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1. In paper (1) we defined the focal images of a tangentially degenerate sur-
face of rank r and studied the structure of such a surface in the case when
its focal images have no multiple components. In the present paper we con-
sider surfaces of rank r for which only one of the two focal images has no
multiple components, while allowing their existence in the second image.
We study the structure of the focal images of such surfaces and their in-
trinsic structure. The existence of surfaces of the type under consideration
is also proved.

2. Let V,, . be an n-dimensional surface of rank r in the projective space Py.
Its tangent plane E, depends on r parameters and remains fixed when
a point of the surface is displaced along its plane generator E,,, where
m =n —r. The surface V,, ;. is an r-parameter family of plane generators
E

-
Associate with the surface V,, . a moving frame whose points M, ..., M,,, lie in
its generator E,,, My, ..., M,, in its tangent plane E,, and the remaining points

complete this system to a full frame of the space Py. The equations of an
infinitesimal displacement of this frame may be written in the form

dM¢ = w{M,,  €1=0,1,..,N,

where

w§ =0, wi =0 (1)

fori=1,...,m, a=n+1,...,N.

Assuming that the point M|, does not lie on the focal image of the generator
E,,, we may take the forms wf = w” (p = m + 1,...,n) as the basic forms
of the surface V,, ;. They are linear combinations of the differentials of the
independent variables uP, on which the generator E,, and the tangent plane E,,
of the surface V,,, depend. The forms wf, which together with the forms w{

determine the displacement of the plane generator E,, of the surface V,, ., and
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the forms wy, which determine the displacement of its tangent plane E,,, are

expressed through the basic forms wP in the form

P

D __ q a _ o, g
w; = ajwd, wpy = bg,w. (2)

P

s 1 : p o
As was shown in our paper (1), the coefficients a} o, and by,

relations

are connected by the

bpg = bgp af,bsq = absp,
where here and below the indices run through the following values: 4,5 =
1,....m; p,g, s =m+1,....n;, ., =n+1,...,N. If we introduce the ma-
trix notation A, = |laf [ and B* = [bg, ||, then the latter relations may

can be written in the form

(B*)" =B, (B"4;)" = B*4A;, 3)

where the asterisk denotes transposition of the corresponding matrix.

If we denote by X = 2°M,, + 2™ an arbitrary point of the generator E,, of the
surface V,, ., and by = = £, 2% = 0 an arbitrary hyperplane passing through its

tangent plane E, , then the equation of the focal surface F' of the generator E,,
is written in the form

|2°E 4+ 24| = 0,

where E = [67] is the identity matrix, and the equation of the focal cone @,
whose vertex is the plane F,,, is written in the form

[ B[ = 0.

The surface F' is an algebraic surface of order r, and the cone @ is an algebraic
surface of class r.

3. Using conditions (3) in a manner similar to what we did in paper (1) for
the surface V, ., whose focal images do not contain multiple components,

n,r’

we obtain in the case under consideration the following theorem:

Theorem 1la. If on the surface V,, ., for some fived value of the variables uP,
the focal cone ®, having as its vertex the plane E, , has no multiple components,
while the focal surface F' lying in the plane E,, has a unique t-fold component,
then the matrices A; and B of the surface V,, . at this value of the parameters
uP can be simultaneously reduced to the form

\T
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att 0 0 b2, 0 0
A=l o art o |0 BT o e, oo | @
0 0o A 0 0 Bo

where A; are scalar matrices of ordert, and B* are arbitrary symmetric matrices
of the same order.

From this theorem there immediately follows the following theorem, describing
the structure of the focal images of the surface V,, , under consideration:

Theorem 2a. If, for some value of the variables uP, the conditions of Theorem
la are satisfied on the surface V,, ., then at this value of u? its focal surface F
decomposes into v — t + 1 distinct planes of dimension m — 1, one of which is
t-fold, while the focal cone ® decomposes into r —t distinct (N —n — 2)-pencils
of hyperplanes, each of which corresponds to a simple plane of the surface F,
and a nondecomposable cone d of class t, corresponding to the t-fold plane of
the surface F.

Suppose now that the condition of Theorem 1la is satisfied for all values of the
variables v? from some domain D of their variation. Investigation of the system
of equations (2) and of its differential prolongations then makes it possible in
this case to prove the following theorem, describing the structure of the surface

V,

n,r:

Theorem 3a. If the conditions of Theorem 1a are satisfied for all values of the
variables uP, then the t-fold plane F of the focal surface F for t > 2 depends
on r —t parameters and describes a surface V,,_, .y, while the surface V,, .
decomposes into an (r — t)-parameter family of (m + t)-dimensional cones, each
of which is a t-parameter family of planes E,, passing through the fized (m —1)-
plane F. On the other hand, the surface V,, , decomposes into a t-parameter

ric family of (n — t)-dimensional surfaces V,,_, . ;, whose focal images have no
multiple components.

