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Abstract
Full Text
MATHEMATICS

Yu. V. PROKHOROV

ON RANDOM MEASURES ON A COMPACT
SPACE
(Presented by Academician A. N. Kolmogorov, 1 XII 1960)

Introduction. It is known that extending the method of characteristic func-
tions to the infinite-dimensional case encounters great difficulties, and simple
formulations of results are rather rare. Therefore every case in which formu-
lations of this kind can be obtained deserves attention. Below we consider
distributions in the space of measures on a compact space—a case very special
from the standpoint of general theory, but of interest from the standpoint of
possible applications. The notation and terminology are the same as in the
survey (1).

§ 1. Let (𝐸, 𝒢) be a compact* Hausdorff topological space (𝐸 is the set of
points, 𝒢 the class of open sets); 𝑌 the set of continuous functions on 𝐸; ℋ the
topology in 𝑌 generated by the “uniform”norm: ‖𝑦‖ = sup𝑒 |𝑦(𝑒)|; and 𝑋 the
space conjugate to (𝑌 , ℋ). In accordance with the well-known Riesz theorem,
every element 𝑥 ∈ 𝑋 is represented uniquely in the form

𝑥(𝑦) = ∫
𝐸

𝑦(𝑒) 𝜇𝑥(𝑑𝑒),

where 𝜇𝑥 is a generalized Borel measure on 𝐸 and Var𝜇𝑥 = ‖𝑥‖.
Endow 𝑋 with the weak topology 𝒯𝑠. Then the conjugate of (𝑋, 𝒯𝑠) is 𝑌 itself.
It can be shown that the 𝜎-algebra ℒ generated by the “cylindrical”sets

𝐴 = {𝑥 ∶ (𝑥(𝑦1), … , 𝑥(𝑦𝑛)) ∈ 𝐴𝑛}

(𝑦1, … , 𝑦𝑛 ∈ 𝑌 , 𝐴𝑛 an 𝑛-dimensional Borel set) coincides with the 𝜎-algebra ℬ𝑠
of 𝒯𝑠-Borel sets. Every distribution 𝑃 on ℒ = ℬ𝑠 is tight, i.e., for any 𝜀 > 0
there exists a compact set 𝐾𝜀 such that 𝑃 ∗(𝐾𝜀) > 1 − 𝜀, where 𝑃 ∗ is the outer
measure induced by 𝑃 . Therefore (1) every distribution 𝑃 can be extended,
and moreover uniquely, to a tight Borel distribution, i.e., a distribution defined
on the 𝜎-algebra generated by 𝒢. Henceforth we shall therefore consider only
tight Borel distributions. Denote their totality by 𝔓. Each 𝑃 ∈ 𝔓 is uniquely
determined by its characteristic functional (c.f.):
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𝜒(𝑦, 𝑃 ) = ∫ 𝑒𝑖𝑥(𝑦)𝑃(𝑑𝑥), 𝑦 ∈ 𝑌 . (1)

Consider the family 𝔓+ of distributions concentrated on the cone 𝑋+ of non-
negative 𝑥. Note that 𝑋+ is 𝒯𝑠-closed. Hence it is not difficult to infer that 𝔓+

is a weakly closed subset of 𝔓.

Denote by 𝑌 + the set of nonnegative 𝑦 ∈ 𝑌 . An arbitrary element 𝑦 ∈ 𝑌 can
be represented as the difference of two strictly positive functions 𝑦+

1 and 𝑦+
2 , for

example by setting,

* In the sense of “bicompact.”

𝑦+
1 (𝑒) = 𝑦(𝑒) + 1 if 𝑦(𝑒) ≥ 0; 𝑦+

1 (𝑒) = 1 in the other cases;
𝑦+

2 (𝑒) = −𝑦(𝑒) + 1 if 𝑦(𝑒) < 0; 𝑦+
1 (𝑒) = 1 in the other cases.

(2)

Theorem 1. In order that the functional 𝜒(𝑦), equal to one at zero, be the
characteristic functional of some distribution 𝑃 ∈ 𝒫+, the following conditions
are necessary and sufficient: 1) 𝜒(𝑦) is nonnegative definite; 2) for every 𝑦+ ∈
𝑌 + the function 𝜒(𝑧𝑦+), 𝑧 = 𝜎 + 𝑖𝜏 , is analytic for 𝜏 > 0, continuous, and in
modulus does not exceed one for 𝜏 ≥ 0.

