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Abstract
Full Text
MATHEMATICS
I. S. KAC

ON THE MULTIPLICITY OF THE SPEC-
TRUM OF A SECOND-ORDER DIFFEREN-
TIAL OPERATOR
(Presented by Academician I. G. Petrovskii on 7 III 1962)

In Sec. 1 we give some results concerning the multiplicity of the operator 𝑇𝑆 of
multiplication by the independent variable in the space ℒ2

𝑆, generated (see (2))
by a nondecreasing matrix function 𝑆(𝑡) = ‖𝜎𝑖𝑗(𝑡)‖2

𝑖,𝑗=1, constructed in a special
way. In Secs. 2 and 3 these results are applied to differential operators.

1. We assign a function 𝜃(𝜆) of a complex variable to the 𝑅-functions if it is
defined and holomorphic in each of the half-planes Im𝜆 > 0 and Im𝜆 < 0,
and has the following properties: a) 𝜃(𝜆̄) = 𝜃(𝜆), b) Im𝜆 Im 𝜃(𝜆) ≥ 0
(Im𝜆 ≠ 0).

As is known, every 𝑅-function 𝜃(𝜆) admits a unique representation of the form

𝜃(𝜆) = 𝛼 + 𝛽𝜆 + ∫
∞

−∞
( 1

𝑡 − 𝜆 − 𝑡
1 + 𝑡2 ) 𝑑𝜌(𝑡) (Im𝜆 ≠ 0), (1)

where 𝛽 > 0 and 𝛼 are real constants, and 𝜌(𝑡) is a nondecreasing function such
that 𝜌(0) = 0, 𝜌(𝑡) = 1

2 [𝜌(𝑡 − 0) + 𝜌(𝑡 + 0)], and the integral

∫
∞

−∞
(1 + 𝑡2)−1 𝑑𝜌(𝑡). (2)

converges. The function 𝜌(𝑡) is called the spectral function of the 𝑅-function
𝜃(𝜆).
Let 𝜔𝑙(𝜆) and 𝜔𝑟(𝜆) be two 𝑅-functions, and let 𝜏𝑙(𝑡) and 𝜏𝑟(𝑡) be their spectral
functions. Define the functions Ω𝑖𝑗(𝜆) (𝑖, 𝑗 = 1, 2) by the equalities

Ω11(𝜆) = 𝜔𝑙(𝜆)𝜔𝑟(𝜆)(𝜔𝑙(𝜆) + 𝜔𝑟(𝜆))−1,
Ω22(𝜆) = −(𝜔𝑙(𝜆) + 𝜔𝑟(𝜆))−1,
Ω12(𝜆) = Ω21(𝜆) = 𝜔𝑙(𝜆)(𝜔𝑙(𝜆) + 𝜔𝑟(𝜆))−1 (Im𝜆 ≠ 0)

(3)

and the functions 𝜎𝑖𝑗(𝑡) by the equalities
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𝜎𝑖𝑗(𝑡) = lim
𝜂→+0

1
𝜋 ∫

𝑡

0
ImΩ𝑖𝑗(𝑠 + 𝑖𝜂) 𝑑𝑠 (−∞ < 𝑡 < ∞; 𝑖, 𝑗 = 1, 2). (4)

It is easy to verify directly that, for any real 𝜉1 and 𝜉2, the function Φ𝜉(𝜆) =
∑ 𝜉𝑖𝜉𝑗Ω𝑖𝑗(𝜆) is an 𝑅-function. Hence it follows that, for any real 𝜉1 and 𝜉2, the
function

2
∑
𝑖,𝑗=1

𝜉𝑖𝜉𝑗𝜎𝑖𝑗(𝑡)

is nondecreasing in 𝑡, i.e. the matrix function 𝑆(𝑡) = ‖𝜎𝑖𝑗(𝑡)‖2
1 is nondecreasing

(or, as is accepted in (1,4), a matrix-valued distribution function*).

