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Abstract
Full Text

MATHEMATICS
I. V. GEL’FAND

ON THE EQUIVALENCE OF CERTAIN UN-
BOUNDED OPERATORS IN A BANACH
SPACE
(Presented by Academician V. I. Smirnov on 9 XI 1960)

Let 𝐿 be a linear unbounded operator acting in a Banach space 𝑋, with domain
of definition 𝐷(𝐿) and closed range 𝑅(𝐿), possessing the following properties:

1)

𝑅(𝐿) ⊃
∞
∏
𝑘=1

𝐷(𝐿𝑘).

2) The subspace 𝑋0 of solutions of the equation 𝐿𝑥 = 0 has finite dimension
𝑛 > 0.

3) The operator 𝐿−1
0 , defined as follows, is bounded. Let 𝑓0, 𝑓1, … , 𝑓𝑛−1 be

some system of linearly independent elements of the subspace 𝑋0, and let
𝑋1 be the closure, in the norm ‖𝑥‖1 = ‖𝑥‖ + ‖𝐿𝑥‖, of the domain 𝐷(𝐿).
Further, let 𝜑0, 𝜑1, … , 𝜑𝑛−1 be a system of bounded linear functionals on
the space 𝑋1, biorthogonal to the basis 𝑓0, 𝑓1, … , 𝑓𝑛−1. Then for every
𝑦 ∈ 𝑅(𝐿) there exists a unique element 𝑥 ∈ 𝐷(𝐿) such that 𝐿𝑥 = 𝑦,
𝜑𝑠(𝑥) = 0 (𝑠 = 0, 1, … , 𝑛 − 1). We put 𝑥 = 𝐿−1

0 𝑦.

4) For every 𝛼 (0 < 𝛼 < 1) one can specify constants 𝐶 > 0 and 𝛽 (0 < 𝛽 < 1)
such that

∞
∑
𝑞=𝑘

𝑛−1
∑
𝑠=0

∥𝐿−(𝑞−𝑘)
0 ∥

‖𝐿−𝑞
0 ‖ 𝛼𝑞𝑛+𝑠 ≤ 𝐶 𝛽𝑘𝑛

∥𝐿−𝑘
0 ∥ ,

whatever positive integer 𝑘 may be (𝐿−𝑘
0 = (𝐿−1

0 )𝑘).

Denote by 𝑅 the class of operators possessing the indicated properties (for
different operators the number 𝑛 may be different).

In the present note it is established that all operators of the class 𝑅 for which
the dimension of the subspace 𝑋0 is the same are equivalent in a certain sense,
explained below (see item 3). From this, in particular, follow the known results
of M. K. Fage (1) and Yu. N. Valitskii (2), who considered similar questions for
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ordinary differential and integro-differential operators. The method we use is
an abstract analogue of the method developed in (1). The terminology used in
(1,2) is employed (𝐿-basis, 𝐿-analyticity, etc.).

1. We shall call an 𝐿-basis a sequence of elements

𝑓0, 𝑓1, … , 𝑓𝑚, … , (1)

which is constructed in the following way. Its first 𝑛 terms 𝑓0, 𝑓1, … , … , 𝑓𝑛−1
are the elements chosen in the subspace 𝑋0 in constructing the operator 𝐿−1

0 ;
the remaining terms are defined recursively by the formula

𝑓𝑚 = 𝐿−1
0 𝑓𝑚−𝑛 (𝑚 = 𝑛, 𝑛 + 1, …). (2)

Obviously,

𝜑𝑟(𝐿𝑞𝑓𝑚) = {1 if 𝑚 = 𝑞𝑛 + 𝑟,
0 if 𝑚 ≠ 𝑞𝑛 + 𝑟 (3)

(𝑞 = 0, 1, 2, … ; 𝑟 = 0, 1, … , 𝑛 − 1).

Theorem 1. Suppose that for the numerical sequence {𝑎𝑚} (𝑚 = 0, 1, 2, …)
the inequalities

|𝑎𝑞𝑛+𝑟| ≤ 𝐶 𝛼𝑞𝑛+𝑟

‖𝐿−𝑞
0 ‖ ‖𝑓𝑟‖

(𝐶 > 0; 0 < 𝛼 < 1; 𝑞 = 0, 1, 2, … ; 𝑟 = 0, 1, … , 𝑛 − 1) (4)

hold. Then: a) the series

𝑎0𝑓0 + 𝑎1𝑓1 + ⋯ + 𝑎𝑚𝑓𝑚 + ⋯ = 𝑥 (5)

converges absolutely; b) 𝑥 ∈
∞
∏
𝑘=1

𝐷(𝐿𝑘); c) for every 𝑘 = 1, 2, …

𝐿𝑘𝑥 =
∞

∑
𝑚=𝑘𝑛

𝑎𝑚𝑓𝑚−𝑘𝑛; (6)

d) the series (6) converge absolutely, and moreover

‖𝐿𝑘𝑥‖ ≤ 𝐶1
𝛽𝑘𝑛

‖𝐿−𝑘
0 ‖ (𝐶1 > 0; 0 < 𝛽 < 1; 𝑘 = 1, 2, …); (7)
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e) the formulas

