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Abstract
Full Text

MATHEMATICS
A. S. FOKHT

SOME ESTIMATES NEAR THE BOUNDARY
OF A DOMAIN FOR A POLYHARMONIC
FUNCTION AND ITS DERIVATIVES DE-
FINED IN AN 𝑁-DIMENSIONAL DOMAIN
(Presented by Academician A. I. Mal’tsev on 16 VI 1962)

In the present paper, estimates will be obtained for a polyharmonic function
and its partial derivatives of arbitrary order in the 𝐿2 metric in an arbitrary
𝑁 -dimensional domain 𝐺 with boundary Γ of class 𝐶(2). The investigations are
based on the estimates obtained in the papers (1,2) and are carried out essentially
in the three-dimensional case. They are transferred to the 𝑁 -dimensional case
by analogy.

§ 1. Let 𝑁 = 3 and

Δ𝑙𝑢 = 0, (1,1)

𝑙 > 0 an integer, and let

𝐼 = ∫
𝑅

0
∫

2𝜋

0
∫

𝜋

0
𝑢2𝑟2 sin 𝜃 𝑑𝑟 𝑑𝜃 𝑑𝜑 < +∞; (1,2)

𝐼 (𝑞)
𝑟 = ∫

2𝜋

0
∫

𝜋

0
𝑢(𝑞)2𝑟2 sin 𝜃 𝑑𝜃 𝑑𝜑, (1,3)

where 𝑢(𝑞) is any mixed derivative taken of the function 𝑢 with respect to the
variables 𝑟, 𝜃, 𝜑; 𝑞 > 0 is an integer.

In the proposed paper, first, the inequality will be proved

𝐼 (𝑞)
𝑟 ⩽ 𝐶𝑙,𝑞

(𝑅 − 𝑟)2𝑞+1 𝐼. (1,4)

Next it is proved that if 𝑢 is an 𝑙-harmonic function defined in a three-
dimensional domain 𝐺 with boundary Γ ∈ 𝐶(2), then there exists a piecewise
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smooth (consisting of pieces of spheres) closed (geometric) surface 𝛾𝛿 ⊂ 𝐺,
possessing the following properties:

1) The distance 𝜌( ̄𝑥, Γ) from each point ̄𝑥 ∈ 𝛾𝛿 to Γ satisfies the inequalities

1/3𝛿 ⩽ 𝜌( ̄𝑥, Γ) ⩽ 1/2𝛿 (0 < 𝛿 < 𝛿0). (1,5)

2) For each point 𝑃 ∈ Γ there exists a unique point 𝑄 ∈ 𝛾𝛿 lying on the inner
normal to Γ drawn from 𝑃 , and 𝛾𝛿 contains no other points except

𝑄 = 𝜑(𝑃). (1,6)

3) The inequality holds

𝜇1 𝑑Γ ⩽ 𝑑𝛾𝛿 ⩽ 𝜇2 𝑑Γ (1,7)

(𝜇1, 𝜇2 are positive constants), where 𝑑𝛾𝛿 is the differential near the point 𝑄 of
any smooth piece of the surface 𝛾𝛿; 𝑑Γ is the differential of the surface near the
point 𝑃 .

surface near the point 𝑃 , corresponding to 𝑄 (see formula (1.6)). In this case
the inequality

𝐼 (𝑞)
𝛾𝛿 ⩽

𝐶∗
𝑙,𝑞

𝛿2𝑞+1 𝐼0, (1.8)

holds, where

𝐼 (𝑞)
𝛾𝛿 = ∬

𝛾𝛿

𝑢(𝑞)2 𝑑𝛾𝛿; (1.9)

𝐼0 = ∭
𝐺

𝑢2 𝑑𝐺. (1.10)

§ 2. The proof of estimates of the form (1.4) in the case when the 𝑞-th deriva-
tives are computed with respect to the variables 𝑟 and 𝜑 reduces directly to
inequalities proved in paper (1). What remains to be considered is the proof
concerning derivatives with respect to the variable 𝜃.

Lemma. Let 𝑓(𝑟) be a positive polynomial of degree 4(𝑙 − 1). Then for all
natural 𝑛 ⩾ 0 the inequality

∫
1

0
𝑟2𝑛+2𝑓(𝑟) 𝑑𝑟 ⩾ 𝜘𝑙 ∫

1

0
𝑟2𝑛+1𝑓(𝑟) 𝑑𝑟, (2.1)

holds, where 𝜘𝑙 is a positive constant depending only on 𝑙.
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Let a harmonic function be given in the unit ball (𝑁 = 3, 0 ⩽ 𝑟 < 1):

𝑣 =
∞

∑
𝑛=0

𝑟𝑛
𝑛

∑
𝑘=0

𝐴𝑛𝑘 cos 𝑘𝜑 ⋅ 𝑃 (𝑘)
𝑛 (cos 𝜃).