Proof. The necessity of the stated conditions is obvious. We shall prove their
sufficiency.

1∘. Let 𝑦 ∈ 𝑌 . Represent 𝑦 as the difference 𝑦+
1 − 𝑦+

2 , in accordance with (2).
The function

𝜒(𝑡1, 𝑡2) = 𝜒(𝑡1𝑦+
1 + 𝑡2𝑦+

2 )
is nonnegative definite and is continuous at zero along the coordinate axes. By
Lemma 2 of [1], 𝜒(𝑡1, 𝑡2) is a two-dimensional characteristic function. Therefore
𝜒(𝑡𝑦) = 𝜒(𝑡, −𝑡) is continuous as a function of the real argument 𝑡 for every
𝑦 ∈ 𝑌 . By Theorem 2 of [1], the functional 𝜒(𝑦) is the characteristic functional
of some weak distribution 𝑃 on the algebra 𝒜 of cylinder sets.

2∘. Let 𝐴 ∈ 𝒜 be such a cylinder set that 𝐴 ∩ 𝑋+ = ∅. Then 𝑃(𝐴) = 0. Indeed,
the distribution function 𝑃{𝑥 ∶ 𝑥(𝑦+) < 𝛼} has characteristic function 𝜒(𝑡𝑦+)
and, by condition 2 of the theorem, is equal to zero on the negative half-axis.
Thus

𝑃{𝑥 ∶ 𝑥(𝑦+) ≥ 0} = 1. (3)

Suppose that 𝐴 has the form

𝐴 = {𝑥 ∶ (𝑥(𝑦1), … , 𝑥(𝑦𝑛)) ∈ 𝐴𝑛}.
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Representing each 𝑦𝑗 as a difference 𝑦𝑗 = 𝑦+
𝑗,1 − 𝑦+

𝑗,2, we obtain

𝐴 = {𝑥 ∶ (𝑥(𝑦+
1,1), … , 𝑥(𝑦+

𝑛,2)) ∈ 𝐴′
2𝑛}.

The linear combinations of the elements 𝑦+
1,1, … , 𝑦+

𝑛,2 form a subspace 𝑌1 of the
space 𝑌 . Let 𝑌2 denote the set of linear combinations of the same elements
with rational coefficients. With the aid of Krein’s theorem on the extension of
positive functionals ([4], p. 63), it is not hard to show that the smallest cylinder
set containing 𝑋+ and determined by 𝑦+

1,1, … , 𝑦+
𝑛,2 has the form

𝐵 = ⋂
𝑦∈𝑌 +∩𝑌1

{𝑥 ∶ 𝑥(𝑦) ≥ 0} = ⋂
𝑦∈𝑌 +∩𝑌2

{𝑥 ∶ 𝑥(𝑦) ≥ 0},

and, in accordance with (3), 𝑃(𝐵) = 1. Now from 𝐴 ∩ 𝑋+ = ∅ it follows that
𝐴 ∩ 𝐵 = ∅ and 𝑃(𝐴) = 0, as was required to prove.

3∘. Let 𝜀 be an arbitrary positive number; let 𝑦0(𝑒) be the function identically
equal to one. From the continuity of 𝜒(𝑡𝑦0) as a function of 𝑡 it follows that
there exists a number 𝐴𝜀 such that

𝑃{𝑥 ∶ |𝑥(𝑦0)| ≤ 𝐴𝜀} > 1 − 𝜀. (4)

Set

𝐶 = {𝑥 ∶ |𝑥(𝑦0)| ≤ 𝐴𝜀}, 𝐾 = 𝑋+ ∩ 𝐶 = 𝑋+ ∩ {𝑥 ∶ ‖𝑥‖ ≤ 𝐴𝜀}.

If 𝐴 ∈ 𝒜 and 𝐴∩𝐾 = ∅, then (𝐴∩𝐶)∩𝑋+ = ∅. By 2∘, 𝑃(𝐴∩𝐶) = 0, and by (4)
𝑃(𝐴 ∩ ̄𝐶) ≤ 𝜀. Thus, for every 𝜀 > 0 there exists a compact 𝐾 such that from
𝐴 ∈ 𝒜, 𝐴 ∩ 𝐾 = ∅ it follows that 𝑃(𝐴) ≤ 𝜀, i.e. the weak distribution 𝑃 is tight
and therefore ([1], § 1) extends uniquely to a Borel measure with characteristic
functional 𝜒(𝑦), entirely concentrated on 𝑋+. Theorem 1 is proved.

