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Abstract
Full Text

MATHEMATICS
Yu. L. VASIL’EV

ON IRREDUNDANT DISJUNCTIVE NOR-
MAL FORMS FOR SOME CLASSES OF
FUNCTIONS OF THE ALGEBRA OF LOGIC
(Presented by Academician S. L. Sobolev on 12 VIII 1961)

1. This note concerns the theory of disjunctive normal forms (d.n.f.) (1). The
note studies the relation between the complexity of an arbitrary irredun-
dant d.n.f. and a minimal d.n.f. of a function 𝑓 , taking into account the
dimension of the function 𝑓 . The dimension of a function 𝑓(𝑥1, … , 𝑥𝑛)
(denoted by Dim 𝑓) is defined as the maximum of the dimensions of those
subcubes of the 𝑛-dimensional unit cube on which 𝑓(𝑥1, … , 𝑥𝑛) = 1.

The principal problem in the theory of d.n.f. is the finding of minimal (with
respect to the number of conjunctions, and to the number of letters) d.n.f.’
s. Since algorithms for solving this problem require a large exhaustive search
(2), an algorithm for simplifying d.n.f.’s is widely used, consisting in obtaining
some irredundant d.n.f. of the function 𝑓 . In order to estimate how many times
the complexity of an irredundant d.n.f. can exceed the complexity of a minimal
d.n.f., let us associate with the function 𝑓 the number 𝑌 (𝑓) = max[𝐼(𝑇1)/𝐼(𝑇2)],
where the maximum is taken over all pairs of irredundant d.n.f.’s 𝑇1, 𝑇2 of the
function 𝑓 ; 𝐼(𝑇1), 𝐼(𝑇2) are the numbers of conjunctions in these d.n.f.’s. From
cardinality considerations one can establish that 𝑌 (𝑓) ⩽ 2Dim 𝑓 . At the same
time, 𝑌 (𝑓) = 2Dim 𝑓 occurs only for functions for which Dim 𝑓 = 0.

In the present note it is clarified how sharp the estimate 𝑌 (𝑓) ⩽ 2Dim 𝑓 is.
Namely, functions 𝑓𝑛(𝑥1, … , 𝑥𝑛) are constructed for which 𝑌 (𝑓𝑛) → 2Dim 𝑓𝑛 as
𝑛 → ∞, and Dim 𝑓𝑛 grows with 𝑛; moreover, Dim 𝑓𝑛 may be sufficiently close
to 𝑛, for example Dim 𝑓𝑛 > 𝑛 − [𝑛/𝑘], where 𝑘 ⩾ 2 and does not depend on
𝑛. This means that, if we take at random some irredundant d.n.f. instead of
a minimal d.n.f. for a given function 𝑓 , we may obtain a d.n.f. almost 2Dim 𝑓

times more complex than the minimal d.n.f. In (3), Theorem 3, functions were
studied whose dimension is less than half the number of variables. However,
functions whose dimension is close to the number of variables are of greatest
interest. It is precisely for such functions that the replacement of a minimal
d.n.f. by a randomly chosen irredundant d.n.f. will be least justified.

2. Let 𝐷(𝑛) be an integer-valued function, 0 ⩽ 𝐷(𝑛) ⩽ 𝑛; let 𝔐𝐷(𝑛) be
the class of functions 𝑓(𝑥1, … , 𝑥𝑛) for which Dim 𝑓 ⩽ 𝐷(𝑛); 𝑌 (𝔐𝐷(𝑛)) =
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max
𝑓∈𝔐𝐷(𝑛)

𝑌 (𝑓).

Theorem. For any integer-valued function 𝒟(𝑛), 0 ⩽ 𝒟(𝑛) ⩽ 𝑛, one can
specify such a function 𝐷(𝑛) and a class 𝔐𝐷(𝑛) that 𝐷(𝑛) ∼ 𝒟(𝑛),

𝑌 (𝔐𝐷(𝑛)) ∼ 2𝐷(𝑛).