4. Analogously to what was indicated in Sec. 3, one can prove the following
three dual theorems:

Theorem 1b. If on the surface V,, ., for some fixed value of the variables u?,
the focal surface F' of the generator 'Em has no multiple components, while the
corresponding focal cone ® has a single ¢-fold component, then the matrices A,
and B® of the surface V, ., for this value of the parameters uP, can be simulta-

n,r’
neously reduced to the form (4), where now A are arbitrary square matrices of
order t, and B® are scalar matrices of the same order.

Theorem 2b. If, for some value of the parameters u? on the surface V,, ., the

conditions of Theorem 1b are satisfied, then for this value of u? its focal cone ®
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decomposes into r—t + 1 distinct (N —n — 2)-webs of hyperplanes, one of which
will be ¢-fold, and the focal surface F' decomposes into r — ¢ distinct (m — 1)-
planes, each of which corresponds to a simple web of the focal cone ®, and an
irreducible surface F of order t, corresponding to the ¢-fold web of the cone ®.

Theorem 3b. If the conditions of Theorem 1b are satisfied for all values of the
variables u? from some domain D, then the t-fold web of hyperplanes ® of the
focal cone @ for ¢ > 2 depends on r — ¢ parameters. On these same parameters
depends also the vertex of the web ®, an (n + 1)-plane E, ; passing through
the tangent plane E,. If these parameters are fixed, then the plane E,, will
move in the plane F, ; and envelope a hypersurface V, , C E, ., with (n —?)-
dimensional plane generators. If, conversely, only these r — ¢t parameters are
varied, then the planes E,,, tangent to V,, .., will envelope a surface V,, ,_, with
(m + t)-dimensional plane generators, whose focal images contain no multiple
components.

5. The surfaces V,, ,. described in Sec. 3 are determined by the system of equa-
tions (2), in which the matrices A; and B® have the form (4). Suppose
additionally that the net of developable surfaces on each of the subman-
ifolds V,,_, ., into which, by virtue of Theorem 3a, the surfaces V,, .
decompose, is holonomic. Consider the matrix

1 1 1
m+1 m+2 n—t
a a a
— 1 1
A - e e ?
m+1 m+2 n—t
a Ay, Ay,

formed from the eigenvalues of the matrices A;. This matrix has r — ¢ columns.
The investigation of the system of equations (4) now leads to the following
existence theorem.

Theorem 4a. The surfaces V,, ., described in Sec. 3, with a holonomic net
of developable surfaces on the submanifolds V,,_;, ,, for which the matrix A
has rank r — ¢, exist, and the arbitrariness of their existence is equal to r — ¢
functions of t + 1 arguments. If, however, the matrix A of these surfaces has
rank less than r —¢, and this rank is not lowered when any one of its columns is
deleted from the matrix A, then such surfaces also exist, but the arbitrariness
of their existence is equal to N — ¢t + 1 functions of ¢ arguments.

In exactly the same way one can formulate Theorem 4b on the existence of the
surfaces V,, ,. described in Sec. 4.

We note that matrices analogous to the matrix A were considered by us earlier
in the paper (?).

6. Let us dwell separately on the limiting cases of the surface V,, . of the
type under consideration, when one of its focal images consists of a single
r-fold component.
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If each of the focal surfaces F' of the surface V,, . is an r-fold (m—1)-plane E,,,_;,
then this plane will remain fixed under all displacements of the generator E,,,
and the surface V,, ;. becomes a cone whose vertex is this plane E,,, ;. The focal
cones @ of such a surface V,, , will be irreducible cones of class 7.

If each of the focal cones ® of the surface V,, ,. is an r-fold (N —n —2)-bundle of
hyperplanes, then the vertex of this bundle—the (n + 1)-plane E,_;, containing
the tangent plane £, —will remain fixed under all displacements of the plane E,,,
and the surface V,, . becomes a hypersurface lying entirely in F, . The focal
surfaces F' of such a surface V, . will be irreducible surfaces of order r.

n,r

The formulation of the existence theorems for these surfaces will differ somewhat
from Theorems 4a and 4b. The point is that in this case one should apply the
first part of the aforementioned theorems, but now r — ¢t = 0. Therefore the
arbitrariness in the existence of the surfaces under consideration will be equal
to N —n functions of r arguments in the case when the focal surface F' has an
r-fold component, and to m + 1 functions of r arguments in the case when the
focal cone ® has an r-fold component.
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