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Abstract
Full Text
MATHEMATICS

N. MEIMAN

SOME THEOREMS ON THE ZEROS AND EX-
TREMAL PROPERTIES OF ENTIRE FUNC-
TIONS
(Presented by Academician L. S. Pontryagin on 15 V 1961)

1°. In this note upper and lower estimates are given for entire functions of one
class on the real axis, and new properties of the distribution of zeros are estab-
lished. This makes it possible to substantially refine the extremal properties of
entire functions.

2°. Theorem 1. Let 𝑣(𝑧) be the function obtained from the function sin 𝜋
ℎ 𝑧

by a shift of the zeros, more precisely:

𝑣(𝑧) = [𝑧 + ℎ(1 − 𝛿(−1))] [𝑧 − ℎ(1 − 𝛿(1))]×

×
∞
∏
𝜈=2

(1 + 𝑧
ℎ(𝜈 − 𝛿(−𝜈))) 𝑒−𝑧/𝜈ℎ

∞
∏
𝜈=2

(1 − 𝑧
ℎ(𝜈 − 𝛿(𝜈))) 𝑒𝑧/𝜈ℎ, (1)

and let the shifts 𝛿 satisfy the conditions

|𝛿(𝑛)| < 𝐴 < +∞, |𝑛(𝛿(𝑛 + 1) − 𝛿(𝑛))| < 𝐵 < +∞. (2)

Then along the real axis

𝑣(𝑥) = 𝜀(𝑥)(𝑥 − 𝑎′)(𝑎″ − 𝑥)Φ𝑣(𝑥) exp
[𝑥/ℎ]
∑
𝜈=1

𝛿(−𝜈) + 𝛿(𝜈) − 1
𝜈 , (3)

where 𝜀(𝑥) = ±1; 𝑎′(𝑥), 𝑎″(𝑥) are the zeros of the function 𝑣(𝑥) nearest to the
point 𝑥; Φ𝑣(𝑥) is bounded below and above, and

0 < 𝛼(𝐴, 𝐵) < |Φ𝑣(𝑥)| < 𝛽(𝐴, 𝐵) < +∞. (3’)

Theorem 2. Let 𝜔(𝑧) be an entire function of class 𝐵 with respect to the upper
half-plane (see (1)); 𝑓(𝑧) an entire function, and let the ratios 𝑓(𝑧) ∶ 𝜔(𝑧) and
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𝑓(𝑧) ∶ 𝜔(𝑧) (see (1)) be bounded for |𝑧| > 𝑅, Im 𝑧 ≥ 0. Let 𝑇 be the closure
of the image of the real axis of the 𝑧-plane under the mapping 𝑡 = 𝜔(𝑧) ∶ 𝑓(𝑧).
The point 𝑡 = 0 belongs to one of the domains 𝐷 complementary to the set 𝑇 ,
and for every 𝑡 ∈ 𝐷 the function 𝜔𝑡(𝑧) = 𝜔(𝑧) − 𝑡𝑓(𝑧) belongs to class 𝐵 and
has in the upper half-plane as many zeros as the function 𝜔(𝑧).
3°. We give special cases of two theorems which will be formulated below in
general form.

Theorem 3. Let 𝑓(𝑧) be a real entire function of exponential type 𝜎 ≤ 𝜋
ℎ , and

let 𝐿𝑓 = sup |𝑓(𝑥)| < ∞, −∞ < 𝑥 < +∞. Let

the points 𝜉 alternate with the zeros of the function cos 𝜋
ℎ (𝑧−𝛼), ∣cos 𝜋

ℎ (𝜉 − 𝛼)∣ >
𝜀 > 0,

𝜉−𝜈 = 𝛼 + 1
2ℎ − (𝜈 − 𝜃−𝜈)ℎ, 𝜉𝜈 = 𝛼 + 1

2ℎ + (𝜈 − 𝜃𝜈)ℎ, (4)

0 ⩽ 𝜃 ⩽ 1; 𝜈 = 1, 2, … ,

and the conditions are satisfied:

|𝑚(𝜃𝑚+1 − 𝜃𝑚)| < 𝐵,
𝑁

∑
𝜈=1

𝜃−𝜈 + 𝜃𝜈 − 1
𝜈 > 𝑐 > −∞. (5)

If at all points 𝜉, 𝑓(𝜉) ∶ cos 𝜋
ℎ (𝜉 − 𝛼) ⩽ 1, then all zeros of the function

𝜓(𝑧) = cos 𝜋
ℎ(𝑧 − 𝛼) − 𝑓(𝑧)

are real and alternate with the points 𝜉, provided only that 𝜓(𝑧) is not identically
zero.

