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Abstract
Full Text

HYDROMECHANICS
A. A. Nikol’skii

SYMMETRIC MOTIONS OF AN IDEAL
FLUID FROM THE STATE OF ITS ROTA-
TION AS A RIGID BODY*
(Presented by Academician A. A. Dorodnitsyn, 26 X 1960)

The first investigations of motions of the type under consideration go back to
the works (1,2). The present work is based on the following system of linearized
equations, characterizing symmetric motions of an ideal incompressible fluid of
density 𝜌, differing little from the rotation of the fluid as a rigid body about the
𝑥-axis with angular velocity 𝜔:

𝜕𝑣𝑥
𝜕𝑡 = −1

𝜌
𝜕𝑝′

𝜕𝑥 ; 𝜕𝑣𝑟
𝜕𝑡 − 2𝜔𝑣′

𝜃 = −1
𝜌

𝜕𝑝′

𝜕𝑟 ;

𝜕𝑣′
𝜃

𝜕𝑡 + 2𝜔𝑣𝑟 = 0; 𝜕(𝑟𝑣𝑥)
𝜕𝑥 + 𝜕(𝑟𝑣𝑟)

𝜕𝑟 = 0. (1)

Here 𝑥, 𝑟, 𝜃 are cylindrical coordinates; 𝑡 is time; 𝑣′
𝜃 = 𝑣𝜃 − 𝜔𝑟, 𝑝′ = 𝑝 − 1

2 𝜌𝜔2𝑟2;
𝑣𝑥, 𝑣𝑟, 𝑣𝜃 are the projections of the velocity vector on the coordinate lines; 𝑝 is
the pressure; 𝑣𝑥, 𝑣𝑟, 𝑣𝜃, 𝑝 depend only on 𝑥, 𝑟, 𝑡 and do not depend on 𝜃. System
(1) is taken as the basis in works (3−6). Integrating the third equation of system
(1), with fixed 𝑥, 𝑟, with respect to 𝑡, we obtain

𝑣′
𝜃 = −2𝜔 ∫

𝑡

0
𝑣𝑟 𝑑𝑡 = −2𝜔𝑟′.

The quantity 𝑟′, small together with 𝑣′
𝜃, characterizes the radial deviation of

fixed particles from their initial position. In this connection, solutions of system
(1) are suitable only for that range of 𝑡 in which the relative radial displacements
𝑟′/𝑟 of fixed particles are small. The fourth equation of system (1) makes it
possible to introduce the “stream function”𝜓, defined by the equalities

𝑣𝑥 = 1
𝑟

𝜕𝜓
𝜕𝑟 , 𝑣𝑟 = −1

𝑟
𝜕𝜓
𝜕𝑥 . (2)
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By virtue of the first three equations of system (1), the function 𝜓 satisfies the
equation

𝜕2

𝜕𝑡2 [ 𝜕
𝜕𝑟 (1

𝑟
𝜕𝜓
𝜕𝑟 ) + 1

𝑟
𝜕2𝜓
𝜕𝑥2 ] + 4𝜔2 1

𝑟
𝜕2𝜓
𝜕𝑥2 = 0. (3)

Equation (3) admits particular solutions of the form

𝜓 = 𝜔𝑟3
0𝛽𝑒2𝑘𝜔𝑡Ψ(𝑋, 𝑅); 𝑥 = 𝑟0𝑋, 𝑟 = 𝑟0𝑅, 𝛽 = const. (4)

Here Ψ(𝑋, 𝑅) is a real function; 𝑘 is a real or purely imaginary constant; 𝑟0 is
a characteristic constant with the dimension of length. The function Ψ(𝑋, 𝑅)
satisfies the equation

(1 + 𝑘2) 1
𝑅

𝜕2Ψ
𝜕𝑋2 + 𝑘2 𝜕

𝜕𝑅 ( 1
𝑅

𝜕Ψ
𝜕𝑅 ) = 0. (5)

Introduce, instead of 𝑋, the variable

𝑋1 = |𝑘|𝑋/√|1 + 𝑘2|. (6)

* The initial results of this work were reported by the author at the First All-
Union Congress on Theoretical and Applied Mechanics, 13 I 1960.