By virtue of the work of S. M. Nikol’skii (2), we shall have

∫
2𝜋

0
∫

𝜋

0
{

∞
∑
𝑛=0

𝑟𝑛
𝑛

∑
𝑘=0

𝐴𝑛𝑘 cos 𝑘𝜑 [𝑃 (𝑘)
𝑛 (cos 𝜃)]

(𝑞)

𝜃
}

2

𝑟 sin 𝜃 𝑑𝜃 𝑑𝜑 ⩽

⩽ 𝐶𝑞
(1 − 𝑟)2𝑞+1

∞
∑
𝑘=0

∞
∑
𝑛=𝑘

𝐴2
𝑛𝑘(𝑛 + 𝑘)!

(𝑛 + 1)2(𝑛 − 𝑘)! . (2.2)

Let us note that inequality (2.2) is valid for arbitrary numbers 𝐴𝑛𝑘 independent
of 𝜑 and 𝜃, and for any 𝑟 (0 ⩽ 𝑟 < 1).
Put

𝐴2
𝑛𝑘 = 𝐹𝑛𝑘 = [𝑎(𝑘)

1𝑛 + 𝑎(𝑘)
2𝑛 𝑟2 + ⋯ + 𝑎(𝑘)

𝑙𝑛 𝑟2(𝑙−1)]
2

, (2.3)

where 𝑎(𝑘)
𝑖𝑛 (𝑖 = 1, 2, … , 𝑙) are linear combinations of the Fourier coefficients of

the boundary values of the 𝑙-harmonic function 𝑢 on the unit ball.

Next consider

Φ𝑛𝑘 = ∫
1

0
𝑟2𝑛+1 [𝑎(𝑘)

1𝑛 + 𝑎(𝑘)
2𝑛 𝑟2 + ⋯ + 𝑎(𝑘)

𝑙𝑛 𝑟2(𝑙−1)]
2

𝑑𝑟, (2.4)

Φ∗
𝑛𝑘 = ∫

1

0
𝑟2𝑛+2 [𝑎(𝑘)

1𝑛 + 𝑎(𝑘)
2𝑛 𝑟2 + ⋯ + 𝑎(𝑘)

𝑙𝑛 𝑟2(𝑙−1)]
2

𝑑𝑟. (2.5)

By virtue of the lemma we have

Φ𝑛𝑘 < 𝜘𝑙Φ∗
𝑛𝑘. (2.6)

In paper (1) the relation

|𝐹𝑛𝑘| ≤ 𝐶𝑙Φ𝑛𝑘(𝑛 + 1), (2,7)

valid for all 𝑛 and 𝑘 (𝐶𝑙 > 0 is a constant), was proved.
By virtue of (2,2), (2,3), (2,6), (2,7), and the known representation of a harmonic
function in a three-dimensional ball through 𝑎(𝑘)

𝑙𝑛 , we shall have
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𝐼 (𝑞)
𝑟 = ∫

2𝜋

0
∫

𝜋

0
{

∞
∑
𝑛=0

𝑟𝑛
𝑛

∑
𝑘=0

√|𝐹𝑛𝑘| cos 𝑘𝜑 [𝑃 (𝑘)
𝑛 (cos 𝜃)]

(𝑞)

𝜃
}

2

𝑟 sin 𝜃 𝑑𝜃 𝑑𝜑 ≤

≤ 𝐶𝑞
(1 − 𝑟)2𝑞+1

∞
∑
𝑘=0

∞
∑
𝑛=𝑘

𝐹𝑛𝑘(𝑛 + 𝑘)!
(𝑛 + 1)2(𝑛 − 𝑘)! ≤ 𝐶𝑙𝐶𝑞

(1 − 𝑟)2𝑞+1

∞
∑
𝑘=0

∞
∑
𝑛=𝑘

Φ𝑛𝑘(𝑛 + 1)!
(𝑛 + 1)(𝑛 − 𝑘)! <

< 𝐶𝑙,𝑞
(1 − 𝑟)2𝑞+1

∞
∑
𝑘=0

∞
∑
𝑛=𝑘

Φ∗
𝑛𝑘(𝑛 + 𝑘)!

(𝑛 + 1)(𝑛 − 𝑘)! = 𝐶𝑙,𝑞
(1 − 𝑟)2𝑞+1 𝐼,

where 𝐶𝑙,𝑞 = 𝐶𝑙𝐶𝑞𝜒𝑙, which was to be proved.

In the case 𝑁 > 3 the proof is analogous.

§ 3. For definiteness, let us take 𝑁 = 3; however, the method used is general
for any 𝑁 . Consider an arbitrary bounded three-dimensional domain 𝐺 with
boundary Γ of class 𝐶(2).

