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Abstract
Full Text
MATHEMATICS

M. K. GAVURIN

THE SET OF SOLUTIONS OF A LINEAR DIF-
FERENTIAL EQUATION
(Presented by Academician V. I. Smirnov, 20 X 1960)

1∘. The present note is devoted to the description of all (continuous and of
bounded variation) solutions of the following equations:

𝑀 ′(𝑡) = 𝐴(𝑡)𝑀(𝑡) a.e. (1)

with the initial condition

𝑀(𝑎) = 𝑀0 (2)

and

𝑥′(𝑡) = 𝐴(𝑡)𝑥(𝑡) a.e. (3)

with the initial condition

𝑥(𝑎) = 𝑥0. (4)

Here 𝑡 is a real argument ranging over the finite interval [𝑎, 𝑏]; the values 𝑥(𝑡)
belong to the Banach space 𝑋; the values 𝑀(𝑡) and 𝐴(𝑡) belong to a normed
ring 𝑈 with identity. In considering equation (3) we put 𝑈 = {𝑋 → 𝑋}, the
ring of bounded linear operators from 𝑋 into 𝑋.

If 𝑌 is some Banach space, then 𝐶𝑉 [𝑌 ] will denote the class of all continuous
functions of bounded variation on [𝑎, 𝑏] with values in 𝑌 ; 𝑆[𝑌 ] is the class of all
singular functions on [𝑎, 𝑏] that vanish for 𝑥 = 𝑎.*
2∘. Let

𝐺0(𝑡) = ∫
𝑡

𝑎
𝐴(𝜏) 𝑑𝜏
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and 𝐺(𝑡) = 𝐺0(𝑡) + 𝐻(𝑡), where 𝐻 ∈ 𝑆[𝑈]. Form the multiplicative Stieltjes
integral

𝑀(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺) = lim
𝑛−1
∏
𝑖=0

(𝐸 + Δ𝐺(𝑡𝑖)), (5)

where a Riemann-type limit is meant, and the factors in the product ∏𝑛−1
𝑖=0 are

written in the order of increasing indices from right to left. This integral always
exists for a function 𝐺 ∈ 𝐶𝑉 [𝑈]. 𝐺(𝑡) is uniquely recovered from 𝑀(𝑡) by the
formula

𝐺(𝑡) = ∫
𝑡

𝑎
𝑑𝑀 𝑀−1

(see (2)).
The functions 𝐺(𝑡) and 𝑀(𝑡) are absolutely continuous or singular only simul-
taneously, and have a derivative for a given value of 𝑡 only simultaneously.

* Continuity is understood in the sense of the topology generated by the
norm. Bounded variation of a function 𝑦(𝑡) means boundedness of the sums
∑ ‖𝑦(𝑡𝑖+1) − 𝑦(𝑡𝑖)‖. A function 𝑦(𝑡) is singular if it belongs to 𝐶𝑉 [𝑌 ], 𝑦′(𝑡) = 0
a.e., and 𝑦(𝑡) ≠ const. The derivatives appearing in (1) and (3) are understood
in the sense of convergence in norm.

𝑀(𝑡) satisfies equation (1) and the initial condition

𝑀(𝑎) = 𝐸. (6)

Any solution of problem (1), (6) belonging to 𝐶𝑉 [𝑈] has the form (5), and,
consequently, the general solution of this problem depends on an arbitrary nor-
malized singular function 𝐻(𝑡) with values in 𝑈 .

For the general (in the class 𝐶𝑉 [𝑈]) solution 𝑀(𝑡) of equation (1) under the
zero initial condition, one can give two representations:

𝑀(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺) −
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0), (7)

𝑀(𝑡) = ∫
𝑡

𝑎

𝑡
∏

𝑠
(𝐸 + 𝑑𝐺0) 𝑑𝐿(𝑠) = 𝐿(𝑡) + ∫

𝑡

𝑎

𝑡
∏

𝑠
(𝐸 + 𝑑𝐺0) 𝐴(𝑠)𝐿(𝑠) 𝑑𝑠, (8)
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where 𝐿(𝑠) is an arbitrary function of class 𝑆[𝑈].
Remark. Since the classes of functions representable by formulas (7) and (8)
coincide, we obtain a one-to-one mapping 𝐻 ∼ 𝐿 of the class 𝑆[𝑈] onto itself.
This mapping is defined by the integral equation

𝐿(𝑡) + ∫
𝑡

𝑎

𝑡
∏

𝑠
(𝐸 + 𝑑𝐺0) 𝐴(𝑠)𝐿(𝑠) 𝑑𝑠 =

𝑡
∏

𝑎
(𝐸 + 𝑑𝐺) −

𝑡
∏

𝑎
(𝐸 + 𝑑𝐺0). (9)

Equation (9) is easily solved: 𝐿(𝑡) is the singular component of the right-hand
side. Taking into account that each of the two terms on the right-hand side
satisfies equation (1), we obtain

𝐿(𝑡) = [
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺) −
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)]−∫
𝑡

𝑎
𝐴(𝜏) [

𝜏
∏

𝑎
(𝐸 + 𝑑𝐺) −

𝜏
∏

𝑎
(𝐸 + 𝑑𝐺0)] 𝑑𝜏.

(10)

The general solution (in the class 𝐶𝑉 [𝑈]) of problem (1), (2) evidently has the
representation

𝑀(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)𝑀0 + [
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺) −
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)] . (11)

The question arises whether the expression

𝑀(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺)𝑀0 (12)

will also provide the general solution.

With the aid of relation (9) it is shown that this will be so if and only if the
element 𝑀0 has a left inverse.

