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Abstract
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MATHEMATICS
V. S. KOROLYUK

ON THE ASYMPTOTICS OF DISTRIBU-
TIONS OF MAXIMAL DEVIATIONS

(Presented by Academician A. N. Kolmogorov, 28 VIII 1961)

1. In the present note, the algorithm set forth in ! for constructing asymptotic
expansions for the distributions of maximal deviations of normalized sums
is formulated in an improved form

k
1
m=c) & <0§kén; no=0;€=> (1)
2 v

of independent identically distributed random variables &, (r > 1) with distri-
bution function P(x), either absolutely continuous or lattice, and with finite
moments of order N + 5, moreover

Mg, =0; D¢ =1  M{l=qa, (¢>3).

Denote

d

e 'P{n, = x}, in the lattice case,
pa<k’ x) =
d—P{nk < x}, in the continuous case.
x

Let z_(t) and 2z, (t) be sufficiently smooth functions on the interval 0 < ¢ < 1,
with 2_(0) < 0 < 2,(0); 2_(t) < z,(t). Introduce the joint distribution of the
sums (1), local with respect to 7,,:

k k
BE(Z_72+;$) = 5*1P{z_(ﬁ) <N < Z+<;) y 0< k < n; N, = Jj}

in the lattice case, or

d k k
Bz ,za) = %P{z,(ﬁ> < <z+(ﬁ), 0<k<n;m, s:c}
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in the continuous case.

The starting point in the algorithm is the boundary-value problem for an integral
equation with small parameter e:

Pu_(k,z) = /ug(k,x —ey)dP(y) —u.(k+1,2) =0. (2)

The required function u_(k,z) is determined by equation (2) for

H(E)eeal)

under the conditions

u.(k,z) = p.(k, ), x ¢ (z_<§>’z+(ﬁ>) (1<k<n).
Let us note that for z_ (%) <z <z (S)
B.(2; 25 2) = pe(n, 2) —u.(n, ). (4)

The last relation explains the choice of the boundary-value problem for equation
(2).
2. Suppose that a refinement of the local limit theorem holds (see, for exam-
ple, (2), Ch. 8), i.e., for sufficiently large k

N+2

p5<k7x> = pO(t’x) + Z ETpT<t,3;‘) + O(EN_?’)’ (5)
r=0

where

—6’>‘2/2, A=

(the definition of P.(—¢), see (2), Ch. 8).
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Then, in accordance with the general scheme of asymptotic analysis set forth in
(1), we have the following.

Theorem. Under the conditions of existence of the expansion (5) and under suf-
ficient smoothness of the boundary curves z_(t), z,(t), for the solution u,(k,x)
of equation (2) under conditions (3) there is the asymptotic representation

N
u (k,z) = Z e"u,.(t,x)+
r=0

N+1

+;er+1 Vi (65=5) + v (825 o), (6)

in which the regular terms of the asymptotics u,.(t,x) are determined from the
differential equations

_10%u,  Ouy

Lot = 5502 ~ 3 0

r—1
Lou, =—» L, ,u, (m=12_.N) (8)

m=0

with the conditions

u,(0,2) =0, z_(0) <z < z,(0) (0<r<N); 9)
ug(t, 2. (1)) = po(t, 24 (1)); (10)
up(t, 22 (1) = po(t, 2, (1) = ViE(£,0)  (I<r<N), (11)

and the boundary layers V£ (t, s) are determined as solutions, decreasing to zero
as s — o0, of integral equations on the half-line s > 0

PV = /Voi(t, s+y)dP(y) — Vit(t,s) = 0; (12)
PiVE=> P, VE,  (r=12.. ,N+1). (13)
m=1

with given values for s < 0:
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ViE(t s) = VE(E0) — i (Fs)” 0

[UT+17V(1§,.’E) _p’l"Jrlfl/(th)}m:z . (14)

—~ vl Ozv -
Here
Qg OFTu _ag, 0w 1 R .
Lot =~y gezets Lot = G g — g (B2 D5 (19)
_ 10V _
PorV =17 5 Py V=0 (k=1). (16)

3. The proof of the theorem is carried out by the method of upper and lower
functions in the same spirit as in the paper (!). At the same time, we note
that the solution wu(t, x) of the heat equation (7) with conditions (9) and
(10) is a sufficiently smooth function in the domain Q{0 <t <1, z_(t) <
x < z,(t)}, since

ug(t, z) = po(t, z) —pQ(t,m;QO), (17)

where pg (t,z;7,y) is the Green function of equation (1) in the domain @, and
Do (t, x) is the fundamental solution of equation (1). This ensures the smoothness
of the remaining regular terms of the asymptotics.

4. For solutions of equations (8) an integral representation with the Green
function pg(t,z;7,y) can be given. The solution of equations (12) and
(13) for the boundary layers is set out in ().

From the theorem, taking (4) and (5) into account, we obtain an asymptotic
expansion for the distribution B,(z_, z,;x). In particular, one can compute
in elementary functions the asymptotic terms for the distribution of maximal
deviations of sums (1), i.e. for the joint distribution of the random variables

n Ogll?gxn N> ﬂn = Orgnklgn My My -
For z_(t) = z_ = const and 2z, (t) = z, = const, the distribution B,(z_,z ;)

for every x (2_ < x < z,) is asymptotically representable in the form

B.(z_,z;;2) = By(z2_,2.;2) + By (2, z;2) + O(£?),

where
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o0

By(z,z30) = Y (=DFp(x —22);

=—00

o a d a;  d?
Bi(z_,z52) = Y [(33 + (‘1)k2l)k> %W(»’U —2z,) + (_ka T @%’(53 —2z)] .

k=—00

Here ¢(n) is the density of the normal distribution with zero mathematical
expectation and unit variance;

Zop, = k(zp —2.); Zop—1 = Zop T 23

par =k(py —p_);  Pap-1 = Pai P

py (p_) is the mathematical expectation of the limiting value of the first over-
shoot across the level X as X — +o0o (X — —o0) of the sequence of sums

k

& (r=1).
r=1
From the relation

B ; k k
A;E:Q;Q:P{L(f)<%<2+cvynggn
p.(n,x) n n

_—

it is easy to obtain an asymptotic expansion for the conditional (with respect
to n,,) joint distribution of the sums (1). An asymptotic representation for the
distribution

k k
B (z_,z,) [P{z_ (n)<nk<z+ (n)’ O_k_n}

is constructed from the relations

z,(1)
/ B (z_,z,;z)dx, in the continuous case,
z_(1)

Z eB.(z_,z,;x), in the lattice case.
z_(1)<z<z,.(1)

B (z_,z,) =

In conclusion, we note that the algorithm formulated in the theorem is also
applicable in the case where the original distribution of the summands depends
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on ¢ in a sufficiently smooth manner, i.e., when considering a sequence of series
of independent random variables identically distributed within each series. In
this case only the form of the operators L, and P, (r > 1) will change.
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