The proof consists in constructing, for any 𝛿 > 0 and any function 𝒟(𝑛), 0 ⩽
𝒟(𝑛) ⩽ 𝑛, such a function 𝑓𝑛(𝑥1, … , 𝑥𝑛) that, for 𝑛 ⩾ 𝑛𝛿,

1 − 𝛿 ⩽ Dim 𝑓𝑛/𝒟(𝑛) ⩽ 1 + 𝛿, 𝑌 (𝑓𝑛) ⩾ 2Dim 𝑓𝑛−𝛿.

(Then, as 𝐷(𝑛), we may take Dim 𝑓𝑛.)

The construction of the function 𝑓𝑛(𝑥1, … , 𝑥𝑛) will be carried out in three stages.
First, Lemma 1 on “superpositions”of irredundant d.n.f.’s will be formulated
(Sec. 3). Then (Sec. 4), relying on Lemma 1, we shall consider Lemma 2 on
powers

support functions (definition see below), which reduces the construction of the
function 𝑓(𝑥1, … , 𝑥𝑛) to a simpler problem—the construction of support func-
tions (item 5).

3. Denote by x𝑛 the set of variables 𝑥1, … , 𝑥𝑛, and by x𝑛1
1 , x𝑛2

2 , … the sets
of variables 𝑥11, … , 𝑥1𝑛1

; 𝑥21, … , 𝑥2𝑛2
, …. Let Φ be a formula in the basis

∨, &, with parentheses. The DNF obtained from the formula Φ after
formal expansion of all parentheses will be called the DNF of the formula
Φ.

Lemma 1. Suppose there are given a function 𝑓(u𝑠), functions 𝑔1(v𝑡1
1 ), ̄𝑔1(v𝑡1

1 ), … ,
… , 𝑔𝑘(v𝑡𝑘

𝑘 ), ̄𝑔𝑘(v𝑡𝑘
𝑘 ) and, respectively, their irredundant DNFs 𝑇 (u𝑠)

and 𝑆10(v𝑡1
1 ), 𝑆11(v𝑡1

1 ), … , 𝑆𝑘0(v𝑡𝑘
𝑘 ), 𝑆𝑘1(v𝑡𝑘

𝑘 ), 1 ≤ 𝑘 ≤ 𝑠. Denote by
𝑇 (u𝑠−𝑘, 𝑆1(v𝑡1

1 ), … , … , 𝑆𝑘(v𝑡𝑘
𝑘 )) the DNF of the formula obtained by sub-

stituting in the DNF 𝑇 (u𝑠) the DNFs 𝑆𝑖𝛼(v𝑡𝑖
𝑖 ) in place of all occurrences of

𝑢𝛼
𝑠−𝑘+𝑖 in 𝑇 (u𝑠), 𝛼 = 0, 1, 𝑖 = 1, … , 𝑘. Assume that all variables 𝑢𝑠−𝑘+1, … , 𝑢𝑠

are distinct and that functions substituted in place of distinct variables themselves
have no variables in common. Then the DNF 𝑇 (u𝑠−𝑘, 𝑆1(v𝑡1

1 ), … , 𝑆𝑘(v𝑡𝑘
𝑘 )) will

be an irredundant DNF of the function 𝑓(u𝑠−𝑘, 𝑔1(v𝑡1
1 ), … , 𝑔𝑘(v𝑡𝑘

𝑘 )).
4. An irredundant DNF 𝑇 (𝑥, 𝑦, v𝑘), 𝑘 ≥ 2, will be called linear in the vari-

ables 𝑥, 𝑦 if each conjunction of the DNF 𝑇 contains one and only one
of the variables 𝑥, 𝑦. An irredundant DNF 𝑇 (𝑥, 𝑦, v𝑘) will be called non-
linear in the variables 𝑥, 𝑦 if each conjunction of the DNF 𝑇 contains
both variables 𝑥, 𝑦.