In this case equation (5) takes the form

1
𝑅

𝜕2Ψ
𝜕𝑋2

1
+ 𝑘2(1 + 𝑘2)

|𝑘2| |1 + 𝑘2|
𝜕

𝜕𝑅 ( 1
𝑅

𝜕Ψ
𝜕𝑅 ) = 0. (7)

Equation (7) is the condition for the existence of a function Φ(𝑋1, 𝑅), defined
by the relations

𝜕Φ
𝜕𝑋1

= 1
𝑅

𝜕Ψ
𝜕𝑅 , 𝜕Φ

𝜕𝑅 = − 𝑘2

|𝑘2|
|1 + 𝑘2|
1 + 𝑘2

1
𝑅

𝜕Ψ
𝜕𝑋1

. (8)

The function Φ satisfies the equation

𝑅 𝜕2Φ
𝜕𝑋2

1
+ 𝑘2(1 + 𝑘2)

|𝑘2| |1 + 𝑘2|
𝜕

𝜕𝑅 (𝑅 𝜕Φ
𝜕𝑅 ) = 0. (9)

In the case of purely imaginary 𝑘 = 𝑖𝑘1, in equality (4) one must take the real
and imaginary parts:

𝜓 = 𝜔𝑟3
0Ψ(𝑋, 𝑅) cos 2𝑘1𝜔𝑡, (10)

sovietrxiv.org/items/ru-196101.94934 Machine Translation

https://sovietrxiv.org/items/ru-196101.94934


𝜓 = 𝜔𝑟3
0Ψ(𝑋, 𝑅) sin 2𝑘1𝜔𝑡. (11)

Let us note that the boundary condition 𝑑𝜓 = 0 for solutions of equation (3),
characterizing the condition of non-flow of the liquid through a boundary in-
variant in time, obviously passes, for solutions of the form (4), (10), (11), into
the boundary condition 𝑑Ψ(𝑋1, 𝑅) = 0 on the boundary of the plane 𝑋1, 𝑅,
transformed by virtue of the relations 𝑥 = 𝑟0𝑋, 𝑟 = 𝑟0𝑅 and relation (6). For
real 𝑘 > 0, relations (6), (7), (8), (9) take the form

𝑋1 = 𝑘𝑋√
1 + 𝑘2 = 𝑘√

1 + 𝑘2
𝑥
𝑟0

; (12)

1
𝑅

𝜕2Ψ
𝜕𝑋2

1
+ 𝜕

𝜕𝑅 ( 1
𝑅

𝜕Ψ
𝜕𝑅 ) = 0; (13)

𝜕Φ
𝜕𝑋1

= 1
𝑅

𝜕Ψ
𝜕𝑅 , 𝜕Φ

𝜕𝑅 = − 1
𝑅

𝜕Ψ
𝜕𝑋1

; (14)

𝑅 𝜕2Φ
𝜕𝑋2

1
+ 𝜕

𝜕𝑅 (𝑅 𝜕Φ
𝜕𝑅 ) = 0. (15)

These equations coincide with the equations of potential axisymmetric motion
of an incompressible fluid with velocity potential Φ(𝑋1, 𝑅) and stream function
Ψ(𝑋1, 𝑅). Equation (15) for Φ is the Laplace equation for the axisymmetric
case, i.e. an equation of elliptic type. Comparing relations (1), (2), (12), (14)
and requiring fulfillment of the identities 𝜓 ≡ 0, 𝑝′ ≡ 0 at 𝑡 = −∞, we obtain
for solutions of type (4) with 𝑘 > 0

𝑝′ = −2√1 + 𝑘2𝜌 (𝜔𝑟0)2𝛽Φ(𝑋1, 𝑅)𝑒2𝑘𝜔𝑡. (16)

For imaginary 𝑘 = 𝑖𝑘1 (𝑘1 > 0), two fundamentally different cases are possible.
For 𝑘1 > 1, relation (6) takes the form:

𝑋1 = 𝑘1𝑋
√𝑘2

1 − 1
= 𝑘1

√𝑘2
1 − 1

𝑥
𝑟0

, (17)

and relations (7), (8), (9) are again reduced to relations (13), (14), (15);
the problem is again reduced to the study of potential motions. Us-
ing relations (1), (2), (14), (17), we obtain for 𝑝′ corresponding to (10):
𝑝′ = −2√𝑘2

1 − 1𝜌(𝜔𝑟0)2𝛽Φ(𝑋1, 𝑅) sin 2𝑘1𝜔𝑡, and for 𝑝′ corresponding to (11):
𝑝′ = −2√𝑘2

1 − 1𝜌(𝜔𝑟0)2𝛽Φ(𝑋1, 𝑅) cos 2𝑘1𝜔𝑡.
For imaginary 𝑘 = 𝑖𝑘1 and 0 < 𝑘1 < 1, relations (6), (7), (8), (9) take the form:
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𝑋1 = 𝑘1𝑋
√1 − 𝑘2

1
= 𝑘1

√1 − 𝑘2
1

𝑥
𝑟0

; 1
𝑅

𝜕2Ψ
𝜕𝑋2

1
− 𝜕

𝜕𝑅 ( 1
𝑅

𝜕Ψ
𝜕𝑅 ) = 0; (18a)

