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In Bass’ s paper (?) it was established that the direct limit of a direct spectrum
of projective A-modules is a projective A-module if and only if A is perfect. In
this case flat modules are projective. In the present paper it is shown that flat
modules over an arbitrary ring are the direct limit of a direct spectrum of free
modules. Hence it follows that the problem: over which rings are flat modules
free (projective), is equivalent to the problem: over which rings is the direct limit
of a direct spectrum of free (projective) modules a free (projective) module. It
is further proved that, in order that all left flat A-modules be free, it is necessary
and sufficient that A be a local ring with left T-nilpotent maximal ideal.

Let A be an arbitrary associative ring with identity. All modules considered will
be assumed to be unitary.

Lemma 1. A left A-module A is flat if and only if it is the direct limit of a
direct spectrum of projectives.

That the direct limit of a direct spectrum of projective modules is flat follows

from the commutativity of the functor T01"/1\(A7 B) with the operation of taking
the direct limit.

Now let A be a flat left A-module; then there exists a free module F' and an
exact sequence

0—-A —>F—A—0. (1)

The module A’ is pure (see (!)) in F. Indeed, sequence (1) induces, for an
arbitrary right A-module B, the exact sequence

0 — Tory (B,A) - B®, A’ - B, F - B®, A— 0;

but Tori\(B, A) =0, since A is flat; consequently, A’ is pure in F.

Take an arbitrary finite set of elements aq,ay,...,a, € A’, and let {u,} be a
system of free generators of the module F'. Then
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By Theorem 2.4 of (1) there exist elements

/ 4 / ’
up, uh, ..., uy € A

such that

i=1

and, consequently, there exists an epimorphism ¢ of the module F' onto the
submodule C” of the module A’, generated by the elements u}, uj, ..., u,, defined
by the equalities: @(u;) =u; (i =1,2,...,9), p(u,) =0 (k #1,2,...,s), i.e. C’
is a direct summand in F. Thus, for every finite subset of elements of A" one can
find a projective submodule C” of the module A’ containing this subset; that is,
the module A’ is the direct limit of a direct spectrum of projective modules.

{C,}; but then the factor modules F'/C,, are projective and form a direct spec-
trum with respect to the ordering F'/C, < F//Cj, if C,, C Cj, and the natural
homomorphisms. The limit of the spectrum {F/C,} is the module F/A" ~ A
(see (1), p. 284).

Lemma 2. A A-module A is flat if and only if it is the limit of a direct spectrum
of free A-modules.

Every flat A-module A can, by Lemma 1, be represented as the limit of a direct
spectrum {72 P} of projective A-modules P,. If for some free module F there
is a decomposition F' = P, @ (Q,,, then the module P, can be represented as the
limit of a direct spectrum of free A-modules

®1 P2
F—F— .,

where Ker o, = Q,. Let now {72, P,} be a direct spectrum of projective A-

modules and {g*}?, F, .} a direct spectrum of free A-modules constructed as

indicated above. The set of all F,, is naturally ordered. We define the homo-
morphisms goglk 1 Fp — Fp as follows:

Bl _
Pak = lﬁﬂrg@aka

where ig is a monomorphism of Py into Fj such that ¢gig is the identity

mapping. With respect to the homomorphisms gp’glk, the set [, forms a direct
spectrum; indeed:

Bl _ - : _ — _
@gls(pak - Z’ysﬂ-ggpﬁllﬁlﬂ-g@ak - Z'ysﬂ-gﬂ-g@ak - Z'ysﬂ-z@ak - (pl}qc
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It is obvious that the limit of {(pffk, F .} is the same as that of the spectrum
{72, Pu}-

Theorem 1. In order that all flat left A-modules be free, it is necessary and
sufficient that A be a local ring with a T-nilpotent (*) mazximal ideal on the left.

Lemma 3. If all left flat A-modules are free, then every element A € A is either
invertible or is a zero divisor.

Proof. Suppose A € A is neither invertible nor a zero divisor; then A, as a left
A-module, has a proper submodule A\, isomorphic to the A-module A. This
permits one to construct the following direct spectrum of modules isomorphic
to A:

P1 P2 Prn-1 Pn
Al‘)A2_>"'4‘_>An’>""

where ¢,, is a monomorphism of A onto AA.

By assumption, the limit of this spectrum is a free A-module F' with an infinite
basis, since if the basis were finite, there would be a number n such that all
elements of the basis would be contained in A,,, but A,, is a proper submodule
of the module A, ;.

Let wy,ws, ..., w,, ... be a basis of F, and let a,,a,, ..., a,, ... be free generators
of the modules Ay, A,, ..., A, ..., respectively. Take w; and w,; for them there
is a number n and elements p, v € A such that pa,, = wy, va, = wy. On the

other hand, a,, lies in F' and, therefore, a,, = > A\,w,; hence we obtain
A =1, Ay =0, v =0, v, = 1.

But then A, p and A,p are orthogonal idempotents not equal to zero; if a ring
has an idempotent different from zero and one, then the ring decomposes into
a direct sum of left ideals, i.e. there exists a projective but not free A-module.
The lemma is proved.

From the absence of nontrivial idempotents it follows that a left inverse coincides
with a right inverse; indeed, if ab = 1, then ba is an idempotent not equal to
zero and, consequently, ba = 1.

Lemma 4. The noninvertible elements in the ring A form a T-nilpotent ideal.

First of all, let us prove the T-nilpotence of the set of all noninvertible elements,
ie., if ay,aq,...,a,, ... are noninvertible, then there exists a natural number s
such that a;ay ... a, = 0. Take a free left A-module F' with basis z{, Zq, ..., Z,,, ...,
and in it the submodule G generated by the elements z; = z;—a,, (i =1,2,...).
The module G is free. By G,, we shall denote the submodule of the module G
generated by z,2,,...,2,. Then F'/G,, is a free A-module. The module F/G
is the limit of a direct spectrum of free A-modules and, consequently, is free
by hypothesis. Denote by t,t,,... the images of the elements x,z,, ... under
the mapping of F' onto F//G. Suppose that F'/G is a free A-module with free

generators vq, vy, .... Then
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vy = Z Aits,

and since t; = a,t,,,, there exists a k such that

v, = g AiQy o Qply s
i

where

lpy1 = Zﬂj%‘*ﬁh”h vy = (Z Aa; "'ak) (Z v+ ﬂ1”1) , 1= ZAia‘i O,

and, since left inverses are right inverses, it follows that

1= Z A Q... Gy,

PV = tppy = Qpyilpio,  but G = E Vv, MU = E Ap11VV5, M1 = Qpqal,

i.e., we have obtained that a;_  is invertible, contrary to the assumption. Thus it
has been proved that all noninvertible elements in the ring A form a T-nilpotent
ideal. In particular, every noninvertible element a of the ring A is nilpotent and,
consequently, 1 — a is invertible, and all elements that have no inverses form an
ideal which is obviously maximal and T-nilpotent. Lemma 4 is proved.

Suppose now that A is a local ring with a maximal T-nilpotent ideal. Then A is
perfect (see (?)) and, consequently, all flat A-modules are projective, and since
A is local, all projective modules are free (see (3)). Theorem 1 is proved.

The author expresses deep gratitude to Prof. L. A. Skornyakov, under whose
supervision this work was written.
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