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Abstract
Full Text

MATHEMATICS
Yu. N. CHEREMNYKH

ON THE BEHAVIOR OF THE SOLUTION OF
THE FIRST BOUNDARY-VALUE PROBLEM
WITH ZERO BOUNDARY CONDITIONS FOR
A GENERAL PARABOLIC EQUATION
(Presented by Academician I. G. Petrovskii, 15 XI 1961)

0. Questions concerning the behavior as 𝑡 → +∞ of the solution of the first
boundary-value problem and the Cauchy problem for a general parabolic
equation

ℒ𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑖=1

𝑏𝑖(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑥, 𝑡)𝑢 − 𝜕𝑢
𝜕𝑡 = 0 (1)

were considered in the works (2,3). In the present note we investigate the ques-
tion of the character of the decrease as 𝑡 → +∞ of the solution of the first
boundary-value problem with zero boundary conditions for equation (1), de-
pending on the domain.

Consider the heat-conduction equation

𝑎0
𝑛

∑
𝑖=1

𝜕2𝑢
𝜕𝑥2 − 𝜕𝑢

𝜕𝑡 = 0.

The solution of the first boundary-value problem with zero boundary conditions
for this equation in the domain 𝐺 = {−𝜀 < 𝑥1 < 𝜀, … , −𝜀 < 𝑥𝑛 < 𝜀; 𝑡 > 0} has
the form

𝑢(𝑥, 𝑡) = 𝑤(𝑥, 𝑡) exp [−𝑎0𝑛𝜋2

4
𝑡
𝜀2 ] = 𝑤(𝑥, 𝑡) exp [−𝑎0𝑛𝜋2

4 ∫
𝑡

0

𝑑𝜏
𝜀2 ] ,

where 𝑤(𝑥, 𝑡) is a bounded function depending on the initial function, 𝑎0, and
𝜀.

We shall show that the solution of equation (1) behaves in a similar way.
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1. Let 𝐺1 be a domain situated in Π𝜓(𝑡) = {−𝜓(𝑡) < 𝑥1 < 𝜓(𝑡); 𝑡 > 0} of
the space of variables (𝑥, 𝑡) = (𝑥1, … , 𝑥𝑛; 𝑡) and having boundary points
on the plane 𝑡 = 0. Denote by 𝐵ℎ the intersection 𝐺1 ∩ {𝑡 = ℎ} for any
ℎ ≥ 0, and by ̇𝐺1 the lateral boundary of the domain 𝐺1. Obviously,
𝐺1 ∖ 𝐺1 = ̇𝐺1 ∪ 𝐵0. We shall assume that 𝐵ℎ is bounded for every finite
ℎ ≥ 0.

Consider equation (1) with coefficients defined in 𝐺1 and satisfying there the
following conditions: a) 𝑎𝑖𝑗(𝑥, 𝑡), 𝑏𝑖(𝑥, 𝑡), 𝑐(𝑥, 𝑡) ∈ 𝐶(0); b)

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≥ 𝑎0
𝑛

∑
𝑖=1

𝜉2
𝑖

for any point (𝑥, 𝑡) ∈ 𝐺1 and for any real vector (𝜉1, … , 𝜉𝑛) ≠ 0; c) 𝑏1(𝑥, 𝑡) ≤
𝐵/2; d) 𝑐(𝑥, 𝑡) ≤ 0 (𝑎0, 𝐵 are positive constants).

By a solution 𝑢(𝑥, 𝑡) of equation (1) we shall understand a function continuous
in 𝐺1, having in 𝐺1 a first continuous derivative with respect to 𝑡 and second
continuous derivatives with respect to 𝑥𝑖 and 𝑥𝑗.

Theorem 1. Let the function 𝑥1 = 𝜓(𝑡) satisfy, for 𝑡 ≥ 0, the requirements: 1)
𝜓(𝑡) ∈ 𝐶(1); 2) 0 < 𝜓(𝑡) ≤ 1; 3) −𝐵/16𝐻 ≤ 𝜓′(𝑡) ≤ 0, (𝐻 = 𝑒𝐵/𝑎0).
Let 𝑢(𝑥, 𝑡) be a solution of equation (1) in 𝐺1, for which the condition

𝑢(𝑥, 𝑡) = 0 for (𝑥, 𝑡) ∈ ̇𝐺1 (2)

is satisfied. Then in 𝐺1

|𝑢(𝑥, 𝑡)| < 2 max
(𝑥,0)∈𝐵0

|𝑢(𝑥, 0)| exp [− 𝑎0
8𝐻 ∫

𝑡

0

𝑑𝜏
𝜓2(𝜏)] .