Two sequences strictly alternate if no coincidence of any points is allowed. Two
sequences that are limits of strictly alternating ones will also be called alternat-
ing.

Theorem 4. If 𝑓(𝑧) is an entire real function of exponential type 𝜎 ⩽ 𝜋
ℎ and

at adjacent points 𝜉 takes values of different signs, then all zeros of the function
𝑓(𝑧) are real and alternate with the points 𝜉.
Remark. The function 𝑓(𝑧) may vanish at some of the points 𝜉. It is necessary
that at all points 𝜉 at which 𝑓(𝜉) ≠ 0, the quantities 𝑓(𝜉𝜈) ∶ cos 𝜋

ℎ (𝜉 − 𝛼) be of
one sign.

From Theorem 3 there follows the following extremal property of the function
cos 𝑧.
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Theorem 5. If an entire real function of exponential type 𝜎 ⩽ 𝜋
ℎ satisfies the

conditions 𝑓(𝜉) = 𝐿 cos 𝜋
ℎ (𝜉 − 𝛼) and 𝑓( ̄𝜉) = 𝐿 cos 𝜋

ℎ ( ̄𝜉 − 𝛼), Im 𝜉 > 0, or the
conditions 𝑓(𝑥1) = 𝐿 cos 𝜋

ℎ (𝑥1 − 𝛼), 𝑓(𝑥2) = 𝐿 cos 𝜋
ℎ (𝑥2 − 𝛼), where 𝑥1 and 𝑥2

are real and are not separated by points 𝜉, then either

𝑓(𝑥) ≡ 𝐿 cos 𝜋
ℎ(𝑥 − 𝛼),

or at at least one point 𝜉

𝑓(𝜉) ∶ 𝐿 cos 𝜋
ℎ(𝜉 − 𝛼) > 1.

Under the first type of condition, in the role of 𝜉 one can always take points of
maximum of

∣cos 𝜋
ℎ(𝑥 − 𝛼)∣ .

With such a choice, at least at one point 𝜉,

|𝑓(𝜉)| > 𝐿

and

sign 𝑓(𝜉) = sign cos 𝜋
ℎ(𝜉 − 𝛼).

4∘. Let 𝑢(𝑧) be an entire real function of exponential type and 𝐿𝑢 < +∞. By
𝐸(𝑢) denote the set of points of maximum deviation of 𝑢(𝑥) from zero, i.e., the
set of real points at which |𝑢(𝑥)| = 𝐿𝑢. By 𝑇 𝑠ℎ(𝑢) denote any maximal subset
of the set 𝐸(𝑢) at whose points 𝑢(𝑥) takes values alternately of different signs.
The points of the set 𝐸(𝑢) split the real axis into a finite or countable set of
intervals 𝑗*. The quantity

𝐼(𝑢) = ∑
𝑗

[𝑁(𝑗)
2 ] + 𝑟,

where 𝑁(𝑗) is the number of zeros of the function 𝑢(𝑧) on the interval 𝑗, and 2𝑟
is the number of complex zeros of the function 𝑢(𝑧), is called the defect index of
the function 𝑢(𝑧). The defect index, in a somewhat different formulation, was
introduced in paper (2).
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* If 𝐸(𝑢) is empty, then 𝑗 consists of one interval (−∞, +∞). If 𝑇 𝑠ℎ(𝑢) does
not coincide with 𝐸(𝑢), then there exist several sets 𝑇 𝑠ℎ(𝑢).
Functions of finite defect index possess remarkable properties. In paper (2) it
was proved that if the comparison family consists of entire real functions of
exponential type not exceeding 𝜎, taking prescribed values at 2𝑚 fixed points,
then the extremal function of the family that deviates least from zero on the real
axis is a function with defect index less than 𝑚. In the same paper it was shown
that a function of type 𝜎 with defect index 𝑙 has the form: 𝑢(𝑧) = 𝐿𝑢 cos𝜑(𝑧),
where 𝜑(𝑧) is a hyperelliptic integral