Taking as a basis the results of the work of S. M. Nikol’skii (3), near each point
𝑥0 = (𝑥0

1, 𝑥0
2, 𝑥0

3) ∈ Γ we construct a neighborhood Δ = Δ( ̄𝑥0) which cuts out
on Γ a piece 𝜎 defined by an equation explicitly expressed through one of the
coordinates. For definiteness let this equation be

𝑥3 = 𝜑(𝑥1, 𝑥2), Δ = {𝑎 < 𝑥1 < 𝑏; 𝑐 < 𝑥2 < 𝑑}, 𝜑 ∈ 𝐶(2)(Δ̄). (3,1)

Put

𝑢1 = 𝑥1 + ℎ𝛼1, 𝑢2 = 𝑥2 + ℎ𝛼2, 𝑢3 = 𝜑(𝑥1, 𝑥2) + ℎ𝛼3, (3,2)

where ℎ > 0; 𝛼𝑖 = 𝛼𝑖(𝑥1, 𝑥2) are the direction cosines of the angles formed
by the inner normal to Γ with the axes 𝑥𝑖. For sufficiently small 𝛿0 > 0, the
equalities (3,2) give a one-to-one and continuously differentiable transformation
of the points (𝑥1, 𝑥2, ℎ) ((𝑥1, 𝑥2) ∈ Δ, 0 < ℎ < 𝛿0) into the points (𝑢1, 𝑢2, 𝑢3) ∈
𝑈Δ,𝛿0

⊂ 𝐺. Define also the domain

𝑈Δ′, 𝛿0/2 ⊂ 𝑈Δ,𝛿0
, Δ′ = {𝑎 + 𝛿0

2 < 𝑥1 < 𝑏 − 𝛿0
2 ; 𝑐 + 𝛿0

2 < 𝑥2 < 𝑑 − 𝛿0
2 } .

Let

𝑥𝑖 = 𝜓𝑖(𝑢1, 𝑢2, 𝑢3), ℎ = 𝜓3(𝑢1, 𝑢2, 𝑢3) (𝑖 = 1, 2) (3,3)

be the transformations inverse to (3,2), and
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∣𝜕𝜓𝑘
𝜕𝑢𝑗

∣ ≤ 𝑀 (𝑘, 𝑗 = 1, 2, 3), (𝑢1, 𝑢2, 𝑢3) ∈ 𝑈Δ,𝛿0
.

Then, according to (3), any ball 𝜔 with center 𝑄(𝑥0
1, 𝑥0

2, 𝛿0/2) ∈ 𝑈Δ′,𝛿0/2 and
radius 𝜇𝛿0/2 belongs to the domain 𝑈Δ,𝛿0

, i.e. does not go beyond the boundary
Γ of the domain 𝐺, provided only that 0 < 𝜇 ≤ 1/3𝑀 . By the properties of
the function 𝜑(𝑥1, 𝑥2), |𝜕𝜑/𝜕𝑙| ≤ 𝐿 < +∞, where 𝑙 is any direction in the plane
(𝑥1, 𝑥2). Take 𝑇 = max(𝐿, 𝑀).
Construct on Δ′ a grid of squares with side ℎ = 𝛿0/96(1 + 𝑇 )3, and a grid
of concentric balls 𝑉 and 𝑉1 of radii 𝜌 = 7𝛿0/48(1 + 𝑇 ) and 𝜌1 = 𝛿0/8(1 + 𝑇 ),
respectively, with centers lying on the surface Γ𝛿0/2 (Γ𝜂 is the surface at distance
𝜂 from Γ along the inner normals) and projecting in the direction ℎ to the nodes
of the grid on Δ′.

On the basis of the Heine–Borel lemma, the surface Γ can be covered by a finite
number of the neighborhoods Λ( ̄𝑥0) defined above, and in each such neighbor-
hood one can construct the above-described net of balls 𝑉 and 𝑉1.

Obviously, there exists a closed (geometrically) piecewise-smooth surface 𝛾𝛿 ⊂ 𝐺
satisfying conditions (1,5) and (1,6). In addition, in the present paper it has
been shown that the balls 𝑉1 (of smaller radius) completely contain the volume
layer determined by the inequality

𝛿0
2 − 𝛿0

16(1 + 𝑇 ) ≤ ℎ ≤ 𝛿0
2 ,

whence inequality (1,7) follows. Let us also note that each ball 𝑉 of the con-
struction intersects only a finite number of balls.

Using inequality (1.4), we obtain

∬
𝛾𝛿

𝑢(𝑞)2 𝑑𝛾𝛿 <
𝑛

∑
𝜈=1

∬
𝐶𝑟𝜈

𝑢(𝑞)2 𝑑𝑆 < 𝐶𝑙,𝑞
𝛿2𝑞+1

𝑛
∑
𝜈=1

∭
𝑉𝜈

𝑢2 𝑑𝑉𝜈 <
𝐶∗

𝑙,𝑞
𝛿2𝑞+1 ∭

𝐺
𝑢2 𝑑𝐺,

which is what was required to prove. Here 𝐶∗
𝑙,𝑞 = 𝑚𝐶𝑙,𝑞, where 𝑚 is the greatest

number of balls 𝑉 of the net that intersect any fixed ball of the net; the number
𝑚 depends on 𝐺, but not on 𝛿0; 𝑛 is the total number of balls 𝑉 of the net, 𝜈
is the serial number of the ball 𝑉𝜈; 𝐶𝑟𝜈

is the full surface of the ball 𝑉1𝜈.

The estimates obtained, (1,4) and (1,8), may be used in the solution of certain
boundary-value problems, for example, in proving uniqueness of the solution of
the first boundary-value problem for a polyharmonic equation.

Moscow Institute of Physics and Technology
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