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SOLVABILITY OF ONE TYPE OF NONLIN-
EAR BOUNDARY-VALUE PROBLEM

(Presented by Academician P. Ya. Kochina on 10 IIT 1961)
We shall extend the results of (°) to the case of a more general problem (1).

1. Let L be a simple smooth closed contour in the plane of the complex
variable, enclosing the origin of coordinates; let D™ and D~ be, respec-
tively, the interior and exterior domains into which L divides the plane;
let H(a, N) be the set of functions defined on L and satisfying the Holder
condition:

[p(t1) —@(to)] < Nty —to]*, t,ty €L, 0<a<l
let W* (W) be the space of functions analytic in D*(D~) and continuous
in D*(D~), with norm

lo* (2)]] = max |o* (2)] = max " ()];
2D+ teL

respectively,
lo™(2)] = max |o™(2)| = max |¢™(z)].
zeD z€L

Statement of the problem: it is required to find two functions ®*(z) € W and
&~ (z) € W, whose boundary values satisfy on L the relation

[@7(6)]" + h(t, @7 (1) = G(1)2™ (1), (1)
where n > 2 is an integer, G(t) € H(«, N) and is everywhere different from zero;
h(t,u) is a function defined for ¢t € L and v = ¢*(2) € WT.

We shall not consider the problem in such a general formulation, but shall
require that h(t,u) satisfy certain additional conditions, which we divide into
two groups.

a)
|h(t,u)l < M(1+[u["7), &>0;

b)
|h(ty,uq) — h(ty, ug)| < M[(1+G"2)[t; —to|* (2)

F(A4+a" )y —uyl], &= max(|uy], lugl);
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c) h(t,pt(2)) € W with respect to z, ¢ being a parameter;

d)
|P(t1, ) — h(ty,us) — h(te,uy) + hity, ug)| < (3)

SMQA+a" 19|ty — ty]“uy — uy.

An example of a function satisfying both conditions is

n—1
h(t,u) = a;(t)u!, a;t) € H(a, N).
T
The operator determined by the function h(#,u) in W will be denoted by he™.

Theorem 1. If h(t,u) satisfies conditions (2) and » = ind G(t) > 0, then
problem (1) is solvable.

Theorem 2. If h(t,u) satisfies conditions (2) and (3) and » > 0, then the
solution of problem (1) can be obtained by the method of successive approxima-
tions.

The proofs will be given below.

2. Repeating the transformations that lead to the solution of problem (1) in
(5), we obtain:

where

1 +
Sp = 7/ (1) e T dr, ze Dt UD‘.
L

T—Z

The branch points of ®*(z) are excluded; therefore problem (4) in fact splits
into n problems corresponding to the different branches of the radical. Problems
(4) and (1) are equivalent; hence it is enough to prove the solvability of problem
(4). For this purpose set P, (z) = C and consider in W the operator

AO(C)§D+ _ e%r*(z){c _ S+h<p+}1/",

where a definite branch of the radical is fixed. Denote by S(R) the closed sphere
in Wt of radius R: |ot(2)| < R; S(R,K) is the set of functions from S(R)
whose boundary values belong to H(a, K); S(R, K) is a convex compact set.

Let us estimate |SThe™|:
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a) h(t,u) satisfies conditions (1) and ¢*(z) € S(R,K), R > 1.

Sthet| =
|S*he™|| = max

: . 1 + .
Sht et ()e T O + — / MT, 9" (7)) 1) 4,
L

211 T—1
+ 1 h(T, + — h(t, +(t
< max |h(t, " ())e T O] + max 7/ (T, (7)) = hl(t, 0" () riry g
teL tel |2me Jp T—t

<M1+t )1 e) e ™

(2 n—e n—l—e 1 ds
M+t @) + (L et 1) 5 [
L

1 ds]

2m J, T —t]®

<2MR™ 15| T2 [R +(R+K)
b) h(t,u) satisfies conditions (2) and (3), ¢ (2) € S(R), R > 1,

|5+ hep™ | < max [h(t, * (8))e )|
S

L[ (et () =l et () s
J "

+ max |—
T—1

tel

T

211

. 1 [ d
<2MR™e|e T @) {H —/75 ] :
2 Jp |T—t]®

Denote

1 d + +
b= o [ T mas( OO,
2 ), [T —t]@

and let r and ¢ be numbers > 1.

Lemma 1. If h(t,u) satisfies conditions (1), R = r {/|C], K = ¢ ¥/|C], |C|*/" >
AMT 7™ [r + (r + q)b], then the operator A,(C) is continuous on S(R, K), and

A9(C)S(R, K) c S2r|c))m).

Proof. Let p*(z) € S(R, K). From estimates a) it follows that

1/n

[ 40(C)e™ TP (IC] = IS *he™ ] < [2D|Cf ™,

i.e.
Ao(C)S(R, K) C S[(2T[C|)/].

From the same estimates we obtain

1 1
€1 = I5*he™] 2 1C] = 51€1 = 5IC1 >0,
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therefore
Ree 8¢ [0 — SThet] > 0.

Since the radical in the half-plane
Ree "8C% > 0

is a continuous operator in W7, it remains only to establish the continuity of
S*h on S(R, K). The latter is a known fact (*). The lemma is proved.

