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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1961, Volume 141, No. 6

MECHANICS
V. G. NEVZGLYADOV

ON THE ROTATION OF A DEFORMABLE
BODY
(Presented by Academician V. A. Fock on 6 VII 1961)

§ 1. Consider the motion of a body (solid or liquid) whose center of mass is
at rest in some inertial reference frame 𝑂𝑥1𝑥2𝑥3, the origin of which we shall
place at the center of mass. Suppose there is a “natural configuration”of the
points of the body, in which their position is determined by the radius vector
𝜚 = 𝑎𝑖e𝑖, where e𝑖 are unit vectors along the axes 𝑂𝑥1𝑥2𝑥3 (summation over
a repeated index is understood). The displacements of the points (in general,
finite), measured from the natural configuration, are denoted by the vector

u = 𝑢𝑖(𝑎1, 𝑎2, 𝑎3; 𝑡)e𝑖 (1,1)

(the Lagrangian method of describing the motion of a continuous medium);
𝑢𝑡0 = 𝑢𝑖(𝑎1, 𝑎2, 𝑎3; 0) is the initial displacement. The radius vector
r = 𝑥𝑖(𝑎1, 𝑎2, 𝑎3; 𝑡)e𝑖 determines at the time 𝑡 the position of the point
which in the natural configuration had coordinates 𝑎𝑖. Then 𝑥𝑖 = 𝑎𝑖 + 𝑢𝑖, and
𝑥𝑖0 = 𝑎𝑖 + 𝑢𝑖0. We shall consider a finite linear deformation, i.e. we assume the
function (1,1) to be linear; then

𝑥𝑖 = 𝑎𝑖 + 𝜕𝑢𝑖
𝜕𝑎𝑘

𝑎𝑘 = 𝑎𝑖 + (𝑒𝑖𝑘 + 𝜑𝑖𝑘)𝑎𝑘. (1,2)

The quantities 𝑒𝑖𝑘, 𝜑𝑖𝑘 (in general, finite) are assumed to have the same values
throughout the body and are taken to be continuous and single-valued functions
of time:

𝑒𝑖𝑘 ≡ 1
2(𝑢𝑖𝑘 + 𝑢𝑘𝑖) = 𝑒𝑘𝑖(𝑡); 𝜑𝑖𝑘 ≡ 1

2(𝑢𝑖𝑘) − 𝑢𝑘𝑖 = −𝜑𝑘𝑖(𝑡); 𝑢𝑖𝑘 ≡ 𝜕𝑢𝑖/𝜕𝑎𝑘.
(1,3)

We call the body under consideration a body of homogeneous deformation, de-
fined by equations (1,2) and (1,3). This body, whose points in the natural
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configuration are bounded by some continuous surface 𝑓(𝑎1, 𝑎2, 𝑎3) = 0, consti-
tutes a mechanical system with 9 degrees of freedom (since its center of mass is
fixed). As generalized coordinates of the system one may choose the 6 indepen-
dent quantities 𝑒𝑖𝑘 and the three 𝜑𝑖𝑘. As is known(1), under a rotation of the
coordinate axes the quantities 𝑒𝑖𝑘 transform as the components of a tensor of
the second rank, and 𝜑𝑖𝑘 as the components of an axial vector.

The deformation of the body itself is determined by the components of defor-
mation 𝜀𝑖𝑘 (in general, finite), defined by the equality

𝑥𝑖𝑥𝑖 − 𝑎𝑖𝑎𝑖 = 𝜀𝑖𝑘𝑎𝑖𝑎𝑘. (1,4)

From definitions (1,4) and (1,3) we obtain the expressions

𝜀𝑖𝑘 = 2𝑒𝑖𝑘 + (𝑒𝑠𝑖 + 𝜑𝑠𝑖)(𝑒𝑠𝑘 + 𝜑𝑠𝑘) = 𝜀𝑘𝑖. (1,5)

In a body of homogeneous deformation, at each instant there are 3 rectilinear
mutually perpendicular fibers (the principal axes of deformation(1)) along which
the relative elongations are extremal. The limiting case of pure rotation without
deformation is determined by the condition

𝜀𝑖𝑘 = 0 for all times 𝑡. (1,6)

The constraints (1,6) express the condition for the motion of the body as an
absolutely rigid body.

