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Abstract

Full Text
Academician A. I. MAL’ TSEV

STRICTLY RELATED MODELS AND RECUR-
SIVELY PERFECT ALGEBRAS

The present note arose in connection with the following question of A.
Mostowski, formulated in the book (!) on p. 84. Consider the arithmetic

S=({0,1,2,...},+, x)

and ask whether it is possible to define on the natural number series a binary
operation * and to fix natural numbers a, ..., a, in such a way that the following
conditions are simultaneously satisfied: 1) the natural number series must be
a group with respect to the operation *; 2) the relation x x y = z must be
representable by a formula of the restricted predicate calculus on S; 3) the
relations © +y = z and x X ¥y = z must be representable by formulas of the
restricted predicate calculus on the group

({0,1,2,..},%,aq, ..y ap)

with distinguished elements ay,...,a,. Below a solution is given of a general
problem related to the problem of A. Mostowski just mentioned. From this
solution, as an accompanying result, there also follows a positive answer to A.
Mostowski’ s question.

1. Strict relatedness of models. Let K, K, be arbitrary classes of models
of signatures, respectively,

01 = {Plv"'> saalv--~7ap}

and
02 = {Q17 ceey Qt’ b17 ceey b }.

By &; (i = 1,2) denote the totality of all formulas of the restricted predicate
calculus having signature o;. By X(K,) denote the subset of those closed for-
mulas from §; which are true on every model of the class K,;. Let %(z) be
some formula from §,, containing only one free object variable x. To assign a
homomorphism ¢ of the set §; into §, means to associate with each predicate
symbol P;(zy,...,, ) a definite formula

Pi(xy, sy

from §,, and with each individual object symbol a; to associate some formula
2;(z) from §, with one free object variable z. If §) is a formula from §;, then
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by $¥ we shall denote the formula from §, obtained from § by the following
transformations: 1) instead of P;(ay, ..., a, ) in §, everywhere write

Bi(ar,....a, )

2) the quantifiers in $) are restricted to the set R of those elements = for which
R(z) is true; 3) if, in the formula £, obtained after transformations 1), 2), there
are individual signs ay, ..., a,, then in place of £, write the formula

(3ay ...a,)(H; & Ai(ar) & - & A (a,)),

which will be the required formula $¥.

The homomorphism ¢ of §; into §, is called a relative JR-interpretation of K;
in K, (see (1)), if
2(K,)? € 5(Ky).

A relative R-interpretation is called simply an interpretation if JR(x) is identi-
cally true on K,. The classes of models K, K, are called related if there exist
an interpretation ¢ of K, in K, and an interpretation 1 of K, in K; such that

(H7Y & H) € X(K,), (6 8)eX(K,) (HEF, EF,): (1)
(x=a; <+ Qlj(a:)w) e ¥(K,) (x=1b; < B;(2)?) € B(Ky). (2)
Let ¢ be an MR-interpretation of K, in Ko,

N = (N;Qy, s Qpy by o, by)

be some Ky-model. The model

m%ﬁ = <m;<’p1""7f’psvm17"'vmp>a

where R is the totality of those elements of N for which 2R (z) is true, we agree
to denote by 91¥. The MR-interpretation ¢ we agree to call

to be called isomorphic if for every model 9 from K, in K, there exists a
model T such that 91¥ is isomorphic to 9. The classes K; and K, will be
called strictly related if there are isomorphic interpretations ¢ of K, in K,
and interpretations ¢ of K, in K, satisfying conditions (1), (2).

The notions set forth will be applied below to the case in which K; and K,
contain only one model each.

Sec. 2. Recursively perfect algebras. A one-to-one mapping « of a certain
set of natural numbers D, onto the universe M of the model

M= (M; Pp,.., P, ay,...,a,)

is called a numbering of 9. The numbering « is called recursive (%) if D,
is recursive and all predicates P, ..., P, under « are transformed into recursive
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relations on D,. We shall call a model 9t recursively stable if all its recursive
numberings are recursively equivalent to the numbering . In (?) it is shown
that every recursively numbered finitely generated algebra is recursively stable.
However, an algebra not having a finite number of generators may also possess
recursive stability.

