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MATHEMATICS

N. D. VVEDENSKAYA

AN EXAMPLE OF NON-UNIQUENESS OF A GENER-
ALIZED SOLUTION OF A QUASILINEAR SYSTEM OF
EQUATIONS

(Presented by Academician M. V. Keldysh, 15 IX 1960)

To define the concept of a generalized solution of quasilinear hyperbolic systems,
one has to introduce “viscous terms” tending to zero (}). In papers (2,3) it was
shown that the form of the generalized solution may depend on these viscous

terms.

Below we give an example of a hyperbolic system of two quasilinear equations for
which different generalized solutions of the same Cauchy problem are obtained
from solutions of parabolic systems with identical viscous terms. The system
has the form proposed by S. K. Godunov. The example arose as a result of a
discussion with S. K. Godunov of questions connected with his paper (?). For
clarity we shall repeat some of the assertions given there.

Consider the Cauchy problem for the system
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We shall seek the generalized solution of problem (1), (2) as the limit, as ¢ — 0,
of solutions of the system
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with initial conditions
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ug(z,0) = uf(x), v.(2,0) = v5(x); (4)
ug(£00) = uy o, v5(£00) = vy o;

ug — Ug, v — vy ase— 0.

Let L, (uy,vy) = Ly, (ug,v9), L,(uy,v1) = L,(ug,v5). We shall find stationary
solutions of problem (3), (4) of the form u, = u(§), v, = v(§), & = z/e. For
these solutions

dL,(u,v)  d?u dL,(u,v) @
¢ de¥’ ¢ dg¥’

and, therefore,

d d
Lqucl—d—z:O, Lv+c2—d—Z:0.

In order that, as £ — 400, the functions u, v satisfy the required conditions, the
points A; = (uq,v,), Ay = (uq,v5) must be stationary points of the function

A=L+ciu+cy.

It is easy to see that, in the (u, v)-plane, the solution of our problem is a trajec-
tory joining the points A; and A, and going orthogonally to the level lines of
the function A; along the trajectory A increases with increasing &.

Let u; =5, uy =v; = v, =0,

L(u,v) = (u? — 2u + v? + 1)(u? — 6u + v? — 3) + 25u,

A(u,v) = (u? — 2u +v? + 1) (u? — 6u + v* — 3).

The pattern of the level lines of the function A is shown in Fig. 1. The points
A, Ay will be stationary points of the function A. There are two trajectories,
symmetric with respect to the u-axis, going from A; to A, (we note that the
segment of the u-axis between these points is not such a trajectory). It is clear
that, as ¢ — 0, the functions u,, v, corresponding to these trajectories converge
to the same functions u(x,t) = uy(x), v(z,t) = vy(z).

Fig. 1
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Fig. 1

Figure 1: Fig. 1

Let us now note that the problem (3), (4) is satisfied by functions for which
v(2,0) =0, v, =0,

ou,  OL,(u.,0)  0%u,
R (%)

As shown in (4), for initial data uf(z) — ug(z) (in particular, for uf(z) =
uy(x)) the solutions of equation (5) converge to a function u(x,t) = u(z/t), not
coinciding with the function wuy(x).

Both pairs of limiting functions are generalized solutions of the quasilinear sys-
tem (1) and satisfy condition (2).

Whether system (3) has a unique solution of the Cauchy problem for discontin-
uous initial data of the form (2), we do not know.
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