Let us formulate the equations of motion, i.e., construct a mechanical theory
(model) of a rotating and deformable body as a generalization of the model of
an absolutely rigid body. To this end we use the principle of stationary action

∫
𝑡1

𝑡0

𝛿𝐿 𝑑𝑡 = − ∫
𝑡1

𝑡0

𝛿𝐴 𝑑𝑡. (1,7)

The Lagrange function 𝐿 = 𝑇 − 𝑈 − 𝑈ex; 𝑈 is the internal and 𝑈ex the external
potential energy; 𝛿𝐴 is the elementary virtual work of nonpotential forces. We
formulate the equations of motion by choosing as generalized coordinates the 9
independent quantities

𝜘𝑖𝑘 = 𝑢𝑖𝑘 + 𝛿𝑖𝑘. (1,8)

Let us compute the kinetic energy:

𝑇 = 1
2 ∫ 𝑣2 𝑑𝑚 = 1

2 ∫ 𝑣2𝜌 𝑑𝑥1 𝑑𝑥2 𝑑𝑥3; (1,9)
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𝜌 is the density. We obtain the velocity of the points by differentiating (1,2):

𝑣𝑖 = ̇𝑥𝑖 = ̇𝜘𝑖𝑘𝑎𝑘. (1,10)

Substituting (1,10) into (1,9) and changing to integration with respect to the
variables 𝑎1, 𝑎2, 𝑎3, we obtain

𝑇 = 1
2𝜌0

𝐷𝜌 𝑗0
𝑠𝑘 ̇𝜘𝑖𝑠 ̇𝜘𝑖𝑘; (1,11)

𝐷 is the Jacobian of the transformation from 𝑥𝑖 to 𝑎𝑖; 𝑗0
𝑠𝑘 are constants:

𝑗0
𝑠𝑘 ≡ 𝜌0 ∫ 𝑎𝑠𝑎𝑘 𝑑𝑎1 𝑑𝑎2 𝑑𝑎3 = 𝑗0

𝑘𝑠. (1,12)

From conservation of mass it follows that 𝑚 = 𝜌𝜏 = 𝜌0𝜏0; 𝜏 is the volume of the
body: 𝜏 = 𝐷𝜏0, and consequently 𝜌𝐷 = 𝜌0; therefore the kinetic energy takes
the form

𝑇 = 1
2𝑗0

𝑠𝑘 ̇𝜘𝑖𝑠 ̇𝜘𝑖𝑘 = 1
2 (1

2𝐼0 ̇𝜘𝑖𝑘 ̇𝜘𝑖𝑘 − 𝐼0
𝑠𝑘 ̇𝜘𝑖𝑠 ̇𝜘𝑖𝑘) . (1,13)

𝐼0
𝑠𝑘 are the components of the inertia tensor—constants corresponding to the

undeformed state,

𝐼0
𝑠𝑘 ≡ 𝑗0

0𝛿𝑠𝑘 − 𝑗0
𝑠𝑘; 𝑗0

0 = 1
2𝐼0 ≡ 𝑗0

11 + 𝑗0
22 + 𝑗0

33. (1,14)

We represent the work of nonpotential forces in the form

𝛿𝐴 = 𝑄𝑖𝑘𝛿𝜘𝑖𝑘. (1,15)

The Lagrange–Euler equations of the variational problem (1,7) have the usual
form

𝑑
𝑑𝑡𝑝𝑖𝑘 ≡ 𝑗0

𝑘𝑠 ̈𝜘𝑖𝑠 = − 𝜕
𝜕𝜘𝑖𝑘

(𝑈 + 𝑈ex) + 𝑄𝑖𝑘. (1,16)

Here 𝑝𝑖𝑘 are the momenta conjugate to the coordinates 𝜘𝑖𝑘:

𝑝𝑖𝑘 ≡ 𝜕𝑇 /𝜕 ̇𝜘𝑖𝑘 = 𝑗0
𝑘𝑠 ̇𝜘𝑖𝑠. (1,17)
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The internal potential energy 𝑈 should be regarded as a function of the com-
ponents of the proper deformation 𝜀𝑖𝑘. Taking, for example, the model of an
isotropic perfectly elastic body, we obtain

𝑈 = 𝜏 (1
2𝜆𝜀2 + 𝜇𝜀𝑖𝑘𝜀𝑖𝑘) ; 𝜀 ≡ 𝜀11 + 𝜀22 + 𝜀33, (1,18)

where the volume of the body is equal to

𝜏 = 𝜏0 (1 + 𝜀 + 𝜀𝑖𝑘𝜀𝑖𝑘 + Δ) , (1,19)

where Δ is the determinant formed from the components 𝜀𝑖𝑘. For a liquid 𝜇 = 0.
For a general

in the case of an anisotropic body

𝑈 = 1
2𝜏 (𝜆𝑖𝑘𝑚𝑛𝜀𝑖𝑘𝜀𝑚𝑛 + …) ; (1,20)

𝜆𝑖𝑘𝑚𝑛 is the tensor of elastic moduli of rank 4 (it has 21 independent compo-
nents).