For the proof, consider the particular solution

𝑧(𝑥1, 𝑡) = − 𝑎0
𝐵2 exp [ 𝐵

2𝑎0
(𝜓(𝑡) − 𝑥1)] − 𝑥1

2𝐵 − 𝜓(𝑡)
2𝐵 +

+ 1
2𝑎0

𝜓2(𝑡) exp [ 𝐵
𝑎0

𝜓(𝑡)] + 𝑎0
𝐵2 exp [ 𝐵

𝑎0
𝜓(𝑡)]

of the equation

𝑎0
𝜕2𝑧
𝜕𝑥2

1
+ 𝐵

2
𝜕𝑧
𝜕𝑥1

+ 1
4 = 0,
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satisfying the conditions

𝜕𝑧(𝑥1, 𝑡)
𝜕𝑥1

≥ 0, 𝜕2𝑧(𝑥1, 𝑡)
𝜕𝑥2

1
≤ 0,

0 < 1
2𝑎0

𝜓2(𝑡) exp [ 𝐵
𝑎0

𝜓(𝑡)] = 𝑧(−𝜓(𝑡), 𝑡) ≤ 𝑧(𝑥1, 𝑡) ≤ 𝑧(𝜓(𝑡), 𝑡) <

< 1
𝑎0

𝜓2(𝑡) exp [ 𝐵
𝑎0

𝜓(𝑡)] for − 𝜓(𝑡) ≤ 𝑥1 ≤ 𝜓(𝑡), 𝑡 ≥ 0.

Put 𝑉 (𝑥, 𝑡) = 𝑧(𝑥1, 𝑡)𝑒−𝜆(𝑡). Since

𝜕𝑉
𝜕𝑥𝑖

= 0, 𝜕2𝑉
𝜕𝑥2

𝑖
= 0, 𝜕2𝑉

𝜕𝑥𝑖𝜕𝑥𝑘
= 0 (𝑖 = 2, … , 𝑛; 𝑘 = 1, 2, … , 𝑛),

we have

𝑒𝜆(𝑡)ℒ𝑉 ≡ 𝑎11(𝑥, 𝑡) 𝜕2𝑧
𝜕𝑥2

1
+ 𝑏1(𝑥, 𝑡) 𝜕𝑧

𝜕𝑥1
+ 𝑐(𝑥, 𝑡)𝑧 − 𝜕𝑧

𝜕𝑡 + 𝑧𝜆′(𝑡).

The rest of the proof repeats verbatim the proof of Theorem 2 of paper (4).

2. Consider the special case of the domain 𝐺1—the domain

𝐺2 = { 0 ≤ 𝑟 < 𝜓(𝑡); 𝑡 > 0 } (𝑟 = √𝑥2
1 + ⋯ + 𝑥2𝑛) .

Let the coefficients of equation (1) in 𝐺2 satisfy the requirements:

a′) 𝑎𝑖𝑗(𝑥, 𝑡), 𝑏𝑖(𝑥, 𝑡), 𝑐(𝑥, 𝑡) ∈ 𝐶(0);

b′)

𝐴
𝑛

∑
𝑖=1

𝜉2
𝑖 ≥

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≥ 𝑎0
𝑛

∑
𝑖=1

𝜉2
𝑖

for any point (𝑥, 𝑡) ∈ 𝐺2 and any real vector (𝜉1, … , 𝜉𝑛) ≠ 0;

c′)

𝐵 ≥ [
𝑛

∑
𝑖=1

𝑏2
𝑖 (𝑥, 𝑡)]

1/2

≥ 0;
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d′)

0 ≥ 𝑐(𝑥, 𝑡) ≥ −𝑐0,

where 𝑎0, 𝐴, 𝐵, 𝐶0 are positive constants.

Lemma. Let the function 𝜓(𝑡) satisfy, for 𝑡 ≥ 0, the conditions:

1′) 𝜓′(𝑡) ∈ 𝐶(1);
2′) 0 < 𝜓(𝑡) ≤ Ψ;
3′) |𝜓′(𝑡)| ≤ 𝑁 ,

where 𝑁, Ψ are positive constants.

