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MATHEMATICS
R. GABASOV

OPTIMAL PROCESSES WITH A CYCLE
CONSTRAINT

(Presented by Academician L. S. Pontryagin, 15 XII 1961)

Below we consider time-optimal problems (1) for systems of difference equations.
The constraints on the control actions have a specific character and are called
by us cyclic.

1. Let the behavior of the control system be described by the equation

z(n+1) = Az(n) + bu(n), (1)
where = {71, 5, ..., 7} is an [-dimensional vector, A = {a;;} is a constant [ x [
matrix, b = {by, by, ..., b} is a constant vector, and u(n) is the control function.

The optimal problems to be discussed below are as follows. Initial conditions
2(0) = {z1(0),25(0),...,2,(0)} are given. It is required to find a function u(n)
such that the point z(n), moving along the trajectory of equation (1), reaches
the origin in the least number of steps K°. In doing so, the control functions
must satisfy one of the following constraints.

Given a number w > 0, define the number N from the condition Nw < K% <
(N + 1)w, and put u(n) =0 for K <n < (N + 1)w.

Problem I
(k+1)w—1
| < 1. 2
[max :ka Ju,| < (2)
Problem 11
N
Z max lu;| < 1. (3)
=0 kw<i<(k+1)w—1

Problem III
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(k+1)w—1
P < .
[max ( D lui ) <1, p>1 (4)

Problem IV.

Remark. We set u,, = u(n).

Problems (2)—(5) differ from the usual problems of optimal control in that the
constraints on the control functions are cyclic in character (the cycle length
is w steps). Each of the four problems can be given a physical interpretation.
For example, the following physical problem is possible. A certain process is
regulated by the quantity of fuel supplied. Fuel is supplied directly to the process
from a certain bunker, which is periodically (after w units of time) filled from
another reservoir whose stocks are practically unlimited. Under such conditions
it is necessary to specify the optimal fuel consumption. If we assume that
the process under study can be described by an equation of type (1), then we
obviously have Problem I.

The number of problems of type (2)—(5) can be significantly increased, but we
shall confine ourselves to these in order to show the method of solving them,
which without substantial changes can also be applied to other problems. Prob-
lems I-IV below are solved by reducing them to the L-problem (? in functional
spaces (in our case we restrict ourselves to finite-dimensional spaces).

2. In this section certain finite-dimensional spaces are introduced, and the
spaces conjugate to them are determined. We shall need the following spaces.

1) The space (EI). Its dimension is K°. The norm is introduced by the
formula:

N

BI=3  max
=0 w<i<(k+1)w—1

2) The space (FII), whose elements are normed as follows:

(k+1)w—1
|l = max > |hyl.
- i=kw

3) The space (E1II), normed as follows:
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1/q

N (k+1)w—1 1 1
||h||:Z ( Z |hi|q> ) Z;JFg:L

k=0 i=kw
4) The space (EIV), the norm in which is defined by the relation

0<i<w—1

N
[Pl = max > |kl
k=

Let us define the spaces conjugate to the spaces (EI)—(EIV) given above.
1) The space (EI)*, the norm in which is defined as follows:

(k+1)w—1
1= jmax > Ifil-
i=kw

2) The space (FII)*, normed as follows:

N
1/ = k; i ex Uil

3) The space (EIII)*, whose elements are normed as follows:

1/p

(k4+1)w—1 1 1
Ifl = max ey . —+-=1
0<k<N ;w p q
4) The space (EIV)*. The norm is introduced by the formula:
w—1
=3 i

3. Let us apply the known scheme ) for reducing an optimal problem to an L-
problem. We write the solution of the nonhomogeneous equation (1) by means
of Cauchy’ s formula

xz(n) = F(n)x(0) + i F(n—s—1)bu(s), (6)

s=0
where F'(n) is the fundamental matrix of solutions of the homogeneous equation
(1) for u(n) = 0.