Lemma 2. If h(t,u) satisfies conditions (1),

R=r(IC)Y", K =q(lC)"",

Clo/m > maX{GMFr"_l[T + (r+ q)b), g(l +2p)Mr™ 1 [r(T 4+ pN) + qF]} ,

then
Ag(C)S(R, K) C S[2T|C)/"], (pN +1)(2T[C])V™.

Proof. Since the hypotheses of the lemma ensure the validity of Lemma 1,
it suffices to prove that the limiting values Ay(C)p™, where ¢t (z) € S(R, K),
belong to

H|a, (pN + 1)(2T'|C))Y7].

Let ¢*(z) € S(R, K). Then
h(ry, 07 (1)) — hl7p, 07 ()] < M[(1+ R"°) + (1 + R" ) K]|ry — 1,
<2MR" (R + K)|my — 7|
Since G(t) € H(a, N), we have
e T and enT'®) € H(a,pN),

therefore, by (3), the values of the transformed function S*The™ at the points L
belong to
H(a, p2MR" 1 ¢[(R+ K)I' + pNR)),

where p is some number independent of R and K. Further,
HC - %67F+(t1)h(t1)@+ - S+(t1)h90+]1/n
—[C = 5T Wh(ty) ot — SH(ty)he V"] =

%eflﬂ D h(t))pt — %eflﬂ ) h(ty)t + ST (ty ) het — S+(t2)h¢+|
|Z;L[C - %67F+(t1)h(t1)<»0+ — S*(t)) hpt]n=R/n[C — %€7F+(t2)h(t2)90+ - S+(t2)h¢+]<k71>/n| .

Here h(t)p" (as also ST(¢)a) denotes the value of the transformed function at
the point ¢. For the denominator we have the estimate

Y IO = fe T IR(ty)pt — ST (t)het RO — fe T ) h(ty) ot
1
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be T Wit ot — Je T h(ty) 0" +5* (0

S+ (ty)he 1B > (10115 Rt o
(t)hpt]E=1/m| > [|C]—] I +Z C—Le T Wh(t, )t — S*(ty)he*

(n—1
> [|C] =157 he™ ]

since the modulus of the second term in square brackets under the summation
sign does not exceed
2|57 he™|
C] = [S*he|

Taking this inequality into account, we obtain

<1

[C — 3e T Oh(t))pt — STt het ]/ — [C — e T E)n(ty) "
(2 +p)2MR™'[(R+ K)I + pNR]
(IC] = |S*+het])m=b/n

(1+2p)Mr™Y[(r + q)T + rpN]
(2/3)171/n|0|s/n

—SH(ty) ot < t; —ta]®

(ICDY = to|™ < (ICDY g — By

Thus the lemma is proved, since

1 1/n
AT O - bt — S Ohet| € H o pNEIC) 1+ TICN !
< Hia, (2C)YM(pN +1)).
Similarly, inequality b) permits one to prove the following assertions:
Lemma 3. If h(t, u) satisfies conditions (2) and (3), R = 7(|C|)*/™ and |C|*/™ >
AMTr™(1 + b), then the operator A,(C) is continuous on S(R) and
Ay(C)S(R) C s[2ric])m].
Lemma 4. If h(t, u) satisfies conditions (2) and (3), R = 7(|C|)*/™ and |C|*/™ >

60 Mr(1+b), then Ay(C) on S(R) is a contraction operator.

3. Proof of Theorem 1. Let |C| satisfy the conditions of Lemma 2, r =
(2T)Y™ and ¢ = (pN + 1)(2I)/". Then A,(C)S(R,K) C S(R,K), i.e. the
operator maps the set S(R, K) into itself. Since S(R, K) is a convex compact
set and Ay(C) is an operator continuous on S(R, K), Schauder’ s principle is
applicable to A,(C). Consequently, in S(R, K) the operator A,(C) has a fixed
point pg (2): ¢f(2) = Ayg(C)py. The theorem is proved.

Proof of Theorem 2. Let |C| satisfy the conditions of Lemma 4 and r =
(2T, Then A,(C)S(R) C S(R), and on S(R) the operator A,(C) will be a
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contraction operator. S(R) is a closed set of the complete space W; therefore
Banach’ s principle is applicable to Ay(C) on S(R). The theorem is proved.

Remark. The solvability of problem (1) is ensured to a significant extent by
the presence of the parameter C'. Therefore the assumption » > 0 is essential
in our reasoning. In the case » < 0, the question of solvability of problem (1),
with a small exception, remains open. The exception is constituted by problem
(1), considered in °.

4. The problem

OT(t) = G@)[@())]" + h(t, (1)) (®)

by means of the change of variable z = 1/w passes into the problem (7 = 1/t)

o) =G (2 ) (@i () + b (1 00()
@7 ()" + (7, 01 (7)) = G (1)@ (1), ()

where hy(7,®{ (7)) = h(1/7,®](7))/G(1/7). But problem (6) coincides with
problem (1). Moreover,

ind G4 (7) = ind =ind G(t) = »,

b
G(1/7)

and hq (7, u) satisfies conditions (2) and (3), if h(t,u) satisfies them. Therefore
Theorems 1 and 2 also hold for problem (5).
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