If the surface energy is comparable in order of magnitude with the volume
energy, then to (1,18) one must also add the surface potential energy 𝑈 surf. For
an isotropic film 𝑈 surf = 𝑎𝑆; 𝑎 is the surface tension; 𝑆 is the surface area,
a definite function of the coordinates 𝜘𝑖𝑘. We describe the viscous properties
by means of the dissipation function Φ, which we regard as a function of the
deformation velocity. For isotropic viscosity

Φ = 1
2𝜁 ̇𝜀2 + 𝜂 ̇𝜀𝑖𝑘 ̇𝜀𝑖𝑘. (1,21)

The nonpotential forces have the form

𝑄𝑖𝑘 = −𝜕Φ/𝜕 ̇𝜘𝑖𝑘 + 𝑄′
𝑖𝑘, (1,22)

where 𝑄′
𝑖𝑘 are still other possible nonpotential forces.

After specifying explicitly the form of 𝑈 , Φ, and also 𝑈ex, 𝑄′
𝑖𝑘 as functions of the

generalized coordinates and velocities 𝜘𝑖𝑘, ̇𝜘𝑖𝑘, we obtain a closed theory of a
rotating and deformable body. The mechanical properties of the system (model)
are described by 6 inertial constants 𝐼0

𝑘𝑠 (the mass 𝑚 itself does not appear when
the center of mass is fixed), by elastic constants 𝜆, 𝜇, and by viscous constants
𝜁, 𝜂. The theory is closed in the same sense as the theory of an absolutely rigid
body, and is its generalization. To the three rotational degrees of freedom of an
absolutely rigid body are added 6 deformation degrees of freedom 𝜀𝑖𝑘.
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§ 2. There occur the rotation of the body, its deformation, and the interaction
of rotation with deformation. To investigate these phenomena we transform the
expression for the kinetic energy. We pass to Euler’s method of description; for
this we solve the system (1,2):

𝑎𝑖 = 𝑣𝑖𝑘𝑥𝑘. (2,1)

The coefficients 𝑣𝑖𝑘 are functions only of time; they form a matrix inverse to the
matrix 𝜘𝑖𝑘. Substituting (2,1) into (1,10), we obtain the velocity

𝑣𝑖 = ̇𝜘𝑖𝑘𝑣𝑘𝑠𝑥𝑠 ≡ 𝑉𝑖(𝑥1, 𝑥2, 𝑥3; 𝑡) = 𝑉𝑖𝑘𝑥𝑘 + [Ω⃗, r]𝑖, (2,2)

where

𝑉𝑖𝑘 ≡ 1
2 (𝜕𝑉𝑖/𝜕𝑥𝑘 + 𝜕𝑉𝑘/𝜕𝑥𝑖) = 𝑉𝑘𝑖(𝑡); (2,3)

Ω𝑖𝑘 ≡ 1
2 (𝜕𝑉𝑖/𝜕𝑥𝑘 − 𝜕𝑉𝑘/𝜕𝑥𝑖) = −Ω𝑘𝑖(𝑡);

Ω1 = −Ω23; Ω2 = −Ω31; Ω3 − Ω12. (2,4)

The explicit expressions for 𝑉𝑖𝑘 and Ω𝑖𝑘 through ̇𝜘𝑖𝑘 have the form

𝑉𝑖𝑘 = 1
2 ( ̇𝜘𝑖𝑠𝑣𝑠𝑘 + ̇𝜘𝑘𝑠𝑣𝑠𝑖) ; Ω𝑖𝑘 = 1

2 ( ̇𝜘𝑖𝑠𝑣𝑠𝑘 − ̇𝜘𝑘𝑠𝑣𝑠𝑖) . (2,5)

Substituting (2,2) into (1,9), we obtain the kinetic energy in the form

𝑇 = 1
2𝑗𝑖𝑘𝑉𝑖𝑛𝑉𝑘𝑛 + 1

2𝐼𝑖𝑘Ω𝑖Ω𝑘 + Ω𝑖𝐿𝑖. (2,6)

The moments of inertia 𝐼𝑖𝑘 are functions of time through the coordinates 𝜘𝑖𝑘,
namely:

𝐼𝑖𝑘 ≡ 𝑗𝛿𝑖𝑘 − 𝑗𝑖𝑘; 𝑗 ≡ 𝑗11 + 𝑗22 + 𝑗33 ≡ 1
2𝐼; 𝑗𝑖𝑘 = 𝑗0

𝑠𝑛𝜘𝑖𝑠𝜘𝑘𝑛. (2,7)

The axial vector 𝐿𝑖 is defined by the equalities:

𝐿1 ≡ −𝐿23, … ; 𝐿𝑖𝑘 ≡ 𝐼𝑖𝑛𝑉𝑘𝑛 − 𝐼𝑘𝑛𝑉𝑖𝑛 ≡ −𝐿𝑘𝑖. (2,8)