𝜑(𝑧) = 𝜎 ∫
𝑧

𝑥0

𝐻(𝑧)𝑘(𝑧)𝑘(𝑧) 𝑑𝑧
√𝑝(𝑧)𝑝(𝑧)𝑄(𝑧)𝑄(𝑧)

+𝑎, 𝐻(𝑧) =
2(𝑙−𝑙)
∏
𝜇=1

(𝑧−𝑥𝜇), 𝑘(𝑧) =
𝑙

∏
𝜈=1

(𝑧−𝑧𝜈),

𝑝(𝑧) =
2(𝑙−𝑙)
∏
𝜇=1

(𝑧 − 𝜎𝜇), 𝑄(𝑧) =
𝑙

∏
𝜈=1

(𝑧 − 𝛼𝜈)(𝑧 − 𝛽𝜈),

0 ≤ 𝑙 ≤ 𝐼, Im𝑥𝜇 = Im𝑥0 = 0, Im 𝑧𝜈 > 0, Im𝛼𝜈 > 0, Im𝛽𝜈 > 0.

For example, the only functions with zero defect index are functions of the form
𝐿 cos(𝜎𝑧 + 𝑎). It is easy to see that the zeros of a function with finite defect
index have the following asymptotics:

𝑎𝑛 ≃ 𝑛𝜋
𝜎 + 𝛾 + 𝑐

𝑛 + 𝑂 ( 1
𝑛2 ) . (6)

5∘. Between every two neighboring points 𝑏′, 𝑏″ of the set 𝑇 𝑠ℎ(𝑢) there is an
odd number of zeros of the function 𝑢(𝑧) (the number of intervals where this
number is greater than 1 does not exceed 𝐼(𝑢)). We discard the open interval
with endpoints at the leftmost and rightmost zeros of the function 𝑢(𝑧) in (𝑏′, 𝑏″).
We denote the remaining system of intervals by 𝛾−𝜈 = (𝑎−𝜈, 𝑎−𝜈+1) and 𝛾𝜈 =
(𝑎𝜈−1, 𝑎𝜈), where 𝑎𝜈 are the zeros of 𝑢(𝑧). In each interval we choose a point

𝜉−𝜈 = 𝑎−𝜈 + 𝜃−𝜈(𝑎−𝜈+1 − 𝑎−𝜈), 𝜉𝜈 = 𝑎𝜈 − 𝜃𝜈(𝑎𝜈 − 𝑎𝜈−1),

0 ≤ 𝜃 ≤ 1, 𝜈 = 1, 2, … , (7)

and define the function
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𝑣(𝑧, 𝑢) = 𝑄(𝑧)𝑒𝑘𝑧(𝑧 − 𝜉−1)(𝑧 − 𝜉1)
∞
∏
𝜈=2

(1 − 𝑧
𝜉−𝜈

) 𝑒𝑧/𝑎−𝜈
∞
∏
𝜈=2

(1 − 𝑧
𝜉𝜈

) 𝑒𝑧/𝑎𝜈 , (8)

where 𝑄(𝑧) is an arbitrary real polynomial of degree 2𝐼(𝑢), having no real zeros.
The constant 𝑘 is chosen so that (see (2), p. 515)

lim
𝑧→∞

𝑒𝜂|𝑧| √𝐿2𝑢 − 𝑢2(𝑧)
𝑣(𝑧, 𝑢) = {∞ for 𝜂 > 0,

0 for 𝜂 < 0.

By virtue of the asymptotics (6), the function 𝑣(𝑥, 𝑢) satisfies estimate (3).

