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Abstract
Full Text

I. P. Mysovskikh
CUBATURE FORMULAS FOR COMPUTING INTE-
GRALS OVER A HYPERSPHERE
(Presented by Academician V. I. Smirnov on 2 VI 1962)

Cubature formulas for computing an 𝑛-fold integral of a function 𝑓(𝑥) over a
domain 𝐷 in 𝑛-dimensional space have the form

∫
𝐷

𝑓(𝑥) 𝑑𝑥 ≃
𝑁

∑
𝑗=1

𝐶𝑗𝑓(𝑥(𝑗)), (1)

where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛), 𝑑𝑥 = 𝑑𝑥1 𝑑𝑥2 ⋯ 𝑑𝑥𝑛, 𝑥(𝑗) = (𝑥(𝑗)
1 , 𝑥(𝑗)

2 , … , 𝑥(𝑗)
𝑛 ) are

the nodes and 𝐶𝑗 are the coefficients of the formula, and they are a natural
generalization of quadrature formulas for computing single integrals. Just as
natural, at least from the theoretical point of view, one may regard the following
generalization of one-dimensional quadrature formulas:

∫
𝐷

𝑓(𝑥) 𝑑𝑥 ≃
𝑝

∑
𝑗=1

∫
𝑆𝑗

𝑝𝑗(𝑥)𝑓(𝑥) 𝑑𝑆𝑗. (2)

Here 𝑆𝑗 are (𝑛 − 1)-dimensional surfaces situated in 𝐷 (“nodes”); 𝑝𝑗(𝑥) are
functions defined on 𝑆𝑗 (“coefficients”), and the integrals on the right-hand side
are surface integrals.

In the present note we indicate cubature formulas of the highest algebraic degree
of precision of the form (2) for the case in which the region of integration is the
𝑛-dimensional ball of unit radius. In what follows 𝐷 denotes the ball

𝑥2
1 + 𝑥2

2 + ⋯ + 𝑥2
𝑛 ≤ 1.

With the help of formulas of the form (2), ordinary cubature formulas (1) are
constructed. In particular, for 𝑛 = 2 and 𝑛 = 3 we obtain the known cubature
formulas for the disk and the ball (1−3).
In view of the symmetry, as 𝑆𝑗 we take the surface of an 𝑛-dimensional ball with
center at the origin and radius 𝑟𝑗, and as 𝑝𝑗(𝑥) a constant 𝐴𝑗. Formula (2) will
be written as follows:
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∫
𝐷

𝑓(𝑥) 𝑑𝑥 ≃
𝑝

∑
𝑗=1

𝐴𝑗 ∫
𝑆𝑗

𝑓(𝑥) 𝑑𝑆𝑗. (3)

It is necessary to find 2𝑝 unknowns: 𝑟𝑗 and 𝐴𝑗 (𝑗 = 1, 2, … , 𝑝). We require that
formula (3) become an exact equality when 𝑓(𝑥) is a polynomial of the highest
possible degree. Equality (3) is satisfied exactly for any monomial 𝑥𝑝1

1 𝑥𝑝2
2 ⋯ 𝑥𝑝𝑛𝑛

(𝑝1, 𝑝2, … , 𝑝𝑛 are integers ≥ 0), if at least one of 𝑝1, 𝑝2, … , 𝑝𝑛 is odd.

Let

𝑓(𝑥) = 𝑥2𝛼1
1 𝑥2𝛼2

2 ⋯ 𝑥2𝛼𝑛𝑛 , 𝛼1 + 𝛼2 + ⋯ + 𝛼𝑛 = 𝜈, (4)

where 𝛼1, 𝛼2, … , 𝛼𝑛 are nonnegative integers. In computing the inte-

from the monomial (4) we pass to spherical coordinates

𝑥1 = 𝑟 cos 𝜑1,
𝑥2 = 𝑟 sin 𝜑1 cos 𝜑2,
⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

𝑥𝑛−2 = 𝑟 sin 𝜑1 sin 𝜑2 ⋯ sin 𝜑𝑛−3 cos 𝜑𝑛−2,
𝑥𝑛−1 = 𝑟 sin 𝜑1 sin 𝜑2 ⋯ sin 𝜑𝑛−3 sin 𝜑𝑛−2 cos 𝜑𝑛−1,
𝑥𝑛 = 𝑟 sin 𝜑1 sin 𝜑2 ⋯ sin 𝜑𝑛−3 sin 𝜑𝑛−2 sin 𝜑𝑛−1,

