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MATHEMATICS
M. A. Aleksidze

ON THE DIFFERENTIAL PROPERTIES OF THE
SOLUTION OF THE DIRICHLET PROBLEM FOR
DOMAINS WITH CORNERS
(Presented by Academician S. L. Sobolev on 24 II 1962)

In the present note the following question is solved: do there exist, or do there
not exist, sufficiently smooth solutions, not written out explicitly, of the prob-
lems

Δ𝑢 = 0 in 𝑅, (1)

𝑢∣𝐴𝐵 = 𝑃𝑛1
(𝑠), 𝑢∣𝐵𝐶 = 𝑃𝑛2

(𝑠), 𝑢∣𝐶𝐷 = 𝑃𝑛3
(𝑠), 𝑢∣𝐴𝐷 = 𝑃𝑛4

(𝑠);

Δ𝑣 = 𝑃𝑚(𝑥, 𝑦) in 𝑅,

𝑣∣𝐴𝐵 = 𝑣∣𝐵𝐶 = 𝑣∣𝐶𝐷 = 𝑣∣𝐴𝐷 = 0, (2)

where 𝐴𝐵, 𝐵𝐶, 𝐶𝐷, 𝐴𝐷 are the sides of the rectangle 𝑅; 𝑃𝑚(𝑥, 𝑦) is a polyno-
mial of order 𝑚 in 𝑥 and 𝑦; 𝑃𝑛𝑖

(𝑠) (𝑖 = 1, 2, 3, 4) are polynomials of order 𝑛𝑖 in
the parameter 𝑠.

Let us note that if, in problems (1), (2), 𝑅 is a domain with analytic boundary,
then the solution of these problems has derivatives of every order (1), although
it is not always possible to write it out explicitly.

Let 𝑛 = max𝑖 𝑛𝑖, 1 ⩾ 𝛼 > 0.

Theorem 1. If 𝑢 ∈ 𝑊 𝑛
∞𝐻𝛼(𝑅) (2), then 𝑢 is a harmonic polynomial.

From Theorem 1 it follows directly that if 𝑢 ∈ 𝑊 𝑛
∞𝐻𝛼(𝑅), then 𝑛1 = 𝑛2 =

𝑛3 = 𝑛4, and if min𝑖 𝑛𝑖 = 𝑛̄ ≠ 𝑛, then 𝑢 ∈ 𝑊 𝑟
∞𝐻𝛼(𝑅), where 𝑟 ⩽ 𝑛̄ for odd

𝑛̄, and 𝑟 ⩽ 𝑛̄ + 1 for even 𝑛̄. Note also that for 𝑢 ∈ 𝑊 𝑛
∞𝐻𝛼(𝑅), 𝑢 will be a
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harmonic polynomial of order 𝑛 for even 𝑛, while for odd 𝑛, 𝑢 may be a harmonic
polynomial of order (𝑛 + 1).
The proof of Theorem 1 is based on the results of S. M. Nikol’skii (3).
Theorem 2. If 𝑣 ∈ 𝑊 𝑚+2

∞ 𝐻𝛼(𝑅), then 𝑣 is a polynomial of order (𝑚 + 2).
Let the separate pieces of the piecewise smooth boundary Γ of an arbitrary
domain Ω belong to the class 𝐻𝑟+2+1/𝑝

∞ (2) and be joined to one another at the
points 𝑠𝑘 by rectilinear ends at angles 𝜔(𝑠𝑘) = 𝜋/𝑗𝑘, where 𝑗𝑘 are integers. Then
from the results of V. V. Fufaev (4) the following theorem follows directly:

