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HADAMARD’S MULTIPLICATION THE-
OREM AND THE ANALYTIC CONTINUA-
TION OF THE TWO-PARTICLE UNITARITY
CONDITION
(Presented by Academician N. N. Bogolyubov on 11 IV 1962)

Hadamard is due a profound theorem according to which, between the singular-
ities of three functions defined by power series

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑧𝑛,

𝑔(𝑧) =
∞

∑
𝑛=0

𝑏𝑛𝑧𝑛,

ℎ(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑏𝑛𝑧𝑛,

(1)

there is the following multiplicative law of composition:

𝛾 = 𝛼𝛽, (2)

where 𝛼, 𝛽, 𝛾 are the singularities, respectively, of the functions 𝑓(𝑧), 𝑔(𝑧), ℎ(𝑧).
A rigorous formulation of this theorem is given in (1).
In mathematical physics, an important role is played by series in Legendre
polynomials

𝐹(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑃𝑛(𝑧), (3)
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which, for functions 𝐹(𝑧) analytic on the interval [−1, 1], converge in ellipses
with foci at the points ±1.

It is very interesting that between the singularities 𝛽 of the function 𝐹(𝑧), de-
fined by the series (3), and the singularities 𝛼 of the function 𝑓(𝑧), defined by
the Taylor series with the same coefficients

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑧𝑛, (4)

there is the following simple dependence, established by Faber (2):

𝛽 = 1
2 (𝛼 + 1

𝛼) . (5)

Combining Hadamard’s theorem with Faber’s theorem, we immediately obtain
the following theorem, found recently by Gunson and Taylor (3).
Let 𝑎(𝑧) and 𝑏(𝑧) be two functions regular on the interval [−1, 1] such that their
expansions in Legendre polynomials

𝑎(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑃𝑛(𝑧),

𝑏(𝑧) =
∞

∑
𝑛=0

𝑏𝑛𝑃𝑛(𝑧)
(6)

converge inside the maximal ellipses 𝐸𝑎 and 𝐸𝑏 with foci ±1, inside which these
functions are analytic. Let {𝛼} and {𝛽} denote the sets of singular and exterior
points of the functions 𝑎(𝑧) and 𝑏(𝑧). Then the function

𝑓(𝑧) =
∞

∑
𝑛=1

𝑎𝑛𝑏𝑛𝑃𝑛(𝑧) (7)

is regular on the segment [−1, 1] and has an analytic continuation along any
finite path that does not intersect any point of the set

−{𝛼𝛽 + (𝛼2 − 1)1/2(𝛽2 − 1)1/2}

and does not return to the segment [−1, 1].
In other words, the singular and exterior points of the function 𝑓(𝑧) can lie only
on the set of points of the form

𝛼𝛽 + (𝛼2 − 1)1/2(𝛽2 − 1)1/2, (8)
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where at the outset the principal values of the roots are taken.

The circumstance that transformation (5) makes it possible to reduce the study
of analytic properties of series in Legendre polynomials to power series has, in
our opinion, important significance, since there is an extensive literature on the
theory of Taylor series (1).
Below we indicate one application of the theorem of Gunson—Taylor to the study
of the analytic properties of the scattering amplitude.

Let 𝑇 (𝑊 2, cos 𝜃) be the scattering amplitude of two scalar particles, where 𝑊
is the total invariant energy, and 𝜃 is the scattering angle in the center-of-mass
system. As Lehmann showed (4), from the conditions of spectrality, Lorentz
invariance, and causality there follows the analyticity of 𝑇 (𝑊 2, cos 𝜃) in the
variable 𝑧 = cos 𝜃 in the “small Lehmann ellipse,”i.e., the possibility of the
expansion

𝑇 (𝑊 2, cos 𝜃) = 8𝜋 𝑊
𝐾

∞
∑
𝑙=0

(2𝑙 + 1)𝑇𝑙(𝑊 2)𝑃𝑙(cos 𝜃),

𝑊 2 = 4(𝐾2 + 𝑚2). (9)

S. Mandelstam (5), in a number of works, studied the question of how the unitar-
ity requirement affects the analytic properties of the amplitude; he formulated
this requirement in the two-particle approximation. One of his results may be
formulated as follows. Let 𝑇𝑖𝑒, 𝑇𝑖𝑜 be, respectively, the transition amplitudes
between the initial and intermediate two-particle state and between the inter-
mediate and final state. Let 𝑧𝑖𝑒 = cos 𝜃𝑖𝑒, 𝑧𝑖𝑜 = cos 𝜃𝑖𝑜 be the singular points
of the amplitudes 𝑇𝑖𝑒, 𝑇𝑖𝑜; 𝑧 = cos 𝜃 the singular points of the imaginary part
Im 𝑇 (𝑊 2, cos 𝜃), determined from the two-particle unitarity condition.

Then the points 𝑧 can be found by the following composition law:

𝑧 = 𝑧𝑖𝑒𝑧𝑖𝑜 + (𝑧2
𝑖𝑒 − 1)1/2(𝑧2

𝑖𝑜 − 1)1/2. (10)

Comparison of formulas (8) and (10) shows their identity. And indeed, Mandel-
stam’s result follows immediately from the multiplication theorem of Gunson
—Taylor after Mandelstam’s two-particle unitarity condition is written in the
known way through partial amplitudes

Im 𝑇𝑙(𝑊 2) = 𝑇 ∗
𝑙(𝑖𝑒)𝑇𝑙(𝑖𝑜). (11)

It seems to us that the remarks made in the present communication may play
some role in further study of the analytic properties of the scattering amplitude.
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