0 ≤ 𝜑𝑖 ≤ 𝜋, 𝑖 = 1, 2, … , 𝑛 − 2; 0 ≤ 𝜑𝑛−1 < 2𝜋,

(5)

and use the fact that the Jacobian of the transformation (5) is equal to

𝑟 𝑛−1 sin𝑛−2 𝜑2 sin𝑛−3 𝜑2 ⋯ sin 𝜑𝑛−2

and the surface element 𝑆𝑗 is

𝑑𝑆𝑗 = 𝑟 𝑛−1
𝑗 sin𝑛−2 𝜑1 sin𝑛−3 𝜑2 ⋯ sin 𝜑𝑛−2 𝑑𝜑1 ⋯ 𝑑𝜑𝑛−1.

Writing that equality (3) is satisfied exactly for the monomial (4), we obtain

𝑝
∑
𝑗=1

𝐴𝑗𝑟2𝜈+𝑛−1
𝑗 = 1

2𝜈 + 𝑛. (6)

If (6) is satisfied, formula (3) is exact when 𝑓(𝑥) is any homogeneous polynomial
of degree 2𝜈. Since there are 2𝑝 unknowns, one may require that (6) be fulfilled
for 𝜈 = 0, 1, 2, … , 2𝑝 − 1:
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𝑝
∑
𝑗=1

𝐴𝑗𝑟2𝜈+𝑛−1
𝑗 = 1

2𝜈 + 𝑛, 𝜈 = 0, 1, 2, … , 2𝑝 − 1. (7)

It is not difficult to verify that for even 𝑛 the solution of the system (7) is given
by the numbers 𝑟𝑗 and 𝐴𝑗 determined by the equalities

𝑡𝑗 = 𝑟2
𝑗 , 𝐷𝑗 = 2𝐴𝑗𝑟𝑗𝑛−1 (𝑗 = 1, 2, … , 𝑝).

Here 𝑡𝑗 and 𝐷𝑗 are the nodes and coefficients of a Gaussian-type quadrature
formula for the interval [0, 1] and weight 𝑡𝑛/2−1:

∫
1

0
𝑡𝑛/2−1𝜑(𝑡) 𝑑𝑡 ≅

𝑝
∑
𝑗=1

𝐷𝑗𝜑(𝑡𝑗). (8)

For odd 𝑛, the 𝑟𝑗 are the positive nodes of a Gaussian-type quadrature formula
with 2𝑝 nodes for the interval [−1, 1] and weight 𝑟𝑛−1:

∫
1

−1
𝑟𝑛−1𝜑(𝑟) 𝑑𝑟 ≅

𝑝
∑
𝑗=−𝑝

′𝐸𝑗𝜑(𝑟𝑗), (9)

and the 𝐴𝑗 are determined by the equalities 𝐸𝑗 = 𝐴𝑗𝑟 𝑛−1
𝑗 , where 𝐸𝑗 are the

coefficients of formula (9). The prime on the summation sign in (9) means that
the term corresponding to 𝑗 = 0 is omitted.

From the method of constructing formula (3) it is clear that it becomes an exact
equality when 𝑓(𝑥) is a polynomial of degree 4𝑝 − 1.

We construct cubature formulas

∫
𝐷

𝑓(𝑥) 𝑑𝑥 ≅ 𝐵𝑓(0) +
𝑝

∑
𝑗=1

𝐵𝑗 ∫
𝑆𝑗

𝑓(𝑥) 𝑑𝑆𝑗, (10)

which differ from (3) in that, to the terms of the kind indicated in (3), there
has been added

the term 𝐵𝑓(𝑂), 𝑂 = (0, 0, … , 0). As above, we obtain that the unknowns
𝑟𝑗, 𝐵𝑗, 𝐵 must satisfy the system of equations

Γ(𝑛/2)
2𝜋𝑛/2 𝐵 +

𝑝
∑
𝑗=1

𝐵𝑗𝑟 𝑛−1
𝑗 = 1

𝑛,
𝑝

∑
𝑗=1

𝐵𝑗𝑟 2𝜈+𝑛−1
𝑗 = 1

2𝜈 + 1. (11)
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Let 𝑛 be even. The solution of system (11) is given by the numbers 𝑟𝑗, 𝐵𝑗, 𝐵
determined by the equalities