Theorem 3. In order that the solution of the problem

Δ𝑢 = 𝜑(𝑥, 𝑦) in Ω,

𝑢 = 0 on Γ

belong to the class 𝑊 (𝑟)
𝑝 𝐻𝛼(Ω), it is necessary and sufficient that all particular

solutions 𝑢𝜉 ∈ 𝑊 (𝑟1)
𝑝 𝐻𝛼1(Ω), where 𝑟 + 𝛼 ⩽ 𝑟1 + 𝛼1, of the equation Δ𝑢𝜉 =

𝜑(𝑥, 𝑦).
where 𝜑̄(𝑥, 𝑦) in Ω coincides with 𝜑(𝑥, 𝑦), satisfying, for all 𝛾 = 0, 1, … for which
𝛾𝑗𝑘 < 𝑟 + 𝛼 − 1/𝑝, the following relations on the boundary Γ:

𝑢(𝛾𝑗𝑘)
𝜉 [𝑥𝑞(𝑠𝑘 + 0), 𝑦𝑞(𝑠𝑘 + 0)] = (−1)𝛾𝑢(𝛾𝑗𝑘)

𝜉 [𝑥𝑣(𝑠𝑘 − 0), 𝑦𝑣(𝑠𝑘 − 0)],

where 𝑥𝑞(𝑠), 𝑦𝑞(𝑠) and 𝑥𝑣(𝑠), 𝑦𝑣(𝑠) are the equations of the separate pieces of the
boundary, and the derivatives 𝑢(𝛾𝑗𝑘)

𝜉 with respect to the parameter 𝑠 are taken
along the rectilinear segments forming the angle 𝜔/𝑗𝑘.

In addition to Theorem 3, in the proof of Theorem 2 the following easily verified
propositions are used:

1. A particular solution of the equation Δ𝑢 = 𝑎𝑥𝑚𝑦𝑛, where 𝑚 and 𝑛 are
positive integers and 𝑎 is a constant, will be

𝑢 = 𝑎(−1)(𝑛−1)/2

(𝑚 + 2)(𝑚 + 1)𝐶𝑛
𝑚+𝑛+2

𝑃𝑚+𝑛+2,𝑠, 𝑛 odd;

𝑢 = 𝑎(−1)𝑛/2

(𝑚 + 2)(𝑚 + 1)𝐶𝑛
𝑚+𝑛+2

𝑃𝑚+𝑛+2,𝑠, 𝑛 even,

where
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𝑃𝑖,𝑗 =
𝑗/2
∑
𝑟=0

(−1)𝑟𝐶2𝑟
𝑖 𝑥𝑖−2𝑟𝑦2𝑟, 𝑗 even;

𝑃𝑖,𝑗 =
(𝑗−1)/2

∑
𝑟=0

(−1)𝑟𝐶2𝑟+1
𝑖 𝑥𝑖−2𝑟−1𝑦2𝑟+1, 𝑗 odd.

2. Let {𝑃1(𝑥, 𝑦), 𝑃2(𝑥, 𝑦), … , 𝑃𝑠(𝑥, 𝑦)} be a linearly independent system
of polynomials. In order that the system {Δ𝑃1, Δ𝑃2, … , Δ𝑃𝑠} be
linearly independent, it is necessary and sufficient that the system
{𝑃1, 𝑃2, … , 𝑃𝑠, 𝑃𝑟}, where 𝑃𝑟 is a harmonic polynomial, also be linearly
independent.

If in (2) 𝑚 = 0 or 𝑚 = 1, then 𝑣 ∈ 𝑊 1
∞𝐻𝛼(𝑅), where 𝛼 is any number less than

one. For 𝑚 = 2, in order that 𝑣 ∈ 𝑊 1
∞𝐻𝛼(𝑅), where 𝛼 > 0, it is necessary, as

follows from Theorem 3, that 𝑃𝑚(𝑥, 𝑦) ≡ 𝑐[𝑥2 − 𝑎𝑥 + 𝑦2 − 𝑏𝑦], where 𝑎 and 𝑏 are
the sides of the rectangle 𝑅, and 𝑐 is an arbitrary constant; but then, as follows
from Theorem 2,

𝑣 = 𝑐
2 [𝑥, 𝑦(𝑥 − 𝑎)(𝑦 − 𝑏)].
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