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The present note is devoted to the theory of the second variation for discontinu-
ous variational problems with movable ends in a space of many dimensions (}).
We have chosen the nonparametric case, since in this case the following essential
difference between parametric and nonparametric problems becomes apparent:
in the parametric case (2), both primary and secondary extremals are polygonal
lines, whereas in the nonparametric case the primary extremals are polygonal,
while the secondary extremals have discontinuities of the first kind. Thus there
arise discontinuous variational problems with discontinuous extremals. As in
(1), we shall confine ourselves to the case in which the integrand in the inte-
gral J, for which the minimum is sought, has only one surface of discontinuity.
However, our results are without difficulty carried over to the case of any finite
number of discontinuity surfaces.

1. Let E,45 be a polygonal extremal realizing the minimum of the functional
J. To compute the second variation of the discontinuous functional J, we
generalize the method proposed by Morse () for continuous variational
problems. Let «y(a), 8 (a),y,(a) (h = 1,2,...,n) be functions of class
C® for a near a = 0. Substituting them into the primary end conditions
(1) and differentiating with respect to a, at a = 0 we find

771'1 = Wi(xl) = CilhT}%v 771'2 = 771(952> = C?hﬁ%v

- =n)"(z) =CH 7, )t =00t (%) = oY (h, i=1,2,....n),

where

mi(2) =y,(2,0), 7 =040, 7 =700), 7 =p5(0),
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Ch =y (0) =y (2%)2(0), O =43, (0) — iy (227 (0)

(i,h=1,2,....,n; k=1or2).

We shall call conditions (A) the secondary end conditions. One can construct
(1) a one-parameter family of admissible curves

(1)

y; (x,a),

e [t 40

containing the given polygonal extremal E;,,. The functions 7,(z) and the
constants 7}, 70, 77 will be called the variations of the family (1) along E,.

Differentiating the function J(a) twice with respect to a and putting a = 0,
taking into account the primary transversality and discontinuity conditions, we
obtain the expression

IO = B(nr) = Vet + (R W) R+ Bkt (@)

0

xT IZ
+ / 2t (') da + / 22 (2, ') da,
!l 20

which we shall call the second variation of the functional J along E,3,. In
formula (2) b}, b9, by7, b2, are rather complicated expressions depending on
F', F? and their derivatives at the points 1,0, 2, and

2w () = Eyy ity + 255 i + Fyy )

(i,j=1,2,...,n; k=1 or 2).

By an admissible set of variations n;(z), 71, 72, 77 (2! < 2 < 2?) we shall mean
a set for which 7}, T,?,T}QL are constants, and the n,(x) belong to the class DM
on ' < x < 22, with the exception of the point z = z", where they have a

discontinuity of the first kind subject to the condition

_ _ 0 0
77? = C?h Ti?’ n = Cih+7'}?~ (3)
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2. We shall say that the broken extremal FE,,,, intersecting the manifolds
M?', M? at the points 1,2 with observance of the primary transversality con-
ditions, satisfies the necessary condition of Jacobi in terms of the sign of the
second variation (condition IV), if Jy(n, 7) along Ej, is nonnegative for every
admissible set of variations satisfying conditions (A).

Theorem 1. In order that the broken extremal E,yy realize a minimum of the
functional J, it is necessary that it satisfy condition IV.

The proof is based on the following lemma.

Lemma. For every admissible set of variations n;(x), 7}, 70, 72 along E, g, sat-
isfying conditions (A), there exists a one-parameter family of admissible curves
(1), containing E,gy for a = 0, such that n;(x), 7}, 77, 7 is the set corre-
sponding to this family along Eq,; the functions y; (x,a), v (x,a) possess all
the continuity and differentiability properties required in computing the second
variation of the functional J along Ey,.

3. Let us formulate a new (so-called secondary) variational problem for the
functional Jo(n,7) in the class of admissible sets of variations n;(x), 77, T,? JTE,
satisfying conditions (A). We have a problem of the same type as the primary
variational problem (1), with the sole difference that now the functions n;(z)
of the class D'V, having at = z° a discontinuity of the first kind, are taken
as admissible functions, while in place of the manifolds M?', M° and M? there
appear n-dimensional linear manifolds N*, N° N2 with equations (A).

A set n;(z), 7,7, 77, realizing a minimum of the functional J,(n,7), must
satisfy the system of secondary Euler equations

d
i [ahmo Asasa
Jiln) = —wy —wy g (4, 5)
d—wz, —w% =0, V<< xg,
x M i
(i=1,2,..,n)
and the boundary conditions
Cilhfil (z!) = bflllTllv thf? (2?) = — b}2117'12> (6)

Ch 6 (%) = Gl (%) = = (0 + b)) (i,Lh=1,2,...,n),  (7)

(2 (3

where the notation has been introduced

&i () = wy [z,n(2), 7' ()], H@) = wl, [z, n(z), 7 (2)]. (8)
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We shall call (6) the secondary transversality conditions, and (7) the secondary
corner condition.