𝜏𝑗 = 𝑟2
𝑗 , 𝐺𝑗 = 2𝐵𝑗𝑟 𝑛−1

𝑗 , 𝐺 = Γ(𝑛/2)
𝜋𝑛/2 𝐵,

where 𝜏𝑗, 𝐺𝑗, and 𝐺 are the nodes and coefficients of the A. A. Markov quadra-
ture formula with weight 𝑡𝑛/2−1 on the interval [0, 1] and with one fixed node
𝑡 = 0 (see (4)):

∫
1

0
𝑡𝑛/2−1𝜑(𝑡) 𝑑𝑡 ≅ 𝐺𝜑(0) +

𝑝
∑
𝑗=1

𝐺𝑗𝜑(𝜏𝑗). (12)

For odd 𝑛, the 𝑟𝑗 are the positive nodes of a Gaussian quadrature formula with
weight 𝑟𝑛−1 on the interval [−1, 1] and with 2𝑝 + 1 nodes:

∫
1

−1
𝑟𝑛−1𝜑(𝑟) 𝑑𝑟 ≅

𝑝
∑
𝑗=−𝑝

𝐻𝑗𝜑(𝑟𝑗), (13)

and the coefficients 𝐵 and 𝐵𝑗 are determined by the equalities

Γ(𝑛/2)
𝜋𝑛/2 𝐵 = 𝐻0, 𝐵𝑗𝑟 𝑛−1

𝑗 = 𝐻𝑗, 𝑗 = 1, 2, … , 𝑝,

where 𝐻𝑗 are the coefficients of formula (13).

Formula (10), as follows from the method of its construction, is exact when 𝑓(𝑥)
is a polynomial of degree 4𝑝 + 1.

Using formulas (3) and (10), we construct cubature formulas of the form (1).
We begin with formula (3). We replace the surface integral in (3) by an ordinary
one, using the spherical coordinates (5):

𝐼𝑗 = ∫
𝑆𝑗

𝑓(𝑥) 𝑑𝑆𝑗 =

= 𝑟 𝑛−1
𝑗 ∫

𝜋

0
⋯ ∫

𝜋

0
∫

2𝜋

0
𝑓(𝑥) sin𝑛−2 𝜑1 sin𝑛−3 𝜑2 ⋯ sin 𝜑𝑛−2 𝑑𝜑1𝑑𝜑2 ⋯ 𝑑𝜑𝑛−1.

(14)

If 𝑓(𝑥) is a polynomial of degree 4𝑝 − 1, then the integrand in (14) is a trigono-
metric polynomial of degree 4𝑝−1 with respect to the variable 𝜑𝑛−1. Performing
the integration with respect to 𝜑𝑛−1, we obtain an (𝑛−2)-fold integral in which

sovietrxiv.org/items/ru-196201.08745 Machine Translation

https://sovietrxiv.org/items/ru-196201.08745


the integrand is the product of sin 𝜑𝑛−2 and a trigonometric polynomial of de-
gree 4𝑝 − 1, which, as a function of 𝜑𝑛−2, depends only on cos 𝜑𝑛−2. Indeed,
odd powers of sin 𝜑𝑛−2 can arise only from monomials containing the factor
𝑥𝛼

𝑛−1𝑥𝛽
𝑛, where 𝛼 + 𝛽 is odd. But if 𝛼 + 𝛽 is odd, then the integral of such a

monomial with respect to 𝜑𝑛−1 is equal to zero. Similarly, as a result of inte-
gration with respect to 𝜑𝑛−1, 𝜑𝑛−2, … , 𝜑𝑛−𝑘−1 (𝑘 = 0, 1, … , 𝑛−3), we obtain an
(𝑛 − 𝑘 − 2)-fold integral in which the integrand is the product of sin𝑘+1 𝜑𝑛−𝑘−2
and a trigonometric polynomial of degree 4𝑝−1, which, as a function of 𝜑𝑛−𝑘−2,
depends only on cos 𝜑𝑛−𝑘−2.