Theorem 1. Fvery field K that is a finite extension of the field of rational
numbers, every group SL(n,K) over such a field K for n > 2, and also the
group RSL(n, K) of all triangular matrices from SL(n, K), and every complete
nilpotent torsion-free group of finite rank, are recursively numberable recursively
stable algebras.

The proof is easily carried out directly for fields K and nilpotent groups. The
main stages of the proof for the groups SL(n, K) and RSL(n, K) are indicated
below in Sec. 3.

A recursively numbered model or algebra is called recursively perfect if it is
infinite and every recursive predicate defined on this model is representable by
a formula of the restricted predicate calculus. Goédel’ s theorem (1) shows that
arithmetic S is a recursively perfect algebra. The definition also immediately
implies

Theorem 2. Any two recursively perfect models are strictly related to each
other.

A relative fR-interpretation ¢ of the model

M= (M; P,.., P, ay,...,a,)

R

in the model
N=(N; Qq,...,Q, bl,...,bq>,

which has a recursive numbering 3, will be called recursive if the relations

P;P:‘Bi(xla'naxn.) (2:1775)

and PR(z) are recursive in the numbering .

Theorem 3. Suppose there exists a relative isomorphic and recursive interpre-
tation ¢ of a recursively perfect model

M= (M; P,..,P,)
in a recursively numbered model
N=(N; Qp,..., Q4 by, ..., by),
and suppose there exists a formula of first degree

L[(.’I,‘, xlv 7xr)7
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representing a one-to-one recursive mapping of a certain set & of sequences
(@1, ..., x,) of elements of | onto the whole model M. Then the model N is
strictly related to M. If, moreover, the model N is recursively stable, then it is
also perfect.

Proof. Let

The model
9:nO = <ma 5’1317 7;Bs>

is recursive and abstractly isomorphic to the perfect model 9. Therefore the
model 9, is also perfect. The set & is recursively enumerable. Therefore there
exists on R a recursive relation

%(.’E, Tyyeee 7xr>a

which maps R one-to-one onto &. Since the model 9N, is perfect, the relation
B is representable by a formula of the restricted predicate calculus. But then
the formula

W(x,y) Lg (Fzq,...,x,) (/\%(1‘)\) & B(z; xq,...,2,) & U(y; xl,...,xr))
A

represents a one-to-one recursive mapping of R onto N. Con-

assuming, by definition,

af _, df
Piw = P/(xq,... ,xni) = (Jy, ...yni)(%(yl,xl) & ...

we see that 1 is an isomorphic and recursive interpretation of 99t on the model
M. Therefore the model M, = (N; Py, ..., P.) is perfect. Recursive predicates

@, are defined on the model Mt;. By the perfection of 9,, the predicates @),
are formally expressible through P;.

Thus, the models 2 and 9N are strictly related and, moreover, on D1 every
recursive relation is formally representable. Therefore, if it is known that 91 is
recursively stable, then it will also be recursively perfect.

Corollary. The ring of rational integers, as well as any finite extension of the
field of rational numbers having no nontrivial automorphisms, are recursively
perfect algebras.

Indeed, if K is a finite extension of the field of rational numbers and € is a
primitive element of K, then, according to J. Robinson (), there exists a formula
M(x) selecting in K the rational numbers, while the formula
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Y (30)(w =2y + 00+ . 42,07 & f(6) =0),

sy, ., 2)
gives a one-to-one mapping of R onto the set of systems (x4, ..., z,,) of rational
numbers (f is an irreducible polynomial whose root is 8, and n is the degree of

f)-

§ 3. Linear groups.

According to a remark of A. Mostowski (1), the automorphism groups of strictly
related models are isomorphic. Recursively perfect algebras have no identical
automorphisms, whereas all infinite groups have them. Therefore only groups
with at least two distinguished elements can be recursively perfect; and such
groups, as the following theorem shows, do indeed exist.

Theorem 4. The groups SL(n, K) and RSL(n,K) over a recursively perfect
field K, with distinguished matrices A, B, are recursively perfect for n > 3.

Here SL(n, K) is the group of matrices of order n with determinant one and
entries from K; RSL(n, K) is the group of all triangular matrices from SL(n, K);
A is the Jordan cell with ones on the diagonal; B is the transposed cell for A
in the case of the groups SL(n,K), and B is an arbitrary diagonal matrix
of “general” form from SL(n,K) in the case when the groups RSL(n, K) are
considered.