The kinetic energy (2,6) now has a clear interpretation. The term
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𝑇df = 1
2𝑗𝑖𝑘𝑉𝑖𝑛𝑉𝑘𝑛 (2,9)

describes the kinetic energy of “instantaneous deformation”; the terms

𝑇rot = 1
2𝐼𝑖𝑘Ω𝑖Ω𝑘; 𝑇rd = Ω𝑖𝐿𝑖 (2,10)

are the kinetic energies of “instantaneous rotation”and of the “instantaneous
interaction of rotation with deformation.”The quantities 𝑉𝑖𝑘 and Ω𝑖𝑘 are veloc-
ities of nonholonomic coordinates; therefore the equations of motion for them
have a cumbersome form. However, 𝑇df is easily expressed directly in terms of
the deformation velocities ̇𝜀𝑖𝑘. It is not difficult to obtain the relation

̇𝜀𝑖𝑘 = (𝜘𝑛𝑖𝜘𝑠𝑘 + 𝜘𝑠𝑖𝜘𝑛𝑘)𝑉𝑠𝑛. (2,11)

Denote the solution of the system (2,11) with respect to 𝑉𝑠𝑛 by

𝑉𝑛𝑚 = 𝑏𝑛𝑚,𝑖𝑘 ̇𝜀𝑖𝑘. (2,12)

Substituting (2,12) into (2,6), we obtain the kinetic energy in the form

𝑇 = 1
2𝐽𝑛𝑚,𝑟𝑠 ̇𝜀𝑛𝑚 ̇𝜀𝑟𝑠 + 1

2𝐼𝑖𝑘Ω𝑖Ω𝑘 + Ω𝑖𝐿𝑖, (2,13)

𝐽𝑛𝑚,𝑟𝑠 = 𝑗𝑖𝑘 𝑏𝑖𝑝,𝑛𝑚𝑏𝑘𝑝,𝑟𝑠 = 𝐽𝑟𝑠,𝑛𝑚.

Now one may choose as generalized coordinates the 6 𝜀𝑖𝑘 and also 3 quantities
independent of them, for example 𝜑𝑖𝑘 from (1,3). The equations of motion for
these coordinates are equations of the usual Lagrange–Euler form.

§ 3. Let us form the momenta conjugate to the nonholonomic angular coordi-
nates 𝑑𝜒𝑖 ≡ Ω𝑖𝑑𝑡. From (2,6) and (2,13) we obtain

𝑀𝑖 ≡ (𝜕𝑇 /𝜕Ω𝑖)𝑉𝑛𝑚
= (𝜕𝑇 /𝜕Ω𝑖) ̇𝜀𝑛𝑚

= 𝐼𝑖𝑘Ω𝑘 + 𝐿𝑖. (3,1)

It is easy to prove that M has the meaning of the total angular momentum,
determined by the equality

M = ∫[r, V] 𝑑𝑚 = 𝑀𝑖e𝑖.
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From (3,1) the meaning of the axial vector 𝐿𝑖 is clear: it is the angular momen-
tum of the deformation of the body itself. Let us find the law of variation of 𝑀𝑖
in time; for this purpose we express 𝑀𝑖 through 𝜘𝑖𝑘. Simple calculations give

𝑀𝑖𝑘 = 𝜘𝑘𝑠𝑝𝑖𝑠 − 𝜘𝑖𝑠𝑝𝑘𝑠 = −𝑀𝑘𝑖; 𝑀1 = −𝑀23, … (3,2)

Multiplying the equations of motion (1,16) by 𝜘𝑟𝑘, after some transformations
we obtain:

𝑑𝑀𝑖𝑘/𝑑𝑡 = 𝜘𝑘𝑠𝑄𝑖𝑠 − 𝜘𝑖𝑠𝑄𝑘𝑠 − (𝜘𝑘𝑠𝜕𝑈ex/𝜕𝜘𝑖𝑠 − 𝜘𝑖𝑠𝜕𝑈ex/𝜕𝜘𝑘𝑠); (3,3)

here it has been taken into account that

𝜘𝑘𝑠𝜕𝑈/𝜕𝜘𝑖𝑠 − 𝜘𝑖𝑠𝜕𝑈/𝜕𝜘𝑘𝑠 = 0. (3,4)

(3,4) follows from the fact that 𝑈 is a function only of the deformation coor-
dinates 𝜀𝑟𝑠. On the right-hand side of (3,3) stands an axial vector having the
meaning of the total moment of all external forces applied to the body, so that
in vector form this equation has the usual form of the law of variation of the
total angular momentum of a system of points. Three equations (3,3) are equiv-
alent to 3 Lagrange equations for 𝜑𝑖𝑘, obtained using (2,13), or to any other 3
equations corresponding to 3 orientational coordinates 𝜗𝑟 which in some way
determine the rotation of the body.

The closed theory set forth can be applied to the study of various problems of
classical mechanics, for example the rotation of a deformable top.

Leningrad State University
named after A. A. Zhdanov
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