Let 𝜎(𝑡) = 𝜎11(𝑡)+𝜎22(𝑡) (−∞ < 𝑡 < ∞). It is easy to see that all the functions
𝜎𝑖𝑗(𝑡) (𝑖, 𝑗 = 1, 2) are 𝜎-absolutely continuous and, consequently,

* In (1,4) it was required of the matrix 𝑆(𝑡) that it be left-continuous, whereas in the present work, by virtue of equalities (4), it is such that 𝑆(𝑡) = 1
2 (𝑆(𝑡−0)+𝑆(𝑡+0)); this difference in normalization is immaterial.

𝜎-almost everywhere on (−∞, ∞) there exist derivatives 𝛿𝑖𝑗(𝑡) = 𝑑𝜎𝑖𝑗(𝑡)/𝑑𝜎(𝑡).
The set of points 𝑡 ∈ (−∞, ∞) at which all elements of the matrix 𝛿(𝑡) = ‖𝛿𝑖𝑗(𝑡)‖2

1
are defined will be denoted by 𝑄.

Consider the Hilbert space ℒ2
𝑆 of vector-functions generated by the matrix 𝑆(𝑡).

This space consists of all 𝜎-measurable vector-functions 𝑓(𝑡) = {𝑓1(𝑡), 𝑓2(𝑡)}
(−∞ < 𝑡 < ∞) for which

‖𝑓‖2 = (𝑓, 𝑓) = ∫
∞

−∞
(

2
∑
𝑖,𝑗=1

𝑓𝑖(𝑡) 𝑓𝑗(𝑡) 𝛿𝑖𝑗(𝑡)) 𝑑𝜎(𝑡) < ∞.

In ℒ2
𝑆 the scalar product is defined by the equality

(𝑓, 𝑔) = ∫
∞

−∞
(

2
∑
𝑖,𝑗=1

𝑓𝑖(𝑡) 𝑔𝑗(𝑡) 𝛿𝑗𝑖(𝑡)) 𝑑𝜎(𝑡) ∗ . (5)

Let 𝑇𝑆 be the operator of multiplication by the independent variable 𝑡 in the
space ℒ2

𝑆. This is, as is known, a self-adjoint operator. The main theorem
formulated below concerns the multiplicity of the spectrum of the operator 𝑇𝑆.

Introduce notation. Let 𝜌(𝑡) (𝜌(0) = 0; 𝜌(𝑡) = 1
2 (𝜌(𝑡 − 0) + 𝜌(𝑡 + 0))) be a

nondecreasing function on (−∞, ∞) such that the integral (2) converges. Denote
by 𝐸𝑎[𝜌] the set of those points 𝑡 ∈ (−∞, ∞) at which there exists a finite
derivative 𝜌′(𝑡), different from zero, and by 𝐸𝑎+[𝜌] the set of those points 𝑡 ∈
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𝐸𝑎[𝜌] at which there exists the finite limit lim𝜂→+0 𝜃(𝑡 + 𝑖𝜂), where 𝜃(𝜆) is any
𝑅-function whose spectral function is 𝜌(𝑡) (all such 𝑅-functions, as follows from
(1), differ only by a term linear with respect to 𝜆). It is known that the Lebesgue
measure of the set 𝐸𝑎[𝜌] ∖ 𝐸𝑎+[𝜌] is equal to zero.

Main theorem. *If the Lebesgue measure of the set 𝑀 = 𝐸𝑎[𝜏𝑙] ∩ 𝐸𝑎[𝜏𝑟] is
equal to zero, then the operator 𝑇𝑆 has simple spectrum; if the Lebesgue measure
of the set 𝑀 is positive, then the multiplicity of the spectrum of the operator
𝑇𝑆 is equal to two, and in the second case the multiplicity of the covering** of
the set 𝑀+ = 𝐸𝑎+[𝜏𝑙] ∩ 𝐸𝑎+[𝜏𝑟] is equal to two, while the multiplicity of the
covering of its complement 𝐶𝑀+ = (−∞, ∞) ∖ 𝑀+ does not exceed one.*

