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(Presented by Academician V. I. Smirnov, 27 VI 1962)

Let {𝑥𝑛}, 𝑛 = … , −1, 0, 1, …, be a stationary Gaussian sequence. Denote
by 𝔐𝑏

𝑎 the minimal 𝜎-algebra of events generated by the random variables
(𝑥𝑎, 𝑥𝑎+1, … , 𝑥𝑏). Put

𝛼(𝑛) = sup
𝐴∈𝔐0

−∞, 𝐵∈𝔐∞
𝑛

|𝑃 (𝐴𝐵) − 𝑃(𝐴)𝑃(𝐵)|. (1)

The sequence {𝑥𝑛} is said to possess the property of strong mixing if, for it,
𝛼(𝑛) → 0 as 𝑛 → ∞ (1).
Below we give several theorems on the properties of the spectral density 𝑓(𝜆)
of a sequence {𝑥𝑛} possessing the property of strong mixing.

1. Theorem 1. The spectral density 𝑓(𝜆) of a sequence {𝑥𝑛} possessing the
property of strong mixing is representable in the form

𝑓(𝜆) = |𝑃 (𝜆)|2𝑔(𝜆), (2)

where 𝑃 (𝜆) is a trigonometric polynomial, and the antiderivative 𝐺(𝜆) of the
function 𝑔(𝜆) satisfies the following condition: as ℎ → 0, uniformly in 𝜆,

𝐺(𝜆 + ℎ) + 𝐺(𝜆 − ℎ) − 2𝐺(𝜆) = 𝑜(𝐺(𝜆 + ℎ) − 𝐺(𝜆)). (3)

In the note (2) it is proved that

𝛼(𝑛) ≤ 𝜌(𝑛) ≤ 2𝜋𝛼(𝑛),

where

𝜌(𝑛) = sup
𝜑,𝜓

∣∫
𝜋

−𝜋
𝜑(𝑒𝑖𝜆)𝜓(𝑒𝑖𝜆)𝑒𝑖𝑛𝜆𝑓(𝜆) 𝑑𝜆∣ , (4)
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and the supremum is taken over all continuous functions 𝜑(𝑒𝑖𝜆), 𝜓(𝑒𝑖𝜆), analyt-
ically continuable inside the unit circle, for which

∫
𝜋

−𝜋
|𝜑(𝑒𝑖𝜆)|2𝑓(𝜆) 𝑑𝜆 = ∫

𝜋

−𝜋
|𝜓(𝑒𝑖𝜆)|2𝑓(𝜆) 𝑑𝜆 = 1.

Equality (4) makes it possible to give a purely analytic characterization of the
class of spectral densities 𝑓(𝜆) under investigation; it is used in an essential way
in the proof of Theorem 1.

In a neighborhood of those points 𝜆 where 0 < 𝑚 ≤ 𝑔(𝜆) ≤ 𝑀 < ∞, condition
(3) simply means that 𝐺(𝜆) is a smooth function (3). Hence, taking into account
that the derivative of a smooth function has no discontinuities of the first kind,
we obtain the following result (4):
Corollary 1. If 𝛼(𝑛) → 0 as 𝑛 → ∞, then the spectral density 𝑓(𝜆) has no
discontinuities of the first kind.

As for those points 𝜆 at which 𝑔(𝜆) tends to zero or is unbounded, for them
condition (3) means that the tending to zero or to infinity occurs very slowly:
whatever the point 𝜆0 ∈ [−𝜋, 𝜋],

lim
𝜆→𝜆0

∣ ln 𝑔(𝜆)
ln |𝜆 − 𝜆0| ∣ = 0. (5)

Indeed, it follows from (3) that for all 𝜆 the function ℎ Ψ𝜆(ℎ) = 𝐺(𝜆 + ℎ) − 𝐺(𝜆)
ℎ

is slowly varying in the sense of Karamata. From this (5) is already easily
derived. From equality (5) the following further results of the note immediately
follow4:

Corollary 2. If 𝛼(𝑛) → 0 as 𝑛 → ∞, then for all 𝛿 > 0

lim
𝜆→𝜆0

|𝜆 − 𝜆0|𝛿𝑓(𝜆) = 0.