We replace the integral in (14) with respect to the variable 𝜑𝑛−1 by a quadrature
sum according to the rectangle formula with 4𝑝 nodes. When replacing the
integral with respect to 𝜑𝑛−𝑘−2

(𝑘 = 0, 1, 2, … , 𝑛 − 3), for the quadrature sum we use a formula of Gaussian
type with weight (1 − 𝑡2)𝑘/2 on the interval [−1, 1] and with 2𝑝 nodes:

∫
1

−1
(1 − 𝑡2)𝑘/2𝜑(𝑡) 𝑑𝑡 ≅

2𝑝
∑
𝑚=1

𝑃 (𝑘)
𝑚 𝜑(𝑡(𝑘)

𝑚 ). (15)

If we use the notation

𝐹𝑗(𝜑1, 𝜑2, … , 𝜑𝑛−1) =

= 𝑓(𝑟𝑗 cos 𝜑1, 𝑟𝑗 sin 𝜑1 cos 𝜑2, … , 𝑟𝑗 sin 𝜑1 sin 𝜑2 ⋯ sin 𝜑𝑛−1),

we obtain

𝐼𝑗 ≅ 𝑟 𝑛−1
𝑗

𝜋
2𝑝

4𝑝
∑
𝑖=1

2𝑝
∑

𝑖1,𝑖2,…,𝑖𝑛−2=1
𝑃 (𝑛−3)

𝑖1
𝑃 (𝑛−4)

𝑖2
⋯ 𝑃 (0)

𝑖𝑛−2
×

×𝐹𝑗 (𝜑(𝑖1)
1 , 𝜑(𝑖2)

2 , … , 𝜑(𝑖𝑛−2)
𝑛−2 , 𝜋

2𝑝 𝑖) , (16)

where

𝜑(𝑚)
𝑛−𝑘−2 = arccos 𝑡(𝑘)

𝑚 ,

𝑡(𝑘)
𝑚 and 𝑃 (𝑘)

𝑚 are the nodes and coefficients of formula (15). Equality (16) be-
comes exact when 𝑓(𝑥) is a polynomial of degree 4𝑝 − 1.

Comparing (3), (14), and (16), we obtain a cubature formula with 𝑁 = (2𝑝)𝑛

nodes and exact for any polynomial of degree 4𝑝 − 1. In particular, for 𝑛 = 2
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we obtain the formula of L. V. Kantorovich (1), and for 𝑛 = 3 the formula of V.
A. Ditkin (3).
In an analogous way, with the aid of formula (10), we obtain

∫
𝐷

𝑓(𝑥) 𝑑𝑥 ≅ 𝐵𝑓(0)+

+
𝑝

∑
𝑗=1

𝐵𝑗𝑟 𝑛−1
𝑗

𝜋
2𝑝 + 1

4𝑝+2
∑
𝑖=1

2𝑝+1
∑

𝑖1,𝑖2,…,𝑖𝑛−2=1
𝑄(𝑛−3)

𝑖1
𝑄(𝑛−4)

𝑖2
⋯ 𝑄(0)

𝑖𝑛−2
×

×𝐹𝑗 (𝜑(𝑖1)
1 , 𝜑(𝑖2)

2 , … , 𝜑(𝑖𝑛−2)
𝑛−2 , 𝜋

2𝑝 + 1𝑖) . (17)

Here 𝜑(𝑚)
𝑛−𝑘−2 = arccos 𝜏 (𝑘)

𝑚 , and 𝜏 (𝑘)
𝑚 and 𝑄(𝑘)

𝑚 are the nodes and coefficients of
the Gaussian-type quadrature formula with weight (1 − 𝑡2)𝑘/2 on the interval
[−1, 1] and with 2𝑝 + 1 nodes

∫
1

−1
(1 − 𝑡2)𝑘/2𝜑(𝑡) 𝑑𝑡 ≅

2𝑝+1
∑
𝑚=1

𝑄(𝑘)
𝑚 𝜑(𝜏 (𝑘)

𝑚 ).

The cubature formula (17) has 𝑁 = 2𝑝(2𝑝 + 1)𝑛−1 + 1 nodes and becomes an
exact equality when 𝑓(𝑥) is any polynomial of degree 4𝑝 + 1. In particular, for
𝑛 = 2 we obtain the formula of L. A. Lyusternik (2), and for 𝑛 = 3 the formula
of V. A. Ditkin (3).
Leningrad State University
named after A. A. Zhdanov

Received
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Note: Figure translations are in progress. See original paper for figures.
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