Corollary. If the function 𝜏𝑙(𝑡) (or 𝜏𝑟(𝑡)) is singular**, then the operator 𝑇𝑆
has simple spectrum independently of the behavior of the function 𝜏𝑟(𝑡) (𝜏𝑙(𝑡)).*
Let us explain the idea of the proof. With the aid of theorems on the behavior
of 𝑅-functions on the boundary of the upper half-plane it is proved that at the
points of the set 𝑀+ ∩ 𝑄 the rank of the matrix 𝛿(𝑡) = ‖𝛿𝑖𝑗(𝑡)‖ is equal to two,
while on the set 𝑄 ∖ 𝑀+ the rank of this matrix is 𝜎-almost everywhere equal to
one. In addition, it is proved that the 𝜎-measure of the set 𝑀+ is positive if and
only if its Lebesgue measure is positive and, consequently, the Lebesgue measure
of the set 𝑀 is positive. These properties of the matrix 𝛿(𝑡) are equivalent to
the assertion of the main theorem (see in this regard (2), pp. 109–110).
Let us dwell on the case when, for example, 𝜏𝑙(𝑡) is a singular function. Let 𝑁1
be the set of those points 𝑡 ∈ 𝑄 at which there exists a real

∗ The definition of the space ℒ2
𝑆 given in (2) (see also (1), p. 281) is equivalent,

as was shown also in (2), to the one given here. Note that in works (1,4 ,6 )
the integral appearing on the right-hand side of equality (5) is conventionally
written in the form

∫
∞

−∞

2
∑
𝑖,𝑗=1

𝑓𝑖(𝑡)𝑔𝑗(𝑡) 𝑑𝜎𝑖𝑗(𝑡).

∗∗ We adhere to the definition of spectral multiplicity given in (1) (p. 278), and
to the definition of covering multiplicity given in (5) (p. 160).

∗∗∗) A nondecreasing function 𝜌(𝑡) on (−∞, ∞) is called singular if its derivative
𝜌′(𝑡) is almost everywhere equal to zero. A singular function is representable as
the sum of a jump function and a continuous singular function.

the limit

𝜔𝑙(𝑡) = lim
𝜂→+0

𝜔𝑙(𝑡 + 𝑖𝜂),
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and 𝑁2 = 𝑄 ∖ 𝑁1. It turns out that, 𝜎-almost everywhere on 𝑁1,

𝛿12(𝑡) = 𝛿21(𝑡) = −𝛿22(𝑡)𝜔𝑙(𝑡), 𝛿11(𝑡) = 𝛿22(𝑡)𝜔2
𝑙 (𝑡) (6)

and 𝜎-almost everywhere on 𝑁2

𝛿11(𝑡) = 1, 𝛿12(𝑡) = 𝛿21(𝑡) = 𝛿22(𝑡) = 0. (7)

2. Consider the quasi-differential expression*

𝑙[𝑦] = − 𝑑
𝑑𝑥 (𝑝(𝑥)𝑑𝑦(𝑥)

𝑑𝑥 ) + 𝑞(𝑥)𝑦(𝑥) (𝑎 < 𝑥 < 𝑏), (8)

where −∞ ≤ 𝑎 < 𝑏 ≤ ∞, and 𝑝−1(𝑥) and 𝑞(𝑥) are real measurable functions
summable on every segment [𝑎1, 𝑏1] ⊂ (𝑎, 𝑏). With the aid of 𝑙[𝑦] we define, as
was done in (4), §17, a differential operator ℒ0 in the Hilbert space 𝐻 = ℒ2(𝑎, 𝑏).
This operator is symmetric and has equal defect numbers not exceeding two.
In this section we shall consider only the case when the operator ℒ0 is self-
adjoint.**

Let 𝑐 be an arbitrary point of (𝑎, 𝑏). Denote by 𝑢1(𝑥, 𝜆) and 𝑢2(𝑥, 𝜆) the solu-
tions of the equation 𝑙[𝑦] − 𝜆𝑦 = 0 satisfying the conditions

𝑢1(𝑐, 𝜆) = 1, 𝑝(𝑥)𝑢′
1(𝑥, 𝜆)∣𝑥=𝑐 = 0; 𝑢2(𝑐, 𝜆) = 0, 𝑝(𝑥)𝑢′

2(𝑥, 𝜆)∣𝑥=𝑐 = −1.