A function 𝑓(𝑥, 𝑦, v𝑘), 𝑘 ≥ 2, will be called a support function in 𝑥, 𝑦 if: a)
̄𝑓(𝑥, 𝑦, v𝑘) = 𝑓( ̄𝑥, ̄𝑦, v𝑘); b) the function 𝑓(𝑥, 𝑦, v𝑘) has an irredundant DNF
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𝔄(𝑥, 𝑦, v𝑘), linear in the variables 𝑥, 𝑦, with 𝑙(𝔄) = 2𝑘, Dim 𝔄 = 1; c) the func-
tion 𝑓(𝑥, 𝑦, v𝑘) has an irredundant DNF 𝔅(𝑥, 𝑦, v𝑘), nonlinear in the variables
𝑥, 𝑦, with 𝑙(𝔅) ≥ 2𝑘+1−𝜀(𝑘), where 𝜀(𝑘) → 0 as 𝑘 → ∞, Dim 𝔅 = 1.

For an arbitrary support function 𝑓(𝑥, 𝑦, v𝑘) and an arbitrary number of vari-
ables 𝑠, 𝑠 ≥ 1, call the function 𝐿(w𝑠) = 𝑤1 + ⋯ + 𝑤𝑠 (mod 2) the 0-th degree
of the function 𝑓(𝑥, 𝑦, v𝑘) and denote it by 𝑓0

𝑘,𝑠. If the (𝑟 − 1)-st degree of the
function 𝑓(𝑥, 𝑦, v𝑘) has already been defined and denoted by 𝑓𝑟−1

𝑘,𝑠 (w), then call
the function 𝑓(𝑓𝑟−1

𝑘,𝑠 (x), 𝑓𝑟−1
𝑘,𝑠 (y), v𝑘) the 𝑟-th degree of the function 𝑓(𝑥, 𝑦, v𝑘)

and denote it by 𝑓𝑟
𝑘,𝑠. Denote by 𝑛𝑟,𝑘,𝑠 the number of variables of the function

𝑓𝑟
𝑘,𝑠: 𝑛𝑟,𝑘,𝑠 = 2𝑛𝑟−1,𝑘,𝑠 + 𝑘 = 𝑘(2𝑟 − 1) + 𝑠 ⋅ 2𝑟.

Let 𝑇 (𝑥, 𝑦, v𝑘) be an arbitrary irredundant DNF of the support function
𝑓(𝑥, 𝑦, v𝑘). Starting from the relation ̄𝑓(𝑥, 𝑦, v𝑘) = 𝑓( ̄𝑥, ̄𝑦, v𝑘), define DNFs
for the functions 𝑓𝑟

𝑘,𝑠, 𝑟 ≥ 1, 𝑘 ≥ 2, 𝑠 ≥ 1. Namely, denote by 𝑇𝑘,0(𝑥, 𝑦, v𝑘)
an irredundant DNF 𝑇 of the function 𝑓(𝑥, 𝑦, v𝑘), and by 𝑇𝑘,1(𝑥, 𝑦, v𝑘) an
irredundant DNF 𝑇 ( ̄𝑥, ̄𝑦, v𝑘) of the function ̄𝑓(𝑥, 𝑦, v𝑘). The DNFs

⋁
𝜎1+⋯+𝜎𝑠=0( mod 2)

𝑤𝜎1
1 ⋯ 𝑤𝜎𝑠𝑠 and ⋁

𝜎1+⋯+𝜎𝑠=1( mod 2)
𝑤𝜎1

1 ⋯ 𝑤𝜎𝑠𝑠

of the functions 𝑓0
𝑘,𝑠 and ̄𝑓0

𝑘,𝑠 will be denoted by 𝑇 0
𝑘,𝑠,0 and 𝑇 0

𝑘,𝑠,1, respectively.
If the DNFs 𝑇 𝑟−1

𝑘,𝑠,0 and 𝑇 𝑟−1
𝑘,𝑠,1 have already been constructed, then as the DNFs

𝑇 𝑟
𝑘,𝑠,0 and 𝑇 𝑟

𝑘,𝑠,1 we take, respectively, the DNFs 𝑇𝑘,0(𝑇 𝑟−1
𝑘,𝑠,1(x), 𝑇 𝑟−1

𝑘,𝑠,1(y), v𝑘) and
𝑇𝑘,1(𝑇 𝑟−1

𝑘,𝑠 (x), 𝑇 𝑟−1
𝑘,𝑠 (y), v𝑘). The DNFs 𝑇 𝑟

𝑘,𝑠,0 and 𝑇 𝑟
𝑘,𝑠,1 realize the functions 𝑓𝑟

𝑘,𝑠
and ̄𝑓𝑟

𝑘,𝑠, and, by Lemma 1, are irredundant.

