 be arbitrary elements of
0

𝑊 (1)
2 (Ω), and let 𝑤 = 𝑢1 − 𝑢2. Then from (6)

and (7) it follows that

∣(𝐴(𝑢1) − 𝐴(𝑢2), 𝑤)∣ ≤ (1 − 𝛼
𝛽 ) ‖𝑤‖2.

Consequently,

‖𝐴(𝑢1) − 𝐴(𝑢2)‖ ≤ (1 − 𝛼
𝛽 ) ‖𝑢1 − 𝑢2‖.

Thus, the following is true.

Theorem 1. If the coefficients of equation (1) satisfy inequalities (6), then
problem (1), (4) has a unique generalized solution 𝑢, to which the following
process of successive approximations converges in the metric of 𝑊 (1)

2 :

Δ𝑢𝑛+1 = Δ𝑢𝑛 − 1
𝛽 [

𝑛
∑
𝑖=1

𝜕𝑎𝑖(𝑥; 𝑢𝑛, 𝑝𝑛𝑗)
𝜕𝑥𝑖

+ 𝑎0(𝑥; 𝑢𝑛, 𝑝𝑛𝑗)] ,

𝑢𝑛+1∣Γ = 0 (𝑛 = 0, 1, … ; 0; 𝑢0 = 0; 𝑝𝑛𝑗 = 𝜕𝑢𝑛
𝜕𝑥𝑗

).

The process converges at the rate of a geometric progression with ratio 𝑞 =
1 − 𝛼/𝛽.

In proving Theorem 1 we used the method applied by I. I. Vorovich and Yu.
P. Krasovskii (1) to prove the convergence of the process of elastic solutions in
elastoplastic problems. For linear problems an analogous treatment is contained
in the paper of L. V. Kantorovich (2).
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Remark. Let us note that Theorem 1 loses its force if conditions (2) are not
fulfilled.

Indeed, consider the equation

𝜕
𝜕𝑥

⎧{
⎨{⎩

⎡⎢
⎣

𝜇√(𝜕𝑢
𝜕𝑥)

2
+ (𝜕𝑢

𝜕𝑦 )
2

+ 2𝑏⎤⎥
⎦

𝜕𝑢
𝜕𝑥

⎫}
⎬}⎭

+ 𝜕
𝜕𝑦

⎧{
⎨{⎩

⎡⎢
⎣

𝜇√(𝜕𝑢
𝜕𝑥)

2
+ (𝜕𝑢

𝜕𝑦 )
2

+ 2𝑏⎤⎥
⎦

𝜕𝑢
𝜕𝑦

⎫}
⎬}⎭

+2𝑎 = 0

(𝑎, 𝑏, 𝜇 = const > 0)

inside the unit disk with center at the origin. We shall seek a solution of this
equation that vanishes on the boundary of the disk. It is easy to see that the
ellipticity condition (3) is fulfilled for 𝛼 = 2𝑏 (𝜉0 = 0), and that this equation
has, for all positive 𝑎, 𝑏, 𝜇, the unique solution

𝑢 = 𝑏
𝜇(𝑟 − 1) − 2

3𝑎𝜇2 [(𝑏2 + 𝑎𝜇𝑟)3/2 − (𝑏2 + 𝑎𝜇)3/2] ,

where 𝑟 = √𝑥2 + 𝑦2. However, as was shown by us in the paper (3), the above
process of successive approximations for this equation will diverge for sufficiently
large 𝜇.
II. Let us now consider the second boundary condition

𝑛
∑
𝑖=1

𝑎𝑖 cos(𝜈, 𝑥𝑖)∣
Γ

= 0, (8)

where 𝜈 is the direction of the outward normal to the surface Γ. Let 𝑎0 satisfy
the condition

∫
Ω

𝑎0 𝑑𝑥 = 0

and let inequalities (6) be fulfilled. Then the solution 𝑢 ∈ 𝑊 (1)
2 (Ω) is still

determined by equality (5), which must hold for any function 𝑣 ∈ 𝑊 (1)
2 (Ω). If,

however, the functions 𝑎𝑖 (𝑖 = 0, 1, … , 𝑛) do not depend on 𝑢, and inequalities
(6) are fulfilled only for 𝜉0 = 0, then the functions 𝑢 and 𝑣 must satisfy the
additional condition

∫
Ω

𝑢 𝑑𝑥 = 0.
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It is easy to prove that a theorem analogous to Theorem 1 is valid.

The third boundary-value problem with the condition

𝑛
∑
𝑖=1

𝑎𝑖 cos(𝜈, 𝑥𝑖) + 𝜎𝑢∣
Γ

= 0, (9)

where 𝜎(𝑥) ≥ 𝜎0 = const, is treated in the same way as the first boundary-value
problem.

By the same method one can also consider nonhomogeneous boundary condi-
tions; here it suffices to assume that the right-hand sides of the corresponding
boundary equalities are traces of functions from 𝑊 (1)

2 (Ω).
It is easy to see that this same method makes it possible to consider the first
boundary-value problem for the equation

(−1)𝑚 ∑
𝑖1+⋯+𝑖𝑛=𝑚

𝜕𝑚

𝜕𝑥𝑖1
1 ⋯ 𝜕𝑥𝑖𝑛𝑛

[𝑎𝑖1,…,𝑖𝑛
(𝑥; 𝑢, … , 𝑝𝑗1,…,𝑗𝑛

)] +

+ 𝑎0(𝑥; 𝑢, … , 𝑝𝑗1,…,𝑗𝑛
) = 0,

where

𝑝𝑗1,…,𝑗𝑛
= 𝜕 |𝑗|𝑢/𝜕𝑥𝑗1

1 ⋯ 𝜕𝑥𝑗𝑛𝑛 (|𝑗| = 𝑗1 + ⋯ + 𝑗𝑛 ≤ 𝑚) .

Here it is assumed that the result of substituting functions from 𝑊 (𝑚)
2 (Ω) into

the coefficients 𝑎𝑖 gives functions from 𝐿2(Ω), and that inequalities correspond-
ing to inequalities (6) hold.

Received
9 X 1961
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