As is known, for every non-real 𝜆 there are uniquely determined numbers 𝜔𝑙(𝜆)
and 𝜔𝑟(𝜆) such that

𝑢2(𝑥, 𝜆)−𝜔𝑙(𝜆)𝑢1(𝑥, 𝜆) ∈ ℒ2(𝑎, 𝑐); 𝑢2(𝑥, 𝜆)+𝜔𝑟(𝜆)𝑢1(𝑥, 𝜆) ∈ ℒ2(𝑐, 𝑏). (9)

The functions 𝜔𝑙(𝜆) and 𝜔𝑟(𝜆) are 𝑅-functions. Their spectral functions 𝜏𝑙(𝜆)
and 𝜏𝑟(𝜆) are the spectral functions of the differential systems

𝑙[𝑦] − 𝜆𝑦 = 0 (𝑎 < 𝑥 ≤ 𝑐), 𝑦(𝑐) = 1, 𝑝(𝑥)𝑦′(𝑥)∣𝑥=𝑐 = 0; (10)

𝑙[𝑦] − 𝜆𝑦 = 0 (𝑐 ≤ 𝑥 < 𝑏), 𝑦(𝑐) = 1, 𝑝(𝑥)𝑦′(𝑥)∣𝑥=𝑐 = 0 (11)

respectively (in the case under consideration each of these differential systems
has a unique spectral function).
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It is also known that the operator ℒ0 is unitarily equivalent to the operator 𝑇𝑆
of multiplication by the independent variable in the space ℒ2

𝑆, where 𝑆(𝑡) =
‖𝜎𝑖𝑗(𝑡)‖2

1 is the matrix function defined by the equalities (3)–(4), starting from
the 𝑅-functions 𝜔𝑙(𝜆) and 𝜔𝑟(𝜆) satisfying conditions (9). In this connection
the following proposition follows from the main theorem:

Theorem. Let 𝜏𝑙(𝜆) and 𝜏𝑟(𝜆) be the spectral functions of the differential
systems (10) and (11), respectively. Then, if the Lebesgue measure of the set
𝑀 = 𝐸𝑎[𝜏𝑙] ∩ 𝐸𝑎[𝜏𝑟] is zero, the operator ℒ0 has simple spectrum; if 𝑚(𝑀) >
0, then the multiplicity of the spectrum of the operator ℒ0 is equal to two;
moreover, in the latter case the multiplicity of the covering of the set 𝑀+ =
𝐸𝑎+[𝜏𝑙] ∩ 𝐸𝑎+[𝜏𝑟] is equal to two, and that of its complement 𝐶𝑀+ does not
exceed one.

Corollary. If the spectral function of the differential system (10) (of the dif-
ferential system (11)) is singular, then the operator ℒ0 has simple spectrum
independently of the behavior of the functions 𝑝(𝑥) and 𝑞(𝑥) in a neighborhood
of the point 𝑥 = 𝑏 (𝑥 = 𝑎).
* Everything set forth in this section carries over to more general differential
expressions (see, for example, those considered in (3)).
** In a joint discussion of A. V. Shtraus’work (6), M. G. Krein and the author
came to the conclusion that, in the case of defect index (1, 1), all self-adjoint
extensions of the operator ℒ0 have simple spectrum, while in the case of defect
index (2, 2) simple spectrum is possessed by all self-adjoint extensions of the
operator ℒ0 with separated boundary conditions, and, moreover, that in the
case of defect index (0, 0), for simplicity of the spectrum of the operator ℒ0 it
is enough that the spectrum of at least one of the differential systems (10) and
(11) be discrete.