𝑎𝑘𝑛+𝑟 = 𝜑𝑟(𝐿𝑘𝑥) (𝑘 = 0, 1, 2, … ; 𝑟 = 0, 1, … , 𝑛 − 1) (8)

hold.

Proof. The absolute convergence of the series (5) follows from the inequalities
(4), and that of the series (6) from the inequalities (4) and property 4) of the
operator 𝐿. Let 𝑦 be the sum of the series (6). Then, by the continuity of the
operator 𝐿−𝑘

0 ,

𝐿−𝑘
0 𝑦 =

∞
∑

𝑚=𝑘𝑛
𝑎𝑚𝑓𝑚 = 𝑥 −

𝑘𝑛−1
∑
𝑠=0

𝑎𝑠𝑓𝑠.

Hence 𝑦 = 𝐿𝑘𝑥. The inequalities (7) follow from property (4) of the operator 𝐿.
The formulas (8) are obtained by computing 𝜑𝑟(𝐿𝑘𝑥) from the equalities (6),
(3) and using the fact that the series (5) converges not only in the norm ‖ ‖, but
also in ‖ ‖1.

Corollary. If the series (5) with coefficients satisfying the conditions (4) has
sum 𝑥 = 0, then all its coefficients are equal to zero.

For every element 𝑥 ∈
∞
∏
𝑘=1

𝐷(𝐿𝑘) a series (5) can be constructed with coefficients

computed by the formulas (8). The question of the relation between such series
and the elements generating them is resolved by the following theorem.

Theorem 2. Suppose that for an element 𝑥 ∈
∞
∏
𝑘=1

𝐷(𝐿𝑘) the inequalities (7)

hold. Then the coefficients of the series (5), computed by the formulas (8),
satisfy inequalities of the type (4), and its sum is equal to 𝑥.

Proof. From the formulas (8) and the inequalities (7) it follows that

|𝑎𝑘𝑛+𝑠| ≤ 𝐶1 ( 𝛽𝑘𝑛

‖𝐿−𝑘
0 ‖ + 𝛽(𝑘+1)𝑛

‖𝐿−(𝑘+1)
0 ‖

) ‖𝜑𝑠‖.

Using property 4) of the operator 𝐿, we find constants 𝐶2 > 0 and 𝛾 (0 < 𝛾 < 1)
such that

𝛽(𝑘+1)𝑛

‖𝐿−(𝑘+1)𝑛
0 ‖

≤ 𝐶2
𝛾𝑘𝑛

‖𝐿−1
0 ‖‖𝐿−𝑘

0 ‖ .

It follows from this that
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|𝑎𝑘𝑛+𝑠| ≤ 𝐶3
𝛿𝑘𝑛

‖𝐿−𝑘
0 ‖ ‖𝜑𝑠‖ (0 < 𝛿 = max(𝛽𝛾) < 1).

These inequalities are equivalent to the inequalities

|𝑎𝑘𝑛+𝑠| ≤ 𝐶4
𝛿𝑘𝑛+𝑠

‖𝐿−𝑘
0 ‖‖𝑓𝑠‖ (𝑘 = 0, 1, 2, … ; 𝑠 = 0, 1, … , 𝑛 − 1).

Let us prove the second assertion of the theorem. Let

𝑥 = 𝑎0𝑓0 + 𝑎1𝑓1 + ⋯ + 𝑎𝑞𝑛+𝑠𝑓𝑞𝑛+𝑠 + 𝑟𝑞𝑛+𝑠.