Lemma 2. If 𝑓(𝑥, 𝑦, v𝑘) is a support function and 𝑘 ≤ 𝑠, then Dim 𝑓𝑟
𝑘,𝑠 =

= Dim 𝑓𝑟−1
𝑘,𝑠 + 𝑛𝑘−2,𝑘,𝑠 = 𝑛0,𝑘,𝑠 + ⋯ + 𝑛𝑟−1,𝑘,𝑠, 𝑌 (𝑓𝑟

𝑘,𝑠) ≥ 2Dim 𝑓𝑟
𝑘,𝑠−2𝑟𝜀(𝑘).

The proof of the lemma is based on the fact that, by virtue of the linearity of
the DNF 𝔄 and the nonlinearity of the DNF 𝔅 of the function 𝑓(𝑥, 𝑦, v𝑘), the
number

conjunctions 𝐼(𝔅𝑟
𝑘,𝑠,0) in the d.n.f. 𝔅𝑟

𝑘,𝑠,0 grows, with the growth of 𝑛𝑟,𝑘,𝑠,
much faster than 𝐼(𝔄𝑟

𝑘,𝑠,0)—the number of conjunctions in the d.n.f. 𝔄𝑟
𝑘,𝑠,0 of

the function 𝑓𝑟
𝑘,𝑠.

Starting from Lemma 2, for any 𝛿 > 0, any 𝑛, 𝑛 ≥ 𝑛𝑠, and any function 𝒟(𝑛),
0 ≤ 𝒟(𝑛) ≤ 𝑛, one can construct such a function 𝑓𝑟

𝑘,𝑠 that

𝑛𝑟,𝑘,𝑠/𝑛 ≥ 1 − 𝛿, Dim 𝑓𝑟
𝑘,𝑠/𝒟(𝑛) ≥ 1 − 𝛿, 𝑌 (𝑓𝑟

𝑘,𝑠) ≥ 2Dim 𝑓𝑟
𝑘,𝑠−𝛿.
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Obviously, for the function

𝑓𝑛(𝑥𝑛) = 𝑓𝑟
𝑘,𝑠(𝑥𝑛𝑟,𝑘,𝑠) 𝑥𝑛𝑟,𝑘,𝑠+1𝑥𝑛𝑟,𝑘,𝑠+2 ⋯ 𝑥𝑛

the relations
Dim 𝑓𝑛/𝒟(𝑛) ≥ 1 − 𝛿, 𝑌 (𝑓𝑛) ≥ 2Dim 𝑓𝑛−𝛿

also hold. As was said in § 2, the proof of the theorem consists in constructing
precisely such a function 𝑓𝑛(𝑥1, … , 𝑥𝑛). To complete the proof fully, it remains
to construct a support function.

5. Construction of the support function. “Neighboring”tuples

(𝜎1, … , 𝜎𝑖−1, 0, 𝜎𝑖+1, … , 𝜎𝑝)

and
(𝜎2, … , 𝜎𝑖−1, 1, 𝜎𝑖+1, … , 𝜎𝑝), 𝑖 = 1, … , 𝑝,

will be denoted by 𝜎𝑖(0) and 𝜎𝑖(1), and the unordered pair of these tuples (an
“edge”of the 𝑝-dimensional unit cube) by 𝜎𝑖. The collection of all pairs 𝜎𝑖 will
be denoted by ℜ𝑝. For a tuple 𝜎 = (𝜎1, … , 𝜎𝑝) define

|𝜎| = 𝜎1 + ⋯ + 𝜎𝑝 (mod 2),

and for a pair 𝜎𝑖 define

|𝜎𝑖| = 𝜎1 + ⋯ + 𝜎𝑖−1 + 𝜎𝑖+1 + ⋯ + 𝜎𝑝 (mod 2).