In the case when the operator ℒ0 has a simple spectrum, define for each 𝑡 ∈ 𝑄
the function

𝑢(𝑥, 𝑡) = sign 𝛿12(𝑡) ⋅ √𝛿11(𝑡) 𝑢1(𝑥, 𝑡) + √𝛿22(𝑡) 𝑢2(𝑥, 𝑡) (𝑎 < 𝑥 < 𝑏),

which is, naturally, a solution of the equation 𝑙[𝑦] − 𝑡𝑦 = 0. It turns out that in
this case, for every function 𝑓(𝑥) ∈ ℒ2(𝑎, 𝑏), the inversion formulas

𝐹(𝑡) = ∫
𝑏

𝑎
𝑓(𝑥)𝑢(𝑥, 𝑡) 𝑑𝑥, 𝑓(𝑥) = ∫

∞

−∞
𝐹(𝑡)𝑢(𝑥, 𝑡) 𝑑𝜎(𝑡), (12)

hold, where the integrals converge in the spaces ℒ2
𝜎(−∞, ∞) and ℒ2(𝑎, 𝑏), re-

spectively, and
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∫
∞

−∞
|𝐹 (𝑡)|2 𝑑𝜎(𝑡) = ∫

𝑏

𝑎
|𝑓(𝑥)|2 𝑑𝑥. (13)

Remark. It is not difficult to verify that the sets 𝐸𝑎[𝜏 ], 𝐸𝑎+[𝜏 ] and 𝐸𝑎[𝜏𝑓 ],
𝐸𝑎+[𝜏𝑓 ] do not depend on the position of the point 𝑐 and, consequently, depend
only on the behavior of the coefficients 𝑝(𝑥) and 𝑞(𝑥) in neighborhoods of the
points 𝑥 = 𝑎 and 𝑥 = 𝑏, respectively.

3. Let now the left endpoint 𝑥 = 𝑎 of the differential expression (8) be regular,
i.e. 𝑎 > −∞ and the functions 𝑝−1(𝑥) and 𝑞(𝑥) are summable in a right
neighborhood of the point 𝑥 = 𝑎, while at the endpoint 𝑥 = 𝑏 the Weyl
point case occurs (under these conditions the operator ℒ0 has defect index
(1, 1)). Consider the boundary-value problem

𝑙[𝑦] − 𝜆𝑦 = 0 (𝑎 ≤ 𝑥 < 𝑏), 𝑦(𝑎) = Ω(𝜆) 𝑝(𝑥)𝑦′(𝑥)∣𝑥=𝑎, (14)

where Ω(𝜆) is an 𝑅-function. A. V. Shtraus (6) showed that, in the case when
the 𝑅-function Ω(𝜆) is meromorphic,* there exists a nondecreasing function 𝜎(𝑡)
(−∞ < 𝑡 < ∞) such that, for every function 𝑓(𝑥) ∈ ℒ2(𝑎, 𝑏), the equalities (12),
(13) hold, where 𝑢(𝑥, 𝜆) is a solution of the boundary-value problem (14) ((6),
Theorem 1).

Theorem 1 from (6) (in its complete formulation) generalizes to the case when
the spectral function of the 𝑅-function Ω(𝜆) is singular; only in the boundary
condition of the boundary-value problem (14), for those real 𝜆 for which there
exists a finite real limit lim𝜂→+0 Ω(𝜆 + 𝑖𝜂) (this holds almost everywhere on
(−∞, ∞)), one must take Ω(𝜆) equal to this limit, while for the remaining real
𝜆 one must take Ω(𝜆) = ∞, i.e. understand the boundary condition in (14) as
𝑝(𝑥)𝑦′(𝑥)∣𝑥=𝑎 = 0.

This generalization of Theorem 1 from (6) follows easily from the corollary of
the main theorem, equalities (6), (7), and the formulas given in (6) on p. 785.
The main theorem shows that no further generalization of Theorem 1 from (6)
in this direction is possible.

Received
1 III 1962
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