Let 𝑢(𝑥, 𝑡) be a solution of equation (1) in 𝐺2, satisfying the condition

𝑢(𝑥, 𝑡) ≥ 0 on 𝐺1 ∖ 𝐺1,

𝑢(𝑥0, 0) > 0 for (𝑥0, 0) ∈ 𝐵0. (3)

Then for any 𝑡1 > 0 one can find such a 𝑘1 > 0 that, for 0 ≤ 𝑟 ≤ 𝜓(𝑡1),

𝑢(𝑥, 𝑡1) ≥ 𝑘1 cos2 𝜋𝑟2

2𝜓2(𝑡1) ,

where 𝑘1 > 0 depends on 𝑛, 𝑎0, 𝐴, 𝐵, 𝑐0, Ψ, 𝑁, 𝑡1, min[0,2𝑡1] 𝜓(𝑡).
In the proof of the lemma, Theorem 6 of the work (1) is used.

Theorem 2. Let the function 𝜓(𝑡), for 𝑡 ≥ 0, satisfy conditions 1′)—3′) of the
lemma. Let 𝑢(𝑥, 𝑡) be a solution of equation (1) in 𝐺2, satisfying conditions (3).
Then in

𝐺𝑡1
2 = {0 ≤ 𝑟 ≤ 𝜓(𝑡), 𝑡 ≤ 𝑡1}

𝑢(𝑥, 𝑡) ≥ 𝑘2 cos2 𝜋𝑟2

2𝜓2(𝑡) exp [−𝛾 ∫
𝑡

0

𝑑𝜏
𝜓2(𝜏)] ,

where

𝑘2 = 𝑘1 exp [𝛾 ∫
𝑡1

0

𝑑𝜏
𝜓2(𝜏)] ,

𝛾 is a positive constant depending on 𝑛, 𝑎0, 𝐴, 𝐵, 𝑐0, Ψ, 𝑁 .

Proof. Consider in 𝐺2 the function
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𝑣(𝑥, 𝑡) = 𝑦(𝑥, 𝑡)𝑒−𝜆(𝑡) = cos2 𝜋𝑟2

2𝜓2(𝑡)𝑒−𝜆(𝑡),

where 𝜆(𝑡) > 0, 𝜆′(𝑡) > 0. For brevity put 𝜉 = 𝜋𝑟2/2𝜓2(𝑡). We have in 𝐺2

𝑒𝜆(𝑡)ℒ𝑣 =
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡) 𝜕2𝑦
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑖=1

𝑏𝑖(𝑥, 𝑡) 𝜕𝑦
𝜕𝑥𝑖

+ 𝑐(𝑥, 𝑡)𝑦 − 𝜕𝑦
𝜕𝑡 + 𝑦𝜆′(𝑡)

= 2𝜋2

𝜓4(𝑡) sin2 𝜉
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝑥𝑖𝑥𝑗 − 2𝜋2

𝜓4(𝑡) cos2 𝜉
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝑥𝑖𝑥𝑗

− 2𝜋
𝜓2(𝑡) sin 𝜉 cos 𝜉

𝑛
∑
𝑖=1

𝑎𝑖𝑖(𝑥, 𝑡) − 2 cos 𝜉 sin 𝜉 𝜋
𝜓2(𝑡)

𝑛
∑
𝑖=1

𝑏𝑖(𝑥, 𝑡)𝑥𝑖

+ 𝑐(𝑥, 𝑡) cos2 𝜉 − 2 cos 𝜉 sin 𝜉 𝜋𝑟2𝜓′(𝑡)
𝜓3(𝑡) + cos2 𝜉 𝜆′(𝑡).