Thus, two theorems are valid:

Theorem 1. The general solution in the class 𝐶𝑉 [𝑈] of problem (1), (2) is
(11), or, in another form,

𝑀(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)𝑀0 + 𝐿(𝑡) + ∫
𝑡

𝑎

𝑡
∏

𝑠
(𝐸 + 𝑑𝐺0) 𝐴(𝑠)𝐿(𝑠) 𝑑𝑠. (11’)

Here 𝐺 = 𝐺0 + 𝐻, and the functions 𝐻(𝑡) and 𝐿(𝑡) are arbitrary functions of
class 𝑆[𝑈], the relation between which is established by formulas (9) or (10).
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Theorem 2. In order that formula (12) give the general (in the class 𝐶𝑉 [𝑈])
solution of problem (1), (2), it is necessary and sufficient that the element 𝑀0
have a left inverse.

Remark. From Theorem 3 given below it follows that, for 𝑀0 ≠ 0, every
solution (in the class 𝐶𝑉 [𝑈]) of problem (1), (2) can be represented in the form
(12), but with a function 𝐺(𝑡) whose values lie in the ring {𝑈 → 𝑈} containing
𝑈 .

3∘. Let us pass to problem (3), (4), while preserving the notation of item 2∘,
taking for 𝑈 the ring {𝑋 → 𝑋}.
The general solution in the class 𝐶𝑉 [𝑋] of problem (3), (4), as is easy to verify,
is

𝑥(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)𝑥0 + 𝜉(𝑡) + ∫
𝑡

𝑎

𝑡
∏

𝑠
(𝐸 + 𝑑𝐺0)𝐴(𝑠)𝜉(𝑠) 𝑑𝑠, (13)

where 𝜉(𝑠) is an arbitrary function of class 𝑆[𝑋]. If one chooses and fixes
̄𝑥 ∈ 𝑋, ̄𝑥 ≠ 0, then a solution of problem (3), (4) will also be the function

𝑥(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)𝑥0 + [𝐿(𝑡) + ∫
𝑡

𝑎

𝑡
∏

𝑠
(𝐸 + 𝑑𝐺0)𝐴(𝑠)𝐿(𝑠) 𝑑𝑠] ̄𝑥, (14)

where 𝐿(𝑡) is, as before, an arbitrary function of class 𝑆[𝑈]. It turns out that
(14) is the general (in the class 𝐶𝑉 [𝑋]) solution of problem (3), (4).

(14) can be rewritten in the form

𝑥(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)𝑥0 + [
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺) −
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺0)] ̄𝑥, (15)

where 𝐺 = 𝐺0 + 𝐻 and 𝐻 ∼ 𝐿.
If 𝑥0 ≠ 0, then as ̄𝑥 one may take 𝑥0. Consequently, the general solution in the
class 𝐶𝑉 [𝑋] of problem (3), (4) for 𝑥0 ≠ 0 is

𝑥(𝑡) =
𝑡

∏
𝑎

(𝐸 + 𝑑𝐺)𝑥0. (16)

Thus, the following is true:

Theorem 3. The general solution in the class 𝐶𝑉 [𝑋] of problem (3), (4) is
(15), or, in another form, (13). If 𝑥0 ≠ 0, then the general solution can also
be written in the form (16). Here ̄𝑥 is a fixed nonzero element of 𝑋, 𝜉(𝑠) is an
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arbitrary function of class 𝑆[𝑋], 𝐺 = 𝐺0 +𝐻, and 𝐻(𝑡) is an arbitrary function
of class 𝑆[𝑈].
4∘. Let us now consider the equation “in differentials”

𝑑𝑀(𝑡) = 𝑑𝐺(𝑡)𝑀(𝑡), (17)

to which it is natural to assign the following meaning:

‖𝑀(𝑡 + ℎ) − 𝑀(𝑡) − [𝐺(𝑡 + ℎ) − 𝐺(𝑡)]𝑀(𝑡)‖ = 𝑜 (
𝑡+ℎ
⋁

𝑡
𝐺) .

Equation (17) with the initial condition (6) is equivalent to the integral equation

𝑀(𝑡) = 𝐸 + ∫
𝑡

𝑎
𝑑𝐺 𝑀. (18)

Equation (18) was considered by Wall (1) (for the finite-dimensional case) and
Mac Nerney (2). They showed that the solution of (18) exists, is unique, and is
representable in the form (5).

Let us return to problem (1), (6). Associate with the function 𝐴(𝑡) the family
of its normalized primitives 𝐺(𝑡) = 𝐺0(𝑡) + 𝐻(𝑡), where 𝐻 ranges over 𝑆[𝑈].
Having fixed the choice of a primitive 𝐺(𝑡) and substituted it into (17), we
obtain an equation in differentials whose solution will also be a solution of
(1). In other words, equation (1) “stratifies”into a family of equations (17).
By choosing the primitive 𝐺(𝑡) for substitution into equation (17), we thereby
choose one of the solutions of equation (1).

The case of the problem with an arbitrary initial condition presents no special
features here. The general solution of the problem (17), (2) is (12). Hence it
follows that if (17) is generated by equation (1) and if 𝑀0 has no left inverse,
then problem (1), (2) has a solution which, for no choice of an antiderivative for
𝐴(𝑡) (in the class 𝐶𝑉 [𝑈]), will be a solution of problem (17), (2) (cf. the remark
to Theorem 2).

Remark. Equation (17) may fail to be associated with equation (1). This
will be the case if the continuous function of bounded variation 𝐺(𝑡) has no
derivative almost everywhere.

In an analogous way one considers the equation

𝑑𝑥(𝑡) = 𝑑𝐺(𝑡)𝑥(𝑡).

Leningrad State University
named after A. A. Zhdanov
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