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Abstract
Full Text

Mathematics

R. G. Mamedov

ON THE ASYMPTOTIC VALUE OF THE AP-
PROXIMATION OF MULTIPLY DIFFEREN-
TIABLE FUNCTIONS BY LINEAR POSITIVE
OPERATORS

(Presented by Academician V. I. Smirnov on 3 V 1962)

Many works have been devoted to the study of the asymptotic value of the
approximation of differentiable functions by various linear polynomial operators.
However, these works do not fully reveal the regularity that exists in the general
case. In this note we establish the asymptotic dependence of the approximation
of functions by arbitrary linear positive operators on derivatives of various orders
of the functions being approximated.

Let M(2m,x) = {f(¢)} be the set of functions f(t) defined on the interval {a, b)
and having derivatives up to order 2m inclusive at the point ¢t = x € (a,b). Put

=

=0

Denote by 9, (2m,z) the totality of all functions f(¢) from the set 9(2m, z)
for which

‘<I>(t) — O(x)
P)/Qm(t)

SM5<+OO

for all [t —z| > & > 0 from the interval (a,b), where 7,,,(t) = (t — 2)*™ and §
is any fixed positive number.

Consider a family {£,(f;xz)} of linear positive operators (abbreviated 1.p.o.),
defined on the set M (2m, z), and in what follows we use the usual notation

Ly(fi2) = L,[f(t); 2]

In what follows we shall be interested in the asymptotic value of the approxima-
tion of functions f(x) by means of the L.p.o. £,(f;x) as the parameter A tends
to some limiting value \,. Without loss of generality, assume that A\ = oo.

sovietrxiv.org/items/ru-196201.02667 Machine Translation


https://sovietrxiv.org/items/ru-196201.02667

Put

Tg\k] = L,[(t —x)k; 2] (k=0,1,2,...),

and let

We shall prove the following theorem for functions from the set 93172m(2m,x)
on any finite interval (a,b).

Theorem 1. In order that for all f,7) € M, (2m,x) the equality™

n

[continues on next page]

* f@m)(z) and ¢®™)(z) do not vanish simultaneously. If (2™ (z) = 0, the
right-hand side of (1) is taken to be equal to co.

lim k=1 - a2y 1)
A—00 2m—1 1/;“") (ZC) (k] 1/)(2"”) (ZL')
LA 2) —(x) — KA
k=1 :
it is necessary and sufficient that the condition
[2m-+24]
lim 2 =0 (2)

A—00 [2m]
T

hold for at least one value of j (j =1,2,...).
Necessity. Consider the functions v,,,(t) = (t — )™ and vy, ,9;(t) = (£ —
x)?mF25 (j=1,2,...). If (1) holds, then for these functions we find

m i 2m
. TLQ +21 . 5A(72m+2j?$) 'Y§m+)2j(73>
lim o = lim : =~ m) =0,
Azoo ) Amoo Ly (Vomi T) Yo (Z)
ie. (2) is valid.
Sufficiency. Take the function
2m—1 k)
¥ ()
o) = f5)— Y- T - a)t
k=0
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It is obvious that

i 2O —0(@) ) — fO D (@) fP (@)
%Eg 72m(t) - }—)1 (Qm)l(t _ x) - <2m>' . (3)

Let

for arbitrary § > 0. Then

(t —2)2m 420 ( — g)2m+2i
027 - 02 ’

vs(D)(t — 7)™ < y(t) j>1
Hence, taking into account the monotonicity of the linear operators £, (f;x),
we have

2m+2;
2m+24]

03(8) = £x[us(t) ¢ — 7)) < B

Consequently, by virtue of (2), we obtain

lim 7QA<5)

=0 4
A=00 L\ (Vo T) )

for arbitrary § > 0.

Now, on the basis of (4), from (3) one may conclude (see (3), p. 111) that the
relation

L) =) [ )
Mmoo Ly (Yami @) (2m)!

holds, or

I 1
Ao Z3(Tam; @) (2m)!
From this (1) follows immediately.

Let us note that Theorem 1 admits a further generalization for a certain class
of unbounded functions on any finite or infinite interval (a, b).
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As an example, let us consider the polynomial of S. N. Bernstein

B0 =Y f (5) Clk( -y,

k=0

Since

~ 3n%2?(1 —2)? + nz(l — z)(1 — 6z + 62%)
- + 7

= B,[(t— )% ]
the condition

7_[4]
lim — =0
n—o0 TT[?]

is satisfied. Hence, by Theorem 1,

i BulFi0) —J) _ '@
n—oo B, [(t —y)?; ] 2

or

lim n[B,(f;z)— f(x)] =

Jm, ). (5)

Relation (5) was proved by E. V. Voronovskaya (1).

In the same way, the general results of S. N. Bernstein (?) are derived from
Theorem 1.

Let us now consider a family {W, }(f;x) of L.p.o. defined on the set 90%(2m, x)
of 2m-periodic functions f(¢). For W,(f;x) there is a theorem analogous to
Theorem 1.

Let
t_
,u[;flzﬁx\ 2ksink72z;x] (k=0,1,2,...).

For functions of the set 9%(2, ) the following holds.
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Theorem 2. In order that, for all f,v € M(2,z), the equality

Wy(f;2) — fla) — f(@0)ul) /()

S W 010) — b)) V@) o
hold, it is necessary and sufficient that the condition
(2+27]
i, = =0 (7)

be satisfied for at least one value j (j =1,2,...).
The proof is analogous to the proof of Theorem 1.

Let g, (t) = 2¥sin” 52, The necessity of the condition of the theorem follows
from the equality

1i /J[)?JFQj] T WA(Q2+2]‘;=T) . Q§+2j($) _
Hm 72] =g . - ” =0.
A—roo u[/\ Aovoo - Wi(go; @) 4 ()
To prove sufficiency, consider the function
, L t—x
o(t) = f(t) — f(z) —2f'(z) sin (-7 <t<m)

It is not difficult to prove that

el —eln) _ f(a)
t—x qs (t) 2

Hence, on the basis of the equality

lim (9)

A% =0,

which follows from (7), it follows that

1o Walfsm) = f@) = '@ _ (@)
Ao Wy (ga3 ) 2

Let us note that Theorem 2 admits a further generalization analogous to Theo-
rem 1.
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From Theorem 2 there follow, in particular, some results of the author 7.

addition, if A = n is a positive integer and

Wasio) =1 [ g

L5
§+;pk coskt] dt = £, (f;x),

then from Theorem 2 there also follows the theorem of P. P. Korovkin °.

Let

1 Uy
Vn<f;x):7r/ﬂf(”t) £ (n—k)l(n + k)!

1 - (n!)?
5 +Zcosk;t1 dt

be the singular Vallée-Poussin integral. In this case

2] 2 [4] 2 (4 _ 4n + 2)

'Un:n—i—l’ Mn:n—i—l n-+2

Consequently, from the condition

(4]

lim 2 — Jim (474"”) —0

it follows that

Valfiz) = flx) _ [z

lim =

n—oo V, (Y;2) —p(x) " (x)

~

Hence, for ¢(t) = 4sin” 552 we have
Tim (04 1) [V, (f50) — f(@)] = (@)

i.e. we obtain the theorems of I. P. Natanson *.
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