For
√

1 − 𝛼 𝜓(𝑡) ≤ 𝑟 < 𝜓(𝑡) we have, for any 𝜆(𝑡) > 0 for which 𝜆′(𝑡) > 0,

𝑒𝜆(𝑡)ℒ𝑣 ≥ 2𝜋2

𝜓2(𝑡)𝑎0(1 − 𝛼) cos2 𝛼𝜋
2 − 2𝜋2

𝜓2(𝑡)𝐴 sin2 𝛼𝜋
2 − 2𝜋𝑛𝐴

𝜓2(𝑡) sin 𝛼𝜋
2

− 2𝜋𝐵
𝜓(𝑡) sin 𝛼𝜋

2 − 𝑐0 sin2 𝛼𝜋
2 − 2𝜋𝑁

𝜓(𝑡) sin 𝛼𝜋
2

≥ 1
𝜓2(𝑡) [2𝜋2𝑎0(1 − 𝛼) cos2 𝛼𝜋

2 − 2𝜋2𝐴 sin2 𝛼𝜋
2 − 2𝜋𝑛𝐴 sin 𝛼𝜋

2
−2𝜋𝐵Ψ sin 𝛼𝜋

2 − 𝑐0Ψ2 sin2 𝛼𝜋
2 − 2𝜋𝑁Ψ sin 𝛼𝜋

2 ] = 𝑅
𝜓2(𝑡) .

If 𝛼 > 0 is sufficiently small, then 𝑅 > 0; the constant 𝛼 depends on
𝑎0, 𝐴, 𝐵, 𝑐0, Ψ, 𝑁, 𝑛.

Put
𝛽 = sin2 𝛼𝜋

2 .

For 0 ≤ 𝑟 ≤
√

1 − 𝛼 𝜓(𝑡) we have

𝑒𝜆(𝑡)ℒ𝑣 ≥ −2𝜋2𝐴
𝜓2(𝑡) − 𝜋2𝑛𝐴

𝜓2(𝑡) − 𝐵𝜋2

𝜓(𝑡) − 𝑐0 − 𝜋2𝑁
𝜓(𝑡) + 𝛽𝜆′(𝑡)

> 1
𝜓2(𝑡) [−𝜋2𝐴(𝑛 + 2) − 𝐵𝑛2Ψ − 𝑐0Ψ2 − 𝜋2𝑁Ψ + 𝜓2𝛽𝜆′(𝑡)] = 𝑇

𝜓2(𝑡) .

Set
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𝜆(𝑡) = 𝜔
𝛽 ∫

𝑡

𝑡1

𝑑𝜏
𝜓2(𝜏) ,

then

𝜆′(𝑡) = 𝜔
𝛽

1
𝜓2(𝑡) ,

𝑇 = −𝜋2𝐴(𝑛 + 2) − 𝐵𝜋2Ψ − 𝑐0Ψ − 𝜋2𝑁Ψ + 𝜔 > 0,

if 𝜔 > 0 is sufficiently large. By the lemma, on 𝐵𝑡1

𝑢(𝑥, 𝑡) ≥ 𝑘1 cos2 𝜋𝑟2

2𝜓2(𝑡1) ,

therefore, on 𝐺𝑡1
2 ∖ 𝐺𝑡1

2 ,

𝑢(𝑥, 𝑡) ≥ 𝑘1 cos2 𝜋𝑟2

2𝜓2(𝑡) exp [−𝛾 ∫
𝑡

𝑡1

𝑑𝜏
𝜓2(𝜏)] = 𝑘1𝑣(𝑥, 𝑡) (𝛾 = 𝜔

𝛽 > 0) . (4)

Since ℒ𝑣 > 0 in 𝐺𝑡1
2 , inequality (4) is valid in 𝐺𝑡1

2 . The theorem is proved.

Clearly, Theorems 1 and 2 are valid for quasilinear parabolic equations.

The author expresses deep gratitude to E. M. Landis for supervising the work.

Moscow State University
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Received
14 XI 1961

REFERENCES
1. L. Nirenberg, Comm. Pure and Appl. Math., 6, 167 (1953).

2. A. Friedman, J. Math. and Mech., 8, No. 1, 57 (1959).

3. A. M. Il’in, Uspekhi Mat. Nauk, 16, issue 2 (98), 115 (1961).

4. Yu. N. Cheremnykh, Izv. AN SSSR, ser. matem., 23, 913 (1959).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.05826 Machine Translation

https://sovietrxiv.org/items/ru-196201.05826

	Abstract
	Full Text
	MATHEMATICS
	Yu. N. CHEREMNYKH

	ON THE BEHAVIOR OF THE SOLUTION OF THE FIRST BOUNDARY-VALUE PROBLEM WITH ZERO BOUNDARY CONDITIONS FOR A GENERAL PARABOLIC EQUATION
	REFERENCES


