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§ 1. In papers (*7%) we introduced and, to a certain extent, investigated p-
solvable and the more general II-solvable groups, which subsequently also found
application among other authors (P. Hall, G. Higman, B. Huppert, and others).
In the present paper, which adjoins the note (?), a method is established for
decomposing II-solvable groups into a direct product of subgroups constructed
with the aid of the concept of S-connectedness of prime divisors of the order of
a group (cf. (%)). At the same time Theorem 6 of (?) is generalized.

§ 2. We use the following definitions and notation (cf. (},2)). & is a certain
finite group of order (®); € is the identity group; if n is a natural number, then
II(n) is the set of all distinct prime divisors of n; IT is some empty or nonempty
subset of the set II((®)); a divisor d of the number (&) will be called a II-divisor
of (&) if II(d) C II; a II-subgroup (II-element) of the group & is a subgroup
(element) whose order is a II-divisor of (&); a II-subgroup whose order is the
greatest II-divisor of (&) will be called a II-Sylow subgroup of &; &; is the set
of all IT-elements of the group &; p and g are prime numbers; a p-decomposable
group is a finite group that is the direct product of its p-Sylow subgroup and
a p-Sylow complement; P is some p-Sylow subgroup of &; a special group is a
finite group in which all Sylow subgroups are invariant; a group of type S is
a finite nonspecial group all of whose nontrivial subgroups are special (7); the
order of a group of type S has the form p®¢®, o > 0, 8 > 0 (®); a symbol of
the form &,(p,q) = 6,(q,p) will denote some subgroup of type S and of order
of the form p®¢®; a pd-subgroup is a subgroup whose order is divisible by p.

Definition 1. If in & # € there exists a sequence of subgroups of type S, which
can be written in the form

Gl(p(1>7p(2))a 62(p<2)7p<3))a 63(27(3)3}7(4))7'“7 6t(p<t)7p(t+1>)v
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where pt) = p € TI((&)) and p*V) = ¢ € TI((®)), then p and ¢ will be called
S-connected in the group &, and the indicated chain of subgroups will be called
a chain S-connecting p and q.

Let now M be the set of all those p € II((&)) for which & is not p-decomposable.
With the aid of Theorem 3 of (%) it is not difficult to see that, if M is nonempty,
then the property of S-connectedness divides M into classes My, ..., ..., M, of
mutually S-connected numbers, which we shall call the S-classes of &.

Definition 2. A subset o of the set II((&)) will be called an S-portion of the
group & if o consists of only one number p and & is p-decomposable, or if o is
an S-class of &.

Theorem. Let & # & be a Il-solvable group, let 0,0, ..., O, 2= 0, be all
the S-portions of the group & contained in II, and let

7 is the union of all the remaining S-portions of &. Then:

1) 8,,8,,, ., 050“, ®_ are subgroups and

T

QS:QSGIXQSGQX...xQﬁ%x@'

the subgroup &, , ¢ =1,2,..., 4, is no longer decomposable into a direct
I
product of nontr1v1al subgroups of pairwise coprime orders.

Proof. We shall first show that assertion 2) of the theorem follows from asser-
tion 1).

Suppose the contrary: =9 = H; X Hy, where (£;) and (H,) are relatively
prime and greater than 1 Let p € II((£,)) and g € II((%,)). Since &, is
an invariant o;-Sylow subgroup of & and o, is an S-portion of &, p and ¢ are
S-connected not only in &, but also in &, = §. Therefore in the chain S-

connecting p and ¢, there will be a subgroup &, (pW, ptit)) of type S from 55
for Wthh p'» € TI(($H,)) and p(+) € TI(($),)). But then, since ((;), (95)) =

the p'¥-Sylow subgroup G, will lie in $,, while the p<’+1)-Sylow subgroup Gi
will lie in $,. Hence, in view of ) = H; X £, it follows that &, is a special
group. A contradiction has been obtained.