We shall indicate the general course of the proof for the groups RSL(3, K) and
SL(3,K). Similar arguments also apply to matrix groups of higher order. The
recursive numbering of the field K naturally induces a recursive numbering of
the group SL(3, K), which we shall have in mind below.

First consider the group RSL(3, K) with fixed matrices

A=ey +egt+ez3tent e

and
B = byey; + byegy + byegy,  where byby " # byby™.
Putting

4

R(X) = (IY)(AY = YA & YBAB™! = BAB 'Y & Y? = X),

R(X)ZX2=E& X+ E & XA= AX,
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R, (X) 2 @Y)(9R, (V) & X = Ay Aly),

we see that 2R consists of matrices of the form E 4 ae;3, while 2, contains only
the matrix E + e,5, where E = e;; + €45 + €35. Now putting (see (%))

7=xov¥7=xv,

Z=XoY L (3UVW)(UB = BULVB = BV&R,(W)&UW =
= XU&VW = YV&UVW = ZUV),

we obtain a recursive R-interpretation of K in RSL(3, K) with the isomorphism
a — E + ae, 4 of the field K onto the field (R; @, o).

Using certain particular properties of triangular matrices, it is not hard to con-
struct a formula $(X; X, Xoo, X33, X719, X135, Xo3), true only for matrices of
the form X;; = E + a;e;;, X = Y ae; (i < j, [[a; = 1), and, conse-
quently, mapping the group RSL(3,K) one-to-one onto the collection of se-

quences (X1, Xo9, X33, X135, X109, Xog) Of elements of the set R.

In order to satisfy the conditions of Theorem 3 and thereby prove the perfection
of the group RSL(3,K), it remains only to prove the recursive stability of this
group. The recursive numeration of the field K induces a natural recursive nu-
meration « of the group RSL(3,K). Let 8 be any other recursive numeration
of this group. From the form of the formula 2(z) and of the formulas for &
and o, we easily conclude that the set R and the operations &, o are recursive in
any recursive numeration of RSL(3,K). Since the model (R; @, o) is recursively
perfect, the numerations a and S on it are recursively equivalent, i.e. there
exists an algorithm .4 which, from the number of any element of R in one of
the numerations «, 8, finds its number in the other numeration. From the con-
struction of the above-mentioned formula 4 one can extract an algorithm B for
finding the number of a matrix X from the numbers of its “coordinate” matrices
X;; (i <j) in any recursive numeration of the group under consideration. Now,
knowing the a-number of some matrix X of this group, we find the a-numbers
of the matrices X;; by means of the algorithm 3. Using the algorithm A4, we
find the S-numbers of the matrices X;;, and by means of the algorithm B we
find the S-number of X. Thus the recursive perfection of the group RSL(3,K)
with distinguished elements A, B is proved.

Let us now consider the group SL(3,K) with distinguished matrices A = E +
€19 + €93 and A" = E 4 ey, + e3,. The formulas

PX) L XAXTA= AXAXT,  P(X) L xAX A = A XAX
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single out in SL(3, K), respectively, the subgroup G; of upper triangular matri-
ces and the subgroup G, of lower triangular matrices whose diagonal satisfies
a certain condition. The formula P(X)&P'(X)& XA # AXC singles out in
SL(3,K) the collection of diagonal matrices of the form we,; + azeyy + a’wess,
where a® # 1, 2343 = 1. Any matrix permutable with a matrix of the indicated
form, but not itself having this form and different from FE, can be taken as the
matrix B for the construction in the groups G, and G, with the aid of the matri-
ces A, A’, of “coordinatizing” formulas $; (X; X, Xog, X33, X19, X135, Xo3) and
o (X5 X1, Xog, X33, Xo1, X371, X32). Finally, using the fact that every matrix of
SL(3,K) is representable in the form Y, Y, Y, Y, Y, (V1,5 Y, € Gy YV, Y, € Gy)
and knowing the formulas 4, and i,, it is easy to construct a coordinatizing
formula for the group SL(3,K) itself. The recursive stability of SL(3,K) is
easily obtained from the recursive stability of the subgroups G; and G,.
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