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Let D; > (0,0) be a bounded, complete bicircular domain whose boundary
is twice continuously differentiable and analytically convex from the outside,
and such that the curve corresponding in the “absolute quadrant-plane” to the
boundary of D; is convex or straight. As A. A. Temlyakov proved (1), the
boundary of this domain is parametrically given in the form

where 7, (0) =0, 7,(1) < 00, 0 < r{(7) < (or =) ry (7)1 in (0,1];

ro(T) = exp [—/i dlnr ()|, ro(1) = 0.

The hypersurface (1) has the following property:
Property 1. In the “absolute quadrant-plane” the curve (1) is the envelope of

the family of straight lines
Ol (-l =1 0<r <L,

and is situated under the envelope (?).
We introduce for consideration the following classes of functions.

Mp, (Mpg) is the class of functions regular in D; (in the bicylinder E{|w| <
Ry, |2| < Ry}) F(w,z), F(0,0) = 1, satisfying in D, (F) the condition

where
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L[F(w,z)] = F(w, 2) + wF, (w, z) + 2F.(w, z). (2)

Np, (Ng) is the class of functions F(w,z2) regular in D; (£), F(0,0) = 1,
satisfying in D, (F) the condition

L{L[F(w, )]
Re( L[F(w,2)] ) =0

The operator (2) was introduced into the study of functions of two complex
variables by A. A. Temlyakov (). In the present note the classes M p, (Mg),
Np, (Ng) are studied from the point of view of estimates.

§ 1. Theorem 1. If the function

F(w,2) = Z QW™ € My,

m,n=0

then, for m +n > 0,

|@pn| < (m+n+1)R™Ry™,

Proof. Since, by the definition of the class M, the function F(w, z) is regular in
E, it follows, on the one hand, that the function F'(pw, pz) (0 < p < 1) is regular
in the closed bicylinder E and, consequently, by virtue of A. A. Temlyakov’ s
integral formula (3),

27 27
Gy = (477" BT RY) / dt / blpe?, eiltmmemil i (3)
0 0

where (pe'?,t) = F(Rype'®, Rype’®); on the other hand, the function
Py (pC,t) = ptb(p¢,t) (0 < p < 1), for any fixed value of the parameter t,
0 <t < 2m, is regular in the closed disk |{| < 1, and therefore, by Cauchy’ s
formula,

27
[(m+4n+ 1)!}71¢§?7:Fnt}>(07 t) = (2mp™tn) L / Y(pet®, t)etlmtn)e—nt] qo,
0
(4)

From the fact that F'(w, z) € My, it follows that the function v, (¢, t) (¢(0,t) =
0, ¥1,(0,t) = 1), as a function of (, for any fixed value of the parameter ¢,
0 <t < 2, is regular in the disk |{| < 1 and satisfies there the condition
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fe (Ciifiif) -0

Consequently, by (4), the function 9, ({,t) = {4+, as a function of one complex
variable ¢ for any fixed ¢, 0 < ¢t < 27, maps the disk || < 1 univalently onto a
domain star-shaped with respect to the origin, and therefore (4)

[(m +n+1)] \zp’gﬂiﬁ O <m+n+1,  m+n=12...
Then, taking formula (4) into account, from formula (3) we find the desired
estimate.

On the basis of Theorem 1 and the parametric representation of the boundary
of the domain Dy, just as Theorem 3 of the author’ s work (5), one proves:

Theorem 2. If the function

F(w,z) = Za awmz" € Mp

m,n=0

then for m +n >0

_ m _ m
] < (m+ Dt (0 1t (2,

where 00 = 1.

Theorem 3. If the function

F(w,z) = Za 2WT2" € Np,

m,n=0

(respectively Ng), then for m +mn >0

m m
< —m —n
|amn|—rl <m+n> Ty <m+n)a (5)

respectively

|@pn| < ByTRYT, (6)

where 00 = 1.

Proof. It is obvious that
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®(w,z) = L[F(w,z)] = Z (m+n+1)a,,w"z" € Mp (Mg).

m,n=0

Therefore, according to Theorem 2 (Theorem 1), we obtain (5), (6).

§ 2. Theorem 4. If the function F(w,z) € Mp , then in D; we have the
estimates:

(1+w)? <[F(w,2)] < (1-w)? (7)
1—w 14w
——— < |L[F < — 8
s < ILIPw. 2]l < s, ®
where
lw|r71(1), for z =0,
w= J 121m31(0), for w = 0,
max |7 ol +(1—71) 12 , for the remaining points of D,.

To(7T)

We shall briefly outline the proof of the theorem. Since F'(w, z) € M, b, it follows
from the definition of the class M that the function (F'(r(7)¢, ro(T)Ce ) =
¢+ -+, as a function of one complex variable (, for arbitrary fixed values of the
parameters 7,¢, 0 < 7 < 1,0 <t < 27, is regular in the disk |[¢| < 1 and satisfies
in it the condition

Consequently®, the function (F(r, ()¢, ro(7)(e™™) = ( + -, as a function of ¢,
for arbitrary fixed values of rand ¢, 0 < 7 < 1,0 < ¢t < 27, maps the disk |[(| < 1
univalently onto a domain starlike with respect to the origin. Applying to this
function the corresponding estimates for univalent functions and using, in the
subsequent course of the proof, property I, we arrive at the required estimates.

Remark 1. The estimates (7), (8), in the case of domains {a|w| + b|z| <
1; a,b > 0}, are sharp, since equality in (7), (8) can occur for the function

F(w,z) = (1 — ae’®w — be?’z) 2 9)

(o and S real).
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Theorem 5. If the function F(w,z) € Np , then in D; we have the estimates:

14w ' <|F(w,2)| < (1 —w)™, (10)

(1+w) 2 <|L[F(w,2)] <1 —w)2 (11)

It is proved in the same way as Theorem 4, but using the corresponding estimates
for convex univalent functions in the disk |{] < 1, since, as follows from the
definition of the class Np , the function (F(ry (T)¢,ro(T)Ce™™) = ¢+, as a
function of one complex variable (, for arbitrary fixed values of the parameters
7,6, 0 <7 < 1,0 <t <27 maps the disk |[¢| < 1 univalently onto a convex
domain.

Remark 2. The estimates (10), (11), in the case of domains {a|w| + b|z| <
1; a,b > 0}, are sharp, since equality in (10), (11) can occur for the function

F(w,2) = (1 —aew —be'Pz)~L. (12)

Remark 3. Theorems 4 and 5 also hold in the case of the bicylinder F, with

_ JlwlBy for (w,2) € {jwlR" > [z|Ry '} N E,
) |zIRyY for (w,z) € {|Jw|R{* < |2|R;'Y N E.

The estimates in Theorems 4 and 5 (the case of the bicylinder) are sharp for the
set of points {|w|R* = |z|Ry1} N E, since there exist functions for which they
can be attained. The form of these functions is obtained from the functions (9),
(12) by replacing ae’®w + be’?z by the expression 27! (e’ *wRT + P2 R 1).
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