A broken curve
T (i=1,2,..,n),
T

whose arcs n; (z) and n (z) satisfy equations (4), (5), respectively, on z! <
z < 20 and 20 < = < 22, and condition (7) for z = 2V, is called a secondary
broken (or simply broken) extremal. Since at the points 1, 0, 2 of the polygonal
extremal E,, the transversality condition is satisfied, it follows (cf. (3)) that in
neighborhoods of these points the linear manifolds N*, N°, N2 will be regular.

Theorem 2. For any extremal n; (x), 71 (2! < @ < 2% of equation (4),
satisfying the first of conditions in (A) and (6) and intersecting the manifold
NO, there exists a unique extremal n/ (z), 70 (2° < @ < 2?) of equation (5),
satisfying together with n; (z) conditions (3) and (7).

This theorem makes it possible, for each family of extremals of equation (4), to
construct a unique supplementary family, which together with the first consti-
tutes a family of broken extremals of the secondary variational problem.

Introduce canonical variables 7;, ¥ by means of the equations

ff = wéz (xa , 77/>a (9)
from which one can find
[ =Tk (x,n, &%) i=1,2,...,n (10)
771 i 51 ) y “y 9
(k = 1 corresponds to the interval z! < z < 2%, and k = 2 to the interval
<z xz). Write the Hamiltonian functions
9,1, %) = [l — wFy_pe = TIEEE — wb(ar, IT%) (11)

(k=1lonz'<z<2%and k=2 on 2" <z < 2?).

The canonical systems of equations, equivalent to the Euler equations (5), (6),
have the form

dn/de =9k,  d&f/de=-%H;, i=12..n (12)

(k=1onaz! <z <2%and k=2 on 2° <z < 2?).
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Take system (12) for k =1 with the initial conditions

771’(1'1> = OilTllv gzl(xl)czlh = billell (i’ hvl = 17 27 vn>' (13)

The system of 2n linear equations (13) has a maximal system of n linearly
independent solutions 7, (x'), & (z'), 71, (1=1,2,...,n), since the rank of the
matrix |C;,| is equal to n. Consequently, system (12) for £ = 1 has n linearly
independent solutions 7;,(z), &},(z) (z! < z < 2% [ = 1,2,...,n), taking the
initial values n;,(z"), & (z') (1=1,2,...,n).

Theorem 3. For any linearly independent system of solutions n;, 5}1, Tﬁl
of equations (12) for k = 1, satisfying the initial conditions (18), there exists
a unique supplementary system of linearly independent solutions n;, &4, T,
of equations (12) for k = 2, and the resulting system of broken solutions of
equations (12) is linearly independent.

In what follows we shall denote this system simply by n;,(x), &;(x), T,

Let two systems of variables z,n;,n; and z,u,;, u, be given. Introduce the nota-
tion

55(35):0-)7];((%%1/), i=1,2,...,n; k=1or2.
Then
niwh (z,u,u") + ek (e) = wwk (z,0,7") + uigf(z),
k k d ok
n:di(w) —w;d7(n) = diQ (n;u),
T
where

QF(nyu) = n,€F — gk, k=1or2.

If n, and wu,; are a pair of discontinuous solutions of the system (4)—(5), then
Q'(n;u) = const or Q?(n; u) = const. If these constants are equal to zero, then
n;(x), u;(z) are called mutually adjoint.

Theorem 4. Any two solutions n,;,&;, T, and ﬁi,gi,?h belonging to a system
of discontinuous linearly independent solutions of equations (12) are mutually
adjoint.

A system of pairwise mutually adjoint discontinuous linearly independent solu-
tions n;;, &, Ty Will be called an adjoint basis, and the determinant
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the basis determinant.

Every solution #,(x),&;(x), 7, of problem (12)—(13) is linearly expressible in
terms of the solutions n;;, &;;, 73,; of the adjoint basis.

The totality of all solutions of the canonical system depending on an adjoint
basis will be called an adjoint family.

Definition of a focal point. Corresponding to the value x = 2 (23 #
xl, 23 # 20), a point of a nonsingular broken extremal E,,,, transversal to
the manifold M' at point 1, is called a focal point of the manifold M! if
problem (4)—(5)—(13) has a discontinuous solution u,(z) such that u,(z%) = 0,
but not all u; are identically equal to zero on the interval #! < x < x3. Focal
points of the manifold M? are defined analogously.

Theorem 5. The focal points of the manifold M* on Ejy, correspond to the
zeros ¥ = a3, 13 # at, 23 # 20, of the basis determinant (14).

In (1), the Jacobi condition was proved in terms of focal points under certain
restrictions connected with the application of the envelope theorem. Now we
can prove this condition without the indicated restrictions, on the basis of the
above theory of the second variation. Namely, one can prove:

Necessary Jacobi condition in terms of focal points (condition IV). In
order that a nonsingular broken extremal E,q,, with the single corner point 0,
transversal to the manifolds M and M?, realize a minimum of the functional
J, it is necessary that between points 1 and 2 on E,yy there be no focal points
of the manifolds M* and M?.
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