By assumption, at the instant K° the trajectory reaches the origin of coordinates:
2(K%) = 0. Denote h(s) = F(—s — 1)b; then (6) takes the form
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K%—1
—2;(0) = > hy(s)uls), i=1,2,...,1 (7)

Putting ¢; = —z,;(0), u; = f;,
(?), defined on the spaces (ET
the following form:

h; = hi, m = I, we evidently obtain the L-problem
)—(EIV). The solvability condition (*3) will have

AK) = min |§ hy + Ehy + ..+ Ehy] > 1,

£121(0) + &5(0) + .. + §ay(0) = —1. (8)

Let ¢ = &0hy +&hy + ... + Pk be a solution of problem (8). Then the solution
of problem (7) minimal in norm is sought (?) from the condition that it has the
element 1) as extremal.

Problem I. The optimal control has the form
u(kw + pf) = C sing €20, (s) + E9Na(5) + oo + ()] smpuipt s

i=1,2,...,q,

the instants uf are determined from the condition

max |[[§0hy(s) + .. + E hy(8)]spra| =

0<i<w—1

= ‘[ ?hl(s) +..t €?hl(5)]s:kw+u’f == ’[g?hl(s) +o Tt g?hl<s)}s:kw+p§k > Oa
the constants C}. satisfy the condition
k.
) 1
Z Ci = NOX
1=1 ( )
and the numbers 7,9, ... ,5? are determined from the solution of the problem

N
AK?) =min) max N€h () + &ha(0) + 4 G (D] > 1
k=0

— kw<i<(k+1)w—

under
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§121(0) + &25(0) + .. + &2 (0) = —1.
At the remaining points u(s) = 0.

If for some k

max _[[€%h,(s) + ... + g?hl(s)]s:kw+i| =0,

0<i<w—1

then for the points {7€w +i},i=0,1,...,w— 1, we can say nothing about the
value of u(j) at them, except for the condition

(k+1)w—1

1
> luyl < K

Jj=kw

Problem II. The optimal control is given by the formula

u(k,w+1) = Cy, sign[§7hy(s) + Ehy(s) + oo + G h(8)] om0

/"L:1727""q7

where the numbers k# are determined from the condition

(k+1)w—1 (1+ky )w—1 (kgt+1)w—1
max S = Y e S Il
i=kw i=kiw z:kqw
1
. q - . -
the coefficients Ck“’ are such that Zuzl Ckﬂ = XKD At points where 1),

Ehy (i) +Ehy (i) +-+&)hy (i) = 0, the values u(i) are not defined. The numbers
.6, ... ,5? are the solution of the problem

(k+1)w—1
1 ) ) e ) = KO >1
min e, D Jah(0)+ &hold) ++ (D] = AK) 2

under

§171(0) + §w5(0) + -+ + §z,(0) = —1.

Problem III. The optimal control is as follows:
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[€0h1(5) + &Ry (s) + - +£?hl( )}s kit
A (0 )

(kw + 7’) Sing wkw+1’a

where the numbers €9, €9, ... 75? are the solution of the problem

N[k v
K% = minz ( Z €10 (7) + Eahg (i) + - + flhl(i)r]) 21
k=0

i=kw

under

§121(0) + §25(0) + -+ + §2,(0) = —1, I/p+1/qg=1.

If ¢, =0, kw < i < (k+ 1)w— 1, then the control at these points is determined
from additional conditions.

Problem IV. The optimal control is sought in the form

u(kw +1,) = C; sign[€Yhy(s) + &ho(s) + - + &My (8)] smpeori,»

where the instants ¢, p =1,2,...,¢q, are determined as follows:
N N N
o nax 2 |Yryil = kz:(:) [Yrwri | = kZ:: reori, I
the numbers C; are such that Zq:1 c, = ! , and the numbers
n Iz p )\( K 0)

0,89, ...,& are the solution of the problem

N
A(K°) = min max Hfl 1(8) +&hg(s) 4+ + §hy(8) ] smpwril > 1

<i<w—1

under

The value of the control at points where 1, = 0 is determined from other
conditions.

Remark. The control at points about which nothing has been said is equal to
ZEro.
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