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Abstract
Full Text
MATHEMATICS
V. S. KOROLYUK

ON THE ASYMPTOTICS OF DISTRIBU-
TIONS OF MAXIMAL DEVIATIONS
(Presented by Academician A. N. Kolmogorov, 28 VIII 1961)

1. In the present note, the algorithm set forth in 1 for constructing asymptotic
expansions for the distributions of maximal deviations of normalized sums
is formulated in an improved form

𝜂𝑘 = 𝜀
𝑘

∑
𝑟=1

𝜉𝑟 (0 ≤ 𝑘 ≤ 𝑛; 𝜂0 = 0; 𝜀 = 1√𝑛) (1)

of independent identically distributed random variables 𝜉𝑟 (𝑟 ≥ 1) with distri-
bution function 𝑃(𝑥), either absolutely continuous or lattice, and with finite
moments of order 𝑁 + 5, moreover

M𝜉𝑟 = 0; D𝜉𝑟 = 1; M𝜉𝑞
𝑟 = 𝛼𝑞 (𝑞 ≥ 3).

Denote

𝑝𝜀(𝑘, 𝑥) =
⎧{
⎨{⎩

𝜀−1P{𝜂𝑘 = 𝑥}, in the lattice case,
𝑑

𝑑𝑥P{𝜂𝑘 < 𝑥}, in the continuous case.

Let 𝑧−(𝑡) and 𝑧+(𝑡) be sufficiently smooth functions on the interval 0 ≤ 𝑡 ≤ 1,
with 𝑧−(0) < 0 < 𝑧+(0); 𝑧−(𝑡) < 𝑧+(𝑡). Introduce the joint distribution of the
sums (1), local with respect to 𝜂𝑛:

𝐵𝜀(𝑧−, 𝑧+; 𝑥) = 𝜀−1P {𝑧−( 𝑘
𝑛) < 𝜂𝑘 < 𝑧+( 𝑘

𝑛) , 0 ≤ 𝑘 ≤ 𝑛; 𝜂𝑛 = 𝑥}

in the lattice case, or

𝐵𝜀(𝑧−, 𝑧+; 𝑥) = 𝑑
𝑑𝑥P {𝑧−( 𝑘

𝑛) < 𝜂𝑘 < 𝑧+( 𝑘
𝑛) , 0 ≤ 𝑘 ≤ 𝑛; 𝜂𝑛 ≤ 𝑥}

1As printed on the visible page.
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in the continuous case.

The starting point in the algorithm is the boundary-value problem for an integral
equation with small parameter 𝜀:

P𝜀𝑢𝜀(𝑘, 𝑥) ≡ ∫ 𝑢𝜀(𝑘, 𝑥 − 𝜀𝑦) 𝑑𝑃(𝑦) − 𝑢𝜀(𝑘 + 1, 𝑥) = 0. (2)

The required function 𝑢𝜀(𝑘, 𝑥) is determined by equation (2) for

𝑧−( 𝑘
𝑛) < 𝑥 < 𝑧+( 𝑘

𝑛)

under the conditions

𝑢𝜀(0, 𝑥) = 0, (3)

𝑢𝜀(𝑘, 𝑥) = 𝑝𝜀(𝑘, 𝑥), 𝑥 ∉ (𝑧−( 𝑘
𝑛) , 𝑧+( 𝑘

𝑛)) (1 ≤ 𝑘 ≤ 𝑛).

Let us note that for 𝑧− ( 𝑘
𝑛) < 𝑥 < 𝑧+ ( 𝑘

𝑛)

𝐵𝜀(𝑧−, 𝑧+; 𝑥) = 𝑝𝜀(𝑛, 𝑥) − 𝑢𝜀(𝑛, 𝑥). (4)

The last relation explains the choice of the boundary-value problem for equation
(2).

2. Suppose that a refinement of the local limit theorem holds (see, for exam-
ple, (2), Ch. 8), i.e., for sufficiently large 𝑘

𝑝𝜀(𝑘, 𝑥) = 𝑝0(𝑡, 𝑥) +
𝑁+2
∑
𝑟=0

𝜀𝑟𝑝𝑟(𝑡, 𝑥) + 𝑂(𝜀𝑁−3), (5)

where

𝑝0(𝑡, 𝑥) = 1√
2𝜋𝑡 𝑒−𝑥2/2𝑡, 𝑝𝑟(𝑡, 𝑥) = 𝑡−𝑟/2𝑃𝑟(−𝜑(𝜆)),

𝜑(𝜆) = 1√
2𝜋 𝑒−𝜆2/2, 𝜆 = 𝑥√

𝑡, 𝑡 = 𝑘
𝑛

(the definition of 𝑃𝑟(−𝜑), see (2), Ch. 8).
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Then, in accordance with the general scheme of asymptotic analysis set forth in
(1), we have the following.