Corollary 3. If 𝛼(𝑛) → 0 as 𝑛 → ∞, then the lower order of the zero 𝜆0 (see
(4)) of the spectral density 𝑓(𝜆) is necessarily a nonnegative even integer.

It is possible that all Gaussian stationary sequences whose spectral densities
satisfy conditions (2), (3) possess the strong mixing property. The author is at
present able to prove only the following:

Theorem 2. Let the spectral density 𝑓(𝜆) of the sequence {𝑥𝑛} be repre-
sentable in the form (2); suppose further that

∞
∑
𝑘=0

𝜔2
𝐺(2−𝑘) < ∞,
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where

𝜔𝐺(ℎ) = sup
𝑡≤ℎ

sup
𝜆

|𝐺(𝜆 + 𝑡) + 𝐺(𝜆 − 𝑡) − 2𝐺(𝜆)|
|𝐺(𝜆 + 𝑡) − 𝐺(𝜆)| .

Then the sequence {𝑥𝑛} possesses the strong mixing property, and

𝛼(𝑛) = 𝑂 ⎛⎜
⎝

(
∞

∑
𝑘=0

𝜔2
𝐺(2−𝑘𝑛−1))

1/2
⎞⎟
⎠

.

2. In this section we shall give theorems that make it possible to describe
completely the class of those spectral densities 𝑓(𝜆) for which 𝛼(𝑛) decreases
sufficiently rapidly, no more slowly than 𝑛−𝛾, 𝛾 > 0.

Theorem 3. In order that a stationary Gaussian sequence {𝑥𝑛} possess the
strong mixing property with 𝛼(𝑛) = 𝑂(𝑛−𝑟−𝛽), 𝑟 ≥ 0 an integer, 0 < 𝛽 < 1, it
is necessary and sufficient that its spectral density 𝑓(𝜆) be representable in the
form 𝑓(𝜆) = |𝑃 (𝜆)|2𝑔(𝜆), where 𝑃(𝜆) is a trigonometric polynomial, and the
function 𝑔(𝜆) is positive, 𝑔(𝜆) ≥ 𝑚 > 0, and has an 𝑟-th derivative satisfying a
Hölder condition of order 𝛽.

The proof of this and of the following theorems rests on Theorem 1, certain
well-known facts from the theory of approximation of functions, and the two
following lemmas, the first of which is almost obvious.

Lemma 1. If the spectral density 𝑓(𝜆) of the sequence {𝑥𝑛} is positive, then

𝛼(𝑛) = 𝑂(𝐸𝑛−1(𝑓)),

where 𝐸𝑛(𝑓) denotes the best approximation of the function 𝑓(𝜆) by trigono-
metric polynomials of degree ≤ 𝑛.

Lemma 2. If 𝑓(𝜆) is the spectral density of the sequence {𝑥𝑛}, then

𝐸𝑛(𝑓) = 𝑂 (
∞

∑
𝑘=0

𝛼(2𝑘𝑛)) .

In particular, if ∑∞
𝑘=0 𝛼(2𝑘) < ∞, then the spectral density 𝑓(𝜆) is continuous.

Theorem 4. In order that 𝛼(𝑛) = 𝑂(𝑒−𝑐𝑛), 𝑐 > 0, it is necessary and sufficient
that the spectral density 𝑓(𝜆) admit an analytic continuation to the strip of
values of the complex argument 𝑧 = 𝜆 + 𝑖𝜇 of width 2𝑐.

Theorem 5. In order that 𝛼(𝑛) = 𝑂(𝑒−𝑐𝑛) for all 𝑐 > 0, it is necessary and
sufficient that the analytic continuation of 𝑓(𝜆) be an entire function of 𝑧.
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Remark. Many of the results listed here extend to processes {𝑥𝑡, −∞ < 𝑡 < ∞}
with continuous time. In this case the polynomials 𝑃(𝜆) should be replaced by
entire functions of finite degree.
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