𝜕Φ
𝜕𝑋1

= 1
𝑅

𝜕Ψ
𝜕𝑅 , 𝜕Φ

𝜕𝑅 = 1
𝑅

𝜕Ψ
𝜕𝑋1

; 𝑅 𝜕2Φ
𝜕𝑋2

1
− 𝜕

𝜕𝑅 (𝑅 𝜕Φ
𝜕𝑅 ) = 0. (18�)

The second and fourth equations (18) are already equations of hyperbolic type,
while the fourth equation for Φ is the equation of cylindrical waves. Sim-
ilarly to the preceding case, for 𝑝′ in the case of equality (10) we obtain:
𝑝′ = −2√1 − 𝑘2

1𝜌(𝜔𝑟0)2𝛽Φ(𝑋1, 𝑅) sin 2𝑘1𝜔𝑡, and in the case of equality (11):
𝑝′ = −2√1 − 𝑘2

1𝜌(𝜔𝑟0)2𝛽Φ(𝑋1, 𝑅) cos 2𝑘1𝜔𝑡.
Let us consider some problems reducible to the solution of equations of elliptic
type. Suppose that in an unbounded fluid, initially rotating like a rigid body,
in the direction of the negative 𝑥-axis there moves an axisymmetric body, sym-
metrically situated with respect to the 𝑥-axis, with maximum radial size 𝑟0; the
equations of its generators in the coordinate system fixed to the body are given
in the form 𝑥 = 𝑟0𝑓1(𝑟/𝑟0), 𝑥 = −𝑟0𝑓2(𝑟/𝑟0). Let at 𝑡 = −∞ 𝑣𝑥 = 𝑣𝑟 = 0,
𝑣𝜃 = 𝜔𝑟, and let the velocity of motion of the body vary according to the law

𝑉∞(𝑡) = 𝛽𝜔𝑟0𝑒2𝑘𝜔𝑡 (𝛽 = const, 𝑘 > 0). (19)

In the coordinate system 𝑥, 𝑟 fixed to the body, we obtain the following
boundary-value problem for solutions Ψ(𝑥, 𝑟, 𝑡) of equation (3):

𝜓(𝑥, 𝑟, −∞) ≡ 0, 𝜓(𝑥, 𝑟, 𝑡) = 0 for 𝑥 = 𝑟0𝑓1(𝑟/𝑟0), 𝑥 = −𝑟0𝑓2(𝑟/𝑟0);

for √𝑥2 + 𝑟2 → ∞ 1
𝑟

𝜕𝜓
𝜕𝑟 → 𝑉∞(𝑡) = 𝛽𝜔𝑟0𝑒2𝑘𝜔𝑡. (20)

The solution of the problem will be found in the form (4) and will satisfy equa-
tions (12), (13), (14), (15) under the boundary conditions:

Ψ(𝑋1, 𝑅) = 0 for 𝑋1 = 𝑘√
1 + 𝑘2 𝑓1(𝑅), 𝑋1 = − 𝑘√

1 + 𝑘2 𝑓2(𝑅); (21)

1
𝑅

𝜕Ψ(𝑋1, 𝑅)
𝜕𝑅 = 𝜕Φ(𝑋1, 𝑅)

𝜕𝑅 → 1 for √𝑋2
1 + 𝑅2 → ∞. (22)

Thus a problem is obtained of finding the“fictitious”potential flow around a body
specified by equations (21), by a translational stream with velocity at infinity
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𝜕Φ/𝜕𝑋1 = 1. In this case the pressures must be calculated by formula (16),
but with the replacement of the function Φ(𝑋1, 𝑅) by the function Φ1(𝑋1, 𝑅) =
Φ(𝑋1, 𝑅) − 𝑋1; the latter replacement effects a return to the fixed coordinate
system. Integrating, over the body, the projection of the pressure forces on the
positive direction of the 𝑥-axis, we obtain for the drag force 𝐷 the expression

𝐷 = 2√1 + 𝑘2 𝛽𝜔2𝑟0𝑒2𝑘𝜔𝑡𝑀(𝑘) =
√

1 + 𝑘2

𝑘 𝑀(𝑘)𝑑𝑉∞
𝑑𝑡 ; (23)

𝑀(𝑘) = 2𝜋𝜌𝑟3
0 ∫

1

0
{Φ1 [ 𝑘√

1 + 𝑘2 𝑓1(𝑅), 𝑅] − Φ1 [− 𝑘√
1 + 𝑘2 𝑓2(𝑅), 𝑅]} 𝑅 𝑑𝑅.