Theorem. Under the conditions of existence of the expansion (5) and under suf-
ficient smoothness of the boundary curves 𝑧−(𝑡), 𝑧+(𝑡), for the solution 𝑢𝜀(𝑘, 𝑥)
of equation (2) under conditions (3) there is the asymptotic representation

𝑢𝜀(𝑘, 𝑥) =
𝑁

∑
𝑟=0

𝜀𝑟𝑢𝑟(𝑡, 𝑥)+

+
𝑁+1
∑
𝑟=0

𝜀𝑟+1 [𝑉 −
𝑟 (𝑡, 𝑥 − 𝑧−

𝜀 ) + 𝑉 +
𝑟 (𝑡, 𝑧+ − 𝑥

𝜀 )] + 𝑂(𝜀𝑁), (6)

in which the regular terms of the asymptotics 𝑢𝑟(𝑡, 𝑥) are determined from the
differential equations

L0𝑢0 ≡ 1
2

𝜕2𝑢0
𝜕𝑥2 − 𝜕𝑢0

𝜕𝑡 = 0; (7)

L0𝑢𝑟 = −
𝑟−1
∑
𝑚=0

L𝑟−𝑚𝑢𝑚 (𝑚 = 1, 2, … , 𝑁) (8)

with the conditions

𝑢𝑟(0, 𝑥) = 0, 𝑧−(0) < 𝑥 < 𝑧+(0) (0 ≤ 𝑟 ≤ 𝑁); (9)

𝑢0(𝑡, 𝑧±(𝑡)) = 𝑝0(𝑡, 𝑧±(𝑡)); (10)

𝑢𝑟(𝑡, 𝑧±(𝑡)) = 𝑝𝑟(𝑡, 𝑧±(𝑡)) − 𝑉 ±
𝑟−1(𝑡, 0) (1 ≤ 𝑟 ≤ 𝑁), (11)

and the boundary layers 𝑉 ±
𝑟 (𝑡, 𝑠) are determined as solutions, decreasing to zero

as 𝑠 → ∞, of integral equations on the half-line 𝑠 ≥ 0

P±
0 𝑉 ±

0 ≡ ∫ 𝑉 ±
0 (𝑡, 𝑠 ± 𝑦) 𝑑𝑃(𝑦) − 𝑉 ±

0 (𝑡, 𝑠) = 0; (12)

P±
0 𝑉 ±

𝑟 =
𝑟

∑
𝑚=1

P𝑚𝑉 ±
𝑟−𝑚 (𝑟 = 1, 2, … , 𝑁 + 1). (13)

with given values for 𝑠 < 0:
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𝑉 ±
𝑟 (𝑡, 𝑠) = 𝑉 ±

𝑟 (𝑡, 0) −
𝑟+1
∑
𝜈=1

(∓𝑠)𝜈

𝜈!
𝜕𝜈

𝜕𝑥𝜈 [𝑢𝑟+1−𝜈(𝑡, 𝑥) − 𝑝𝑟+1−𝜈(𝑡, 𝑥)]𝑥=𝑧±
. (14)

Here

L2𝑘−1𝑢 ≡ − 𝛼2𝑘+1
(2𝑘 + 1)!

𝜕2𝑘+1𝑢
𝜕𝑥2𝑘+1 ; L2𝑘𝑢 ≡ 𝛼2𝑘

(2𝑘)!
𝜕2𝑘𝑢
𝜕𝑥2𝑘 − 1

𝑘!
𝜕𝑘𝑢
𝜕𝑡𝑘 (𝑘 ≥ 1); (15)

P2𝑘𝑉 ≡ 1
𝑘!

𝜕𝑘𝑉
𝜕𝑡𝑘 , P2𝑘+1𝑉 ≡ 0 (𝑘 ≥ 1). (16)

3. The proof of the theorem is carried out by the method of upper and lower
functions in the same spirit as in the paper (1). At the same time, we note
that the solution 𝑢0(𝑡, 𝑥) of the heat equation (7) with conditions (9) and
(10) is a sufficiently smooth function in the domain 𝑄{0 ≤ 𝑡 ≤ 1, 𝑧−(𝑡) <
𝑥 < 𝑧+(𝑡)}, since

𝑢0(𝑡, 𝑥) = 𝑝0(𝑡, 𝑥) − 𝑝𝑄(𝑡, 𝑥; 0, 0), (17)

where 𝑝𝑄(𝑡, 𝑥; 𝜏 , 𝑦) is the Green function of equation (1) in the domain 𝑄, and
𝑝0(𝑡, 𝑥) is the fundamental solution of equation (1). This ensures the smoothness
of the remaining regular terms of the asymptotics.