Then

𝐿𝑞𝑥 = 𝑎𝑞𝑛𝑓0 + 𝑎𝑞𝑛+1𝑓1 + ⋯ + 𝑎𝑞𝑛+𝑠𝑓𝑠 + 𝜌𝑞𝑛+𝑠,

where 𝜌𝑞𝑛+𝑠 = 𝐿𝑞𝑟𝑞𝑛+𝑠. For any 𝑘 = 0, 1, … , 𝑞 − 1 and for arbitrary 𝑝 =
0, 1, … , 𝑛 − 1 we have

𝜑𝑝(𝐿𝑘𝑟𝑞𝑛+𝑠) = 𝜑𝑝(𝐿𝑘𝑥 − 𝑎𝑘𝑛𝑓0 − ⋯ − 𝑎𝑞𝑛+𝑠𝑓(𝑞−𝑘)𝑛+𝑠) = 𝑎𝑘𝑛+𝑝 − 𝑎𝑘𝑛+𝑝 = 0.

Therefore 𝑟𝑞𝑛+𝑠 = 𝐿−𝑞
0 𝜌𝑞𝑛+𝑠. But

‖𝜌𝑞𝑛+𝑠‖ ≤ ‖𝐿𝑞𝑥‖ +
𝑠

∑
𝑟=0

‖𝑎𝑞𝑛+𝑟𝑓𝑟‖ ≤ 𝐶5
𝛿𝑞𝑛

‖𝐿−𝑞
0 ‖

(𝐶5 > 0, 0 < 𝛿 < 1).

Hence ‖𝑟𝑞𝑛+𝑠‖ ≤ 𝐶6𝛿𝑞𝑛+𝑠 → 0 as 𝑞𝑛+𝑠 → ∞. Applying Theorem 1, we see that
if the conditions of Theorem 2 are satisfied, then the equalities (6) are valid.

What has been set forth above gives grounds, by analogy with (1), to adopt the
following:

Definition 1. An element

𝑥 ∈
∞
∏
𝑘=1

𝐷(𝐿𝑘)

is called 𝐿-analytic if the inequalities (7) are satisfied for it. The series (5),
formed for the 𝐿-analytic element 𝑥 by formulas (8), is called its 𝐿-series.
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We note that the set 𝐴𝐿,𝑓,𝜑 of 𝐿-analytic elements is determined not only by
the operator 𝐿, but also by the choice of the first 𝑛 elements of the 𝐿-basis and
of the system of functionals biorthogonal to them.

2. Definition 2. A sequence 𝑥𝑘 (𝑘 = 1, 2, …) of the set 𝐴𝐿,𝑓,𝜑 will be called
regularly convergent if: a) all sequences 𝐿𝑞𝑥𝑘 (𝑞 = 0, 1, 2, …) converge in the
norm ‖ ‖ as 𝑘 → ∞, and b) there exist constants 𝐶1 > 0 and 𝛼 (0 < 𝛼 < 1),
independent of 𝑘, such that

‖𝐿𝑞𝑥𝑘‖ ≤ 𝐶1
𝛼𝑞𝑛

‖𝐿−𝑞
0 ‖ (𝑞 = 1, 2, …). (7’)

Theorem 3. If 𝑥 ∈ 𝐴𝐿,𝑓,𝜑 (𝑘 = 1, 2, …) and 𝑥𝑘 → 𝑥 as 𝑘 → ∞ regularly, then
𝑥 ∈ 𝐴𝐿,𝑓,𝜑, and moreover 𝐿𝑞𝑥𝑘 → 𝐿𝑞𝑥 as 𝑘 → ∞ (𝑞 = 1, 2, …).
Proof. Put

𝑥(𝑞) = lim
𝑘→∞

𝐿𝑞𝑥𝑘 (𝑞 = 0, 1, 2, … ; 𝑥(0) = 𝑥).

Since 𝐿−𝑞
0 (𝐿𝑞𝑥𝑘) → 𝐿−𝑞

0 (𝑥(𝑞)) as 𝑘 → ∞, we have

𝑥𝑘 − 𝜑0(𝑥𝑘)𝑓0 − ⋯ − 𝜑𝑛−1(𝑥𝑘)𝑓𝑛−1 − ⋯
− 𝜑0(𝐿𝑞−1𝑥𝑘)𝑓(𝑞−1)𝑛 − ⋯ − 𝜑𝑛−1(𝐿𝑞−1𝑥𝑘)𝑓(𝑞−1)𝑛+𝑛−1 → 𝐿−𝑞

0 (𝑥(𝑞)). (9)

From the second condition of the theorem and the boundedness of the function-
als {𝜑𝑠} in the norm ‖ ‖1, it follows that the sequences 𝜑𝑠(𝐿𝑞𝑥𝑘) are fundamental.
Let

𝑎𝑞𝑛+𝑠 = lim
𝑘→∞

𝜑𝑠(𝐿𝑞𝑥𝑘) (𝑞 = 0, 1, … ; 𝑠 = 0, 1, … , 𝑛 − 1).