We agree that 𝑥𝛼 = 𝑥 when 𝛼 = 0, and 𝑥𝛼 = ̄𝑥 when 𝛼 = 1. We shall denote
𝑥𝛼+𝛽 (mod 2) by 𝑥𝛼+𝛽, 𝛼, 𝛽 = 0, 1.

Partition the 𝑝-dimensional unit cube, 𝑝 = 2𝑞 − 1, 𝑞 = 1, 2, …, into

2𝑝

𝑝 + 1
disjoint balls of radius 1. Let 𝐶𝑝 be the set of centers of these balls, and let
𝜏 = (𝜏1, … , 𝜏𝑝) be an arbitrary tuple from 𝐶𝑝. Let

𝜋(𝑥, 𝑦, 𝑧, 𝑤) = [[𝑢𝑛𝑐𝑙𝑒𝑎𝑟 ∶ 𝑑𝑖𝑠𝑝𝑙𝑎𝑦𝑒𝑑𝐵𝑜𝑜𝑙𝑒𝑎𝑛𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑑𝑒𝑓𝑖𝑛𝑖𝑛𝑔𝜋]].

Define the functions

𝑅𝜎𝑖,𝜏(𝑧𝑝, 𝑤𝑝) =
𝑝

⋀
𝑗=1
𝑗≠𝑖

𝑧𝜎𝑗
𝑗 𝑤𝜎𝑗+𝜏𝑗

𝑗 , where 𝜎𝑖 ∈ ℜ𝑝, 𝜏 ∈ 𝐶𝑝, 𝑝 = 2𝑞−1, 𝑞 = 1, 2, … ;

𝜑𝜏(𝑧𝑝, 𝑤𝑝) = ⋁
𝜎𝑖∈ℜ

𝑅𝜎𝑖,𝜏(𝑧𝑝, 𝑤𝑝);
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𝜓𝜏(𝑥, 𝑦, 𝑧𝑝, 𝑤𝑝) = ⋁ 𝑅𝜎𝑖,𝜏(𝑧𝑝, 𝑤𝑝) 𝜋(𝑥, 𝑦, 𝑧|𝜎𝑖|+|𝜏|
𝑖 , 𝑤|𝜎𝑖|+𝜏𝑖

𝑖 );

𝜉(𝑥, 𝑦, 𝑧𝑝, 𝑤𝑝) = ⋁
𝜏∈𝐶𝑝

𝜓𝜏(𝑥, 𝑦, 𝑧𝑝, 𝑤𝑝).

It turns out that the function 𝜉(𝑥, 𝑦, 𝑧𝑝, 𝑤𝑝), 𝑝 = 2𝑞 − 1, 𝑞 = 1, 2, …, will be a
support function in 𝑥, 𝑦. Omitting consideration of the irredundant d.n.f.’s of
this function, we note only that the relation

̄𝜉(𝑥, 𝑦, 𝑧𝑝, 𝑤𝑝) = 𝜉( ̄𝑥, ̄𝑦, 𝑧𝑝, 𝑤𝑝)

follows from the following lemma on the functions 𝜑𝜏(𝑧𝑝, 𝑤𝑝).
Lemma 3. 𝜑𝜏 ⋅ 𝜑𝜈 ≡ 0 when 𝜏 ≠ 𝜈; 𝜏, 𝜈 ∈ 𝐶𝑝, and

⋁
𝜏∈𝐶𝑝

𝜑𝜏 ≡ 1.

Let us note in passing that from this lemma there follows a simple inductive
construction, for 𝑞 = 1, 2, …, of sets 𝐶𝑝, 𝑝 = 2𝑞 − 1, including such sets 𝐶𝑝 as
are not group codes.
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