4. For solutions of equations (8) an integral representation with the Green
function 𝑝𝑄(𝑡, 𝑥; 𝜏 , 𝑦) can be given. The solution of equations (12) and
(13) for the boundary layers is set out in (1).

From the theorem, taking (4) and (5) into account, we obtain an asymptotic
expansion for the distribution 𝐵𝜀(𝑧−, 𝑧+; 𝑥). In particular, one can compute
in elementary functions the asymptotic terms for the distribution of maximal
deviations of sums (1), i.e. for the joint distribution of the random variables

𝜂𝑛 = max
0≤𝑘≤𝑛

𝜂𝑘, 𝜂𝑛 = min
0≤𝑘≤𝑛

𝜂𝑘, 𝜂𝑛.

For 𝑧−(𝑡) = 𝑧− = const and 𝑧+(𝑡) = 𝑧+ = const, the distribution 𝐵𝜀(𝑧−, 𝑧+; 𝑥)
for every 𝑥 (𝑧− < 𝑥 < 𝑧+) is asymptotically representable in the form

𝐵𝜀(𝑧−, 𝑧+; 𝑥) = 𝐵0(𝑧−, 𝑧+; 𝑥) + 𝜀𝐵1(𝑧−, 𝑧+; 𝑥) + 𝑂(𝜀2),

where
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𝐵0(𝑧−, 𝑧+; 𝑥) =
∞

∑
𝑘=−∞

(−1)𝑘𝜑(𝑥 − 2𝑧𝑘);

𝐵1(𝑧−, 𝑧+; 𝑥) =
∞

∑
𝑘=−∞

[(𝛼3
3 + (−1)𝑘2𝜌𝑘) 𝑑

𝑑𝑥𝜑(𝑥 − 2𝑧𝑘) + (−1)𝑘 𝛼3
6 𝑥 𝑑2

𝑑𝑥2 𝜑(𝑥 − 2𝑧𝑘)] .

Here 𝜑(𝑛) is the density of the normal distribution with zero mathematical
expectation and unit variance;

𝑧2𝑘 = 𝑘(𝑧+ − 𝑧−); 𝑧2𝑘−1 = 𝑧2𝑘 + 𝑧−;

𝜌2𝑘 = 𝑘(𝜌+ − 𝜌−); 𝜌2𝑘−1 = 𝜌2𝑘 + 𝜌−;

𝜌+ (𝜌−) is the mathematical expectation of the limiting value of the first over-
shoot across the level 𝑋 as 𝑋 → +∞ (𝑋 → −∞) of the sequence of sums

𝑘
∑
𝑟=1

𝜉𝑟 (𝑟 ≥ 1).

From the relation

𝐵𝜀(𝑧−, 𝑧+; 𝑥)
𝑝𝜀(𝑛, 𝑥) = ℙ {𝑧− ( 𝑘

𝑛) < 𝜂𝑘 < 𝑧+ ( 𝑘
𝑛) , 0 ≤ 𝑘 ≤ 𝑛 ∣ 𝜂𝑛 = 𝑥}

it is easy to obtain an asymptotic expansion for the conditional (with respect
to 𝜂𝑛) joint distribution of the sums (1). An asymptotic representation for the
distribution

𝐵𝜀(𝑧−, 𝑧+) = ℙ {𝑧− ( 𝑘
𝑛) < 𝜂𝑘 < 𝑧+ ( 𝑘

𝑛) , 0 ≤ 𝑘 ≤ 𝑛}

is constructed from the relations

𝐵𝜀(𝑧−, 𝑧+) =

⎧{{
⎨{{⎩

∫
𝑧+(1)

𝑧−(1)
𝐵𝜀(𝑧−, 𝑧+; 𝑥) 𝑑𝑥, in the continuous case,

∑
𝑧−(1)<𝑥<𝑧+(1)

𝜀𝐵𝜀(𝑧−, 𝑧+; 𝑥), in the lattice case.

In conclusion, we note that the algorithm formulated in the theorem is also
applicable in the case where the original distribution of the summands depends
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on 𝜀 in a sufficiently smooth manner, i.e., when considering a sequence of series
of independent random variables identically distributed within each series. In
this case only the form of the operators 𝐿𝑟 and ̂𝑃𝑟 (𝑟 ≥ 1) will change.
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Academy of Sciences of the Ukrainian SSR

Received
1 VII 1961

References
1. V. S. Korolyuk, Probability Theory and Its Applications, 6, issue 3 (1961).

2. B. V. Gnedenko, A. N. Kolmogorov, Limit Distributions for Sums of In-
dependent Random Variables, Moscow–Leningrad, 1949.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.04144 Machine Translation

https://sovietrxiv.org/items/ru-196201.04144

	Abstract
	Full Text
	MATHEMATICS
	ON THE ASYMPTOTICS OF DISTRIBUTIONS OF MAXIMAL DEVIATIONS
	References