Then from relation (9) we find that

𝑥 − 𝑎0𝑓0 − 𝑎1𝑓1 − ⋯ − 𝑎𝑛−1𝑓𝑛−1 − ⋯ − 𝑎(𝑞−1)𝑛𝑓(𝑞−1)𝑛 − ⋯

⋯ − 𝑎(𝑞−1)𝑛+𝑛−1𝑓(𝑞−1)𝑛+𝑛−1 = 𝐿−𝑞
0 (𝑥(𝑞)),

whence 𝐿𝑞𝑥 = 𝑥(𝑞) (𝑞 = 1, 2, …). The inclusion 𝑥 ∈ 𝐴𝐿,𝑓,𝜑 follows from (7).

Remark 1. The numbers 𝑎𝑞𝑛+𝑠 considered in the proof of Theorem 3 are,
as is not hard to see, the coefficients of the 𝐿-series of the element 𝑥. For
them inequalities of type (4) hold. The same inequalities, with constants not
depending on 𝑘, hold also for the coefficients of the 𝐿-series of the elements 𝑥𝑘.
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It is also easy to prove, using the estimate of the remainder of the 𝐿-series (see
the proof of Theorem 2), that if for the coefficients of some sequence of 𝐿-series
estimates of type (4) hold with constants not depending on 𝑘, and they converge
to the coefficients of some 𝐿-series, then the sum of the latter is the limit (in
the sense of regular convergence) of the sums of the sequence of 𝐿-series under
consideration.

Remark 2. Theorem 3 shows that the operator 𝐿, considered on the set 𝐴𝐿,𝑓,𝜑
with the topology determined by regular convergence, is continuous.

3. Let 𝐿 and 𝑀 be two operators of class 𝑅. Denote by 𝑛 and 𝜈, respectively, the
dimensions of the subspaces of solutions of the equations 𝐿𝑥 = 0 and 𝑀𝑥 = 0;
by 𝐴𝐿,𝑓,𝜑 and 𝐴𝑀,𝑔,𝜓, respectively, the sets of 𝐿- and 𝑀 -analytic elements (the
systems of functionals {𝜑} and {𝜓} being, generally speaking, different).

Let the operator 𝑇 assign to the 𝐿-analytic element

𝑥 =
∞

∑
𝑚=0

𝑎𝑚𝑓𝑚

the 𝑀 -analytic element

𝑦 =
∞

∑
𝑚=1

𝑎𝑚𝑔𝑚.

Such an operator gives an isomorphic (with preservation of regular convergence)
mapping of 𝐴𝐿,𝑓,𝜑 onto 𝐴𝑀,𝑔,𝜓.

Theorem 4. If 𝜈 = 𝑛, then the operators 𝐿 and 𝑀 are equivalent; namely,
they are transformed into one another according to the rule 𝑀 = 𝑇 𝐿𝑇 −1.

Indeed, in this case from the fact that 𝑣 = 𝑇 𝑢 it follows, by virtue of equalities
(6), that 𝑀𝑣 = 𝑇 𝐿𝑢.

4. In the work of M. K. Fage (1), functions analytic with respect to the operator

𝐿 = 𝐷𝑛 + 𝑝𝑛−1(𝜉)𝐷𝑛−1 + ⋯ + 𝑝0(𝜉) (𝑎 < 𝜉 < 𝑏, 𝐷 = 𝑑
𝑑𝜉 )

were considered. In the work of Yu. N. Valitskii (2), functions analytic with
respect to the operator

Λ[𝑦] = 𝑦(𝑛)(𝜉) +
𝑛−1
∑
𝑖=0

𝑝𝑖(𝜉)𝑦(𝑖)(𝜉) +
𝑛−1
∑
𝑖=0

∫
𝜉

𝜉0

𝐻𝑖(𝜉, 𝑡)𝑦(𝑖)(𝑡) 𝑑𝑡 (𝜉0, 𝜉 ∈ (𝑎, 𝑏)).
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The results of these authors on 𝐿- and Λ-analytic functions and on the equiv-
alence of operators of the same order, pertaining to the case when 𝑎 ≠ −∞,
𝑏 ≠ +∞, fit within the framework of the abstract scheme set forth above if, tak-
ing as 𝑋 the space of functions continuous on [𝑎, 𝑏], one puts 𝜑𝑠(𝑦) = 𝑦(𝑠)(𝜉0)
(𝑠 = 0, 1, … , 𝑛 − 1; 𝑎 < 𝜉0 < 𝑏).
Laboratory of Modeling
Central Design and Construction Bureau
of the Sevmontazhavtomatika Trust
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