(24)

Obviously, 𝑀(𝑘) is the “added mass”in the usual hydrodynamic sense of this
term (7) for displacements along the 𝑥-axis of a body whose generators have the

equations 𝑥 = 𝑘√
1 + 𝑘2 𝑟0𝑓1 ( 𝑟

𝑟0
),

𝑥 = − 𝑘√
1 + 𝑘2 𝑟0𝑓2 ( 𝑟

𝑟0
) ,

i.e., of the original body compressed in the direction of the 𝑥-axis. The charac-
teristic time scale of the motion of the body may be taken as the time interval
𝑇1 = 1/𝑘𝜔 over which the quantity 𝑉∞ in the dependence (19) changes by a fac-
tor 𝑒2. The time of rotation through 1 radian at angular velocity 𝜔 is 𝑇0 = 1/𝜔.
Thus, 𝑘 = 𝑇0/𝑇1. As 𝑘 → ∞, equation (23) gives 𝐷 = 𝑀(∞)𝑑𝑉∞/𝑑𝑡. Ob-
viously, lim𝑘→∞ 𝑀(𝑘) = 𝑀(∞) is the “added mass”of the undeformed body.
For small 𝑘 → 0 the boundary conditions (21), (22) pass into the conditions of
transverse potential flow–around ⋯

⋯by a potential“fictitious”flow of a circular disk. Obviously, for a body of any
shape, expression (24) for 𝑀(𝑘) as 𝑘 → 0 tends to the“added mass”𝑀(0) of a
circular disk of radius 𝑟0, which, as is known (7), is equal to 𝑀(0) = 8

3 𝜌𝑟3
0. In

connection with this, as 𝑘 → 0 the principal term for the resistance expressed
by formula (26) will be:

𝐷 = 16
3 𝛽𝜌𝜔2𝑟4

0𝑒2𝑘𝜔𝑡 = 1
𝑘𝑀(0)𝑑𝑉∞

𝑑𝑡 = 1
𝑘 ⋅ 8

3𝜌𝑟3
0

𝑑𝑉∞
𝑑𝑡 = 16

3 𝜌𝜔𝑟3
0𝑉∞(𝑡). (25)

Formulas (25) show that in the expression for 𝐷 in terms of the acceleration
𝑑𝑉∞/𝑑𝑡 there stands the added mass 𝑀(0) of the disk, divided by 𝑘, and, conse-
quently, for small 𝑘 the effective “added mass”becomes very large. Obviously,
the solutions of the boundary-value problem characterized by conditions (20),
taken for various combinations of 𝛽 and 𝑘, may be summed. This makes it
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possible to solve the problem for arbitrary laws 𝑉∞(𝑡), specified in the form of
integral representations of the form

𝑉∞(𝑡) = 𝜔𝑟0 ∫
𝑘0

0
𝛽(𝑘)𝑒2𝑘𝜔𝑡 𝑑𝑘, 0 < 𝑘0 ≪ ∞, (26)

where 𝛽(𝑘) is an arbitrary function ensuring convergence of the integral and
the necessary smallness of the quantity 𝑉∞(𝑡)/𝜔𝑟0. In this case, to obtain the
resistance force it is necessary to integrate relation (23)

𝐷 = 2𝜔2𝑟0 ∫
𝑘0

0
𝛽(𝑘)√1 + 𝑘2 𝑒2𝑘𝜔𝑡𝑀(𝑘) 𝑑𝑘. (27)

If in the integral representation (26) 𝑘0 ≪ 1, 𝑘0 → 0, then (27), using the
equalities (𝑀(0) = 8

3 𝜌𝑟3
0) and (26), takes the form

𝐷 = 16
3 𝜌𝜔2𝑟4

0 ∫
𝑘0

0
𝛽(𝑘)𝑒2𝑘𝜔𝑡 𝑑𝑘 = 16

3 𝜌𝜔𝑟3
0𝑉∞(𝑡). (28)

The integral representation (26) with 𝑘0 ≪ 1 is in any case possible for arbitrary
smooth motions of a body from a state of rest, whose duration in time is consid-
erably greater than the time of rotation through 1 radian with angular velocity
𝜔. Formula (28) shows that for such motions there holds a quite original law
of resistance: the resistance depends only on the maximum radial dimension of
the body and on its velocity at the given instant of time.

In papers (5,6 ), by a completely different method, the particular problem was
considered of the motion for 𝑡 > 0 with constant velocity 𝑉0 = const of a
sphere of radius 𝑟0 in a liquid which at 𝑡 = 0 was rotating with angular velocity
𝜔. For the resistance 𝐷 the asymptotic expression was obtained: lim𝑡→∞ 𝐷 =
16
3 𝜌𝜔𝑟3

0𝑉0. This expression is in agreement with the general law expressed by
formula (28).
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