Now suppose that & is one of the groups of least order for which assertion 1)
of the theorem fails. Since for IT empty & = &_, 11 is nonempty. Consequently,
(6) > 1. Let then

&O6 D

be some composition series of &.
Only the following two cases are possible:

1) The index of &" in & is not divisible by any prime from II. Then 7 is
nonempty.
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Since (6’) < (), for &’ there exists the required direct decomposition, which,
as is not difficult to see, in the case under consideration may be given the form

7 / ’ / ’ /
& =8, x &, x.. X (’5% x &, where 7" C 7.

By Theorem 2 of (%), in & there exist 7-Sylow subgroups. Let §) be one of them.
Let now p € 7. Since &, , 1 < i < p, is a characteristic subgroup of &', & is

i

invariant in & and ‘}36% is a subgroup. Since p does not enter the S—portlion
o, of the group &, ‘Béﬁoi has no pd-subgroups of type S. Then, by Theorem 3
of paper (3), P&, will be p-decomposable:

PE, =Fx 6, .

Since B is an arbitrary p-Sylow subgroup of &, in view of the fact that § is a
7-Sylow subgroup of &, one may regard P8 also as an arbitrary p-Sylow subgroup
of . Hence, taking into account

P6, =Px 6,

we see that
NG, =Hx6G,, 1<i<p.

But it is obvious that
6= (6, x&, x..x &,, X &_)9.
Hence, taking the preceding equalities into account, we see that
=06, x&, x..x6, x(&.9),

whence
67/5 == .6 = 67..
A contradiction has been obtained.

2) The index of & in & is equal to p € II.

Since &’ is also II-solvable, and (&") < (&), for &’ there exists the decomposi-
tion required by the theorem:

&' =6, x6, x.x&, x6,, w >0, 7Cr,
e [ oL T
and each o] C1II, 4 =1,2,..., 4/, is contained in some S-portion of &. Then
6 = P&’

Further, two cases are possible.
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a) & is p-decomposable. If & is not a pd-subgroup, then
QS:mx(’ﬁ:’/l XQS;;x...xt’i(’T,H/ x &,

will obviously be the desired decomposition of &. Let &’ be a pd-group.
Since B is also p-decomposable, one of the sets o7, 75, ... ,U;L/ (for example,
o1) will be of the form {p}. Then

Qﬁ:f,ﬁxﬁgé X ... xQﬁij/ x &,
will obviously be a decomposition of the required form. A contradiction
has been obtained.

b) & is not p-decomposable. Then, by Theorem 3 of (), the number p is
S-connected with some elements of II((6")). Let p be the union of all
those

sets from the collection o7, 0%, ...,0,, 7', which contain at least one element
S-connected with p. In the present case p is nonempty.

It is clear that 6;, will be the product of the elements of some nonempty collec-
tion 9 of direct factors of the decomposition

B =8, x&, x-x8B, x&,.
1 2

n

If outside 9 there are no longer any factors of this decomposition, then & =
P& It is clear that then TI((P&])) will be either the union 7 of the S-portions
of the group & not entering into II, or the S-portion o = II of the group &. Then
either & = &_, or & = &,. We have obtained a contradiction.

Let outside 90 there exist factors &/, , &, ,..., &, of the above decomposition

of & (clearly, wy,ws, ..., w), coincide with some of the sets 0,05, ...,0,,7").

Since wq,ws, ... ,wy have no elements in common with the set p, as in case 1),
we are convinced that

PO, =Px 6, , =12\

Then

6 =P& = (P&)) x &, x &, X x G .
If 77 is nonempty and enters into p, then put 7 = II((B&})); then all w;,
1=1,2,..., \, will be S-portions of & entering into II.

If, however, 77 is nonempty and coincides with one of the sets w;,w,,...,wy
(or is empty), then the remaining ones among them (or all of them), as well
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as II((P&,)), will clearly be S-portions of & entering into II. In all cases the
decomposition of & obtained will be of the required type. A contradiction has
been obtained. The theorem is proved.
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