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In the present note the following question is solved: do there exist, or do there
not exist, sufficiently smooth solutions, not written out explicitly, of the prob-
lems

Au=0 in R, (1)

Ul = Pu,(8), |y =P (s), ul, =P (s), ul,, =P, (s);

Av=P, (z,y) in R,

v =,

:v]

0, (2)

AB :v|BC AD

where AB, BC,CD, AD are the sides of the rectangle R; P, (x,y) is a polyno-
mial of order m in z and y; P, (s) (i = 1,2,3,4) are polynomials of order n; in
the parameter s.

Let us note that if, in problems (1), (2), R is a domain with analytic boundary,
then the solution of these problems has derivatives of every order (1), although
it is not always possible to write it out explicitly.

Let n = max;n;, 1 > a > 0.
Theorem 1. If u € W2 H*(R) (%), then u is a harmonic polynomial.

From Theorem 1 it follows directly that if u € W2 H*(R), then ny = n, =
ng = ny, and if min;n; = n # n, then v € W, H*(R), where r < n for odd
n, and r < n + 1 for even n. Note also that for u € W2 H*(R), v will be a
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harmonic polynomial of order n for even n, while for odd n, v may be a harmonic
polynomial of order (n + 1).

The proof of Theorem 1 is based on the results of S. M. Nikol’ skii (3).
Theorem 2. If v € W*2H%(R), then v is a polynomial of order (m + 2).

Let the separate pieces of the piecewise smooth boundary I' of an arbitrary

domain 2 belong to the class Hg”l/p (?) and be joined to one another at the

points s;, by rectilinear ends at angles w(s) = 7/jj, where j, are integers. Then
from the results of V. V. Fufaev (%) the following theorem follows directly:

Theorem 3. In order that the solution of the problem

Au=p(z,y) inQ,

u=0 onT

belong to the class WISMH *(€), it is necessary and sufficient that all particular
solutions u, € WZSMHQI(Q), where r + a < 7y + a4, of the equation Au, =
o, y).

where @(z,y) in Q coincides with ¢(x,y), satisfying, for all v = 0, 1, ... for which
Yip < 7+ a—1/p, the following relations on the boundary I':

u(g"/jk)[xq(sk +0), yy(s, +0)] = (—1)7ugrik>[%(sk —0), y,(s, —0)],

where z,(s),y,(s) and ,(s), y,(s) are the equations of the separate pieces of the

boundary, and the derivatives w7 with respect to the parameter s are taken

along the rectilinear segments forming the angle w/j,.

In addition to Theorem 3, in the proof of Theorem 2 the following easily verified
propositions are used:

1. A particular solution of the equation Au = ax™y", where m and n are
positive integers and a is a constant, will be

a(_l)(n—l)/2
 (m+2)(m+ 10,

Pm+n+27s7 n Odd7

a<71>n/2
‘T (m+2)(m+1)C» Pm+n+2,37 n even,

m+n+2

where
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J/2
P . = Z(—I)T'Cf"xi_27'y2", j even;

]

r=0
(3—1)/2
131'.,]' _ Z (71)rci2r+11,i72r71y2r+1’ j odd.

=0

T
2. Let {Py(z,y), Py(z,y),..., P,(x,y)} be a linearly independent system
of polynomials. In order that the system {AP;,AP,,...,AP,} be
linearly independent, it is necessary and sufficient that the system
{P, P,,..., P,,P.}, where P, is a harmonic polynomial, also be linearly
independent.

If in (2) m =0 or m = 1, then v € WL H*(R), where « is any number less than
one. For m = 2, in order that v € WL H¥(R), where a > 0, it is necessary, as
follows from Theorem 3, that P, (z,y) = c[x? —azx + y* — by|, where a and b are
the sides of the rectangle R, and c is an arbitrary constant; but then, as follows
from Theorem 2,

v=Sla.y(e —a)(y—b))
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