Theorem 6. Let 𝑓(𝑧) be an entire real function of exponential type 𝜎1 ≤ 𝜎,
𝐿𝑓 < +∞. If at the points of the sequence (7) 𝑓(𝜉) ∶ 𝑢(𝜉) ≤ 1, |𝑢(𝜉)| > 𝜀 > 0
and

|𝑚(𝜃𝑚+1 − 𝜃𝑚)| < 𝐵 < ∞,
𝑁

∑
𝜈=1

𝜃−𝜈 + 𝜃𝜈 − 1
𝜈 > 𝑐 > −∞, (9)

then all zeros of the difference 𝜓(𝑧) = 𝑢(𝑧) − 𝑓(𝑧), with the possible exception
of 2𝐼(𝑢) zeros, are real and alternate with the points 𝜉.
Theorem 7. If at neighboring points 𝜉 the function 𝑓(𝑥) takes values of different
signs, or, more generally, at all points 𝜉 for which 𝑓(𝜉) ≠ 0 the ratio 𝑓(𝜉) ∶ 𝑢(𝜉)
has one and the same sign, then all roots of the function 𝑓(𝑧),
except, perhaps, for 2𝐼(𝑢) roots, are real and alternate with the points 𝜉.
6°. Theorem 8. Let 𝜓(𝑧) be a real entire function of at most exponential type,
and let several groups of consecutive derivatives at one or several real points be
equal to zero,

𝜓(𝑘1)(𝑥1) = … = 𝜓(𝑘1+𝑟1−1)(𝑥1) = 0, … , 𝜓(𝑘𝜇)(𝑥𝜇) = … = 𝜓(𝑘𝜇+𝑟𝜇−1)(𝑥𝜇) = 0.
(10)

Suppose, moreover, that the function 𝜓(𝑧), or some derivatives of the function
𝜓(𝑧), have zeros at 2𝑗 complex points 𝜁1, ̄𝜁1, … , 𝜁𝑗, ̄𝜁𝑗.

If 𝑘1 = 𝑘2 = … = 𝑘𝜈 = 0, while the remaining 𝜇 − 𝜈 quantities 𝑘 are greater
than 0, then 𝜓(𝑧) has at least 𝜈 real roots of multiplicities 𝑟1, … , 𝑟𝜈 and at least

𝑗 + [𝑟𝜈+1
2 ] + … + [𝑟𝜇

2 ]

pairs of complex roots. The points 𝑥1, 𝑥2, … , 𝑥𝜇 may coincide.
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Theorem 9. Let the comparison family consist of real entire functions of
exponential type not exceeding 𝜎, satisfying the following conditions: 1) the
functions, or their derivatives of certain orders, take prescribed values at 2𝑗
complex points 𝜁1, ̄𝜁1, … , 𝜁𝑗, ̄𝜁𝑗; 2) the values of consecutive derivatives of orders
𝑘1, … , 𝑘1 +2𝑙1 −1, … , 𝑘𝜇, … , 𝑘𝜇 +2𝑙𝜇 −1 at real points 𝑥1, … , 𝑥𝜇 have prescribed
values.

If the function 𝑢(𝑧) with defect index 𝐼(𝑢) < 𝑗 + 𝑙1 + … + 𝑙𝜇 belongs to the
comparison family, then 𝑢(𝑧) is an extremal function. Moreover, there always
exists a function of type 𝜎 with index 𝐼(𝑢) < 𝑗 + 𝑙1 + … + 𝑙𝜇 belonging to
the comparison family. If all 𝑘 > 0, then it is the unique extremal function.
If 𝑘1 = 𝑘2 = … = 𝑘𝜈 = 0, then the uniqueness condition is that the nodes
𝑥1, … , 𝑥𝜈 do not belong to the set 𝐸(𝑢).
Theorem 10. Let 𝐼(𝑢) < 𝑗 + 𝑙1 + … + 𝑙𝜇, and let the function 𝑢(𝑧) be the
unique solution of the extremal problem. Let 𝜉 be the points from (7) and
suppose condition (9) is satisfied. If 𝑓(𝑧) is any function of the comparison
family, distinct from 𝑢(𝑧), 𝐿𝑓 < ∞, then at least at one point 𝜉

𝑓(𝜉) ∶ 𝑢(𝜉) > 1.

As the set of points 𝜉 one may always take the set 𝑇 𝑠ℎ 𝑢(𝑧).
Received
24 IV 1961
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