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1. Let f(zy,2,) in a domain G have generalized unmixed derivatives
02f/0x2, 9*f/0x2. We shall say that f € W ?(G) if
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From the results of S. M. Nikol' skii (172) on the extension of functions and of

S. G. Mikhlin (¥9) it follows that the function f € WI(,Q’Q)(G) has a generalized
mixed derivative 92 f/dz,0z, in G, and moreover, for 1 < p < oo,
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where G, is the domain internal to G, consisting of those points of G whose
distances to the boundary of G are greater than € > 0, and the constant C' does
not depend on f, but depends on the domain and on €.

2. In the following particular cases it is known that in inequality (2) one may
replace G, by G:

o f
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1) The case of a periodic function; p = 2 (S. N. Bernstein (%), p. 97); for
1 < p < o0, (3) follows from the theorem of I. Marcinkiewicz (°) on
multipliers of Fourier series.

2) The domain G is a rectangle, finite or infinite, with sides parallel to the
coordinate axes (L. N. Slobodetskii (®7); for the case of the plane G = R,
it follows from the works (39) of S. G. Mikhlin).
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3) The function f is equal to zero on the boundary of the domain G, bounded
by a curve of class C3; p = 2 (S. N. Bernstein (1°), S. G. Mikhlin (12));
1 < p < oo (A. L. Koshelev (13)).

4) The boundary values of the function and of its normal derivative belong
to the classes:

_ 0 _
flp € WP, aTJ: eWVPM),  1<p<oo
T

(L. N. Slobodetskii (19)).
In the case p = oo (the metric C) estimate (3) does not hold (B. S. Mityagin

(*)-

3. We have established that inequality (3) is valid for an arbitrary domain G
with twice continuously differentiable boundary I', without any assump-
tions about boundary values. Namely:

Theorem 1. Let the domain G be bounded by a finite number of closed or
unbounded curves T, of class C?,

n;glgp(Fi,Fk) >0, l<p<oo;  feW(a).

Then the mixed derivative is summable in the p-th power in the domain G and
the inequality holds
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where the constant C' does not depend on f.

The proof is based on lemmas, proved by us, concerning the properties of bound-
ary values of the function f and its derivatives.

Lemma 1. Let the domain G contain the strip a < z; < b, a(z;) < x5 <
a(xy) + d, where the curve x, = a(x;) is a part v of the boundary T" of the
domain G, and

b
[ <o, o) <k<t

Let f(z,,24) € W152’2>(G), 1 <p<oo. Let

0
P =1l wa)= 52|

~

sovietrxiv.org/items/ru-196101.93538 Machine Translation


https://sovietrxiv.org/items/ru-196101.93538

Then

o(xy) e WP ay, b)), plzy) € WP (ay,by),

de

”wHW;?’l/I’)(al’bl) + dxl

+ |‘M||W;7171/p)<a17b1> < C||f||W1(72’2)(G)a (5)

WY (ay by)

where (aq,b;) is an arbitrary interval lying inside (a, b).

Lemma 2. Let the domain G contain the strip a < z; < b, a(x;) < 25 <

a(xzy) + d, where the curve z, = «(x,) is a part v of the boundary T of the
domain G, and

/b|o/’(t)|Pdt<oo, 0<k <da(z;) <ky < oo.
Let f € Wi*2(@), 1 < p < oo,

@(xl):ﬂ,y» Azxp) =
Then

o(a) € WPy b)), May), play) € WP (ay, by),

dy
dxy

[l 219 @ ) F Il , )

Wz(vl 1/p)(’127b1)

ity gm0, ) < Ol gz g ©)

where (aq,b;) is an arbitrary interval lying inside (a, b).

Lemma 3. Almost everywhere on the set E of those points of the boundary
I' of the domain G at which the tangent to I' is not parallel to either of the
coordinate axes, the formula holds

¢ (1) = Aay) + plzy)a (),

where o, = a(z) is the equation of an arc of the boundary.

Analogous circumstances hold for n variables.
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Theorem 2. Let
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and let the domain G be bounded by a finite number of surfaces I'; of class C2,
inp(T,,T 0.
min p(l';, Ty,) >

Then the mixed derivatives are summable to the p-th power on the domain G,
and
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