For distributions 𝑃 ∈ 𝒫+ one may introduce, along with the characteristic
functional, also an analogue of the Laplace transform: we put*

𝐿(𝑦+, 𝑃 ) = ∫
𝑋+

𝑒−𝑥(𝑦+)𝑃(𝑑𝑥), 𝑦+ ∈ 𝑌 +. (5)

* The abstract Laplace transform is introduced differently in [2].

Theorem 2. Each 𝑃 ∈ 𝔓+ is uniquely determined by its Laplace transform
(5).

Proof. Let 𝑦 = 𝑦+
1 −𝑦+

2 be an arbitrary element of 𝑌 , and let 𝑠1, 𝑠2 be arbitrary
nonnegative numbers. The joint distribution 𝑃 𝜉1,𝜉2 of the random variables
𝜉1 = 𝑥(𝑦+

1 ) and 𝜉2 = 𝑥(𝑦+
2 ) is uniquely determined by its Laplace transform

𝐿(𝑠1, 𝑠2) = 𝐿(𝑠1𝑦+
1 + 𝑠2𝑦+

2 , 𝑃 ) = ∫
∞

0
∫

∞

0
𝑒−𝑠1𝑢1−𝑠2𝑢2 𝑃 𝜉1,𝜉2(𝑑𝑢1 × 𝑑𝑢2).
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Therefore the distribution of 𝜉 = 𝑥(𝑦) = 𝑥(𝑦+
1 ) − 𝑥(𝑦+

2 ) = 𝜉1 − 𝜉2 is uniquely
determined by 𝐿(𝑦+, 𝑃 ). Consequently, 𝜒(𝑦, 𝑃 ) = 𝑀𝑒𝑖𝜉, and hence also 𝑃 , are
uniquely determined by 𝐿(𝑦+, 𝑃 ), as was required to prove.

§ 2. Theorem 3. For convergence 𝑃𝑛 ⇒ 𝑃 (𝑃𝑛 ∈ 𝔓+), it is necessary and
sufficient that, for every 𝑦,

𝜒(𝑦, 𝑃𝑛) → 𝜒(𝑦, 𝑃 ). (6)

Proof. Necessity of (6) is obvious. Sufficiency. Let 𝑦0(𝑒), as before, be the
function identically equal to one. Then, for every 𝑡, −∞ < 𝑡 < ∞,

𝜒(𝑡𝑦0, 𝑃𝑛) → 𝜒(𝑡𝑦0, 𝑃 ).

Consequently, the distribution functions

𝐺𝑛(𝛼) = 𝑃𝑛{𝑥 ∶ 𝑥(𝑦0) < 𝛼} (7)

converge to the distribution function

𝐺(𝛼) = 𝑃{𝑥 ∶ 𝑥(𝑦0) < 𝛼}. (8)

Therefore, for every 𝜀 > 0 there exists an 𝐴𝜀 such that, for the compact set

𝐾 = {𝑥 ∶ 𝑥 ∈ 𝑋+, |𝑥(𝑦0)| ≤ 𝐴𝜀} = 𝑋+ ∩ {𝑥 ∶ ‖𝑥‖ ≤ 𝐴𝜀}

for all 𝑛, 𝑃𝑛(𝐾) > 1 − 𝜀. Hence the sequence {𝑃𝑛} is relatively weakly compact.
It follows from (6) that it can have only one limit point, as was required to
prove.

Theorem 4. For convergence 𝑃𝑛 ⇒ 𝑃 (𝑃𝑛 ∈ 𝔓+), it is necessary and sufficient
that, for every 𝑦+ ∈ 𝑌 +,

𝐿(𝑦+, 𝑃𝑛) → 𝐿(𝑦+, 𝑃 ). (9)

Proof. Necessity of (9) is obvious. Sufficiency. In the previous notation, for
every 𝑠 ≥ 0 we have

𝐿(𝑠𝑦0, 𝑃𝑛) → 𝐿(𝑠𝑦0, 𝑃 ).

Hence again follows the convergence of the distribution functions (7) to the
distribution function (8), and the proof is completed in the same way as in
Theorem 3.
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