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Abstract
Full Text

A. V. STRAUS

ON SOME FAMILIES OF EXTENSIONS OF A
SYMMETRIC OPERATOR

(Presented by Academician A. N. Kolmogorov on 17 March 1961)

In the present note we study some questions in the theory of extensions of sym-
metric operators that are adjacent to spectral theory and are connected with
results of M. A. Naimark ((1), see also (2)). On this basis we consider a singular
boundary-value problem for the equation {[y] — Ay = 0 with boundary conditions
depending analytically on A, where [[y] is a formally self-adjoint ordinary differ-
ential expression of even order. Boundary-value problems of this type arise, in
particular, from the application of the Fourier method in the study of oscilla-
tions of a part of a conservative system. The appearance of the parameter A in
the boundary conditions is due to the fact that these conditions may depend on
such, for example, frequency characteristics of the remaining part of the system
as its dynamical compliance.

1. Let A be a closed symmetric operator in the Hilbert space H with dense
domain of definition D 4. Consider the equation

Af =M =0, (1)

where A is some self-adjoint operator in a Hilbert space H>H , which is
an extension of the operator A. Suppose that it is required to find not the
eigenvectors themselves of the operator A but only their projections onto H.
Let P and P be the operators of orthogonal projection in H onto the subspaces
Hand Ho H , respectively. Denote by B, for each complex A, the manifold of
all f € Dz for which ﬁ(}lv— )\E)f = 0. Define an operator B, in H by putting
Dp, = PB,, B/\Pf: PAf (f € %B,). This definition is correct, and for every
complex A we have A C B, C A*.* We shall agree to say that the family of
operators B, depending on the complex parameter A, thus defined is induced
in H by the self-adjoint extension A of the operator A.

The following proposition is valid: for every complex A the set of all solutions
f of the equation

Bif—Af=0 (2)
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coincides with the set of all possible elements P f , where f satisfies equation (1)
with the same \.*

Thus, if we are interested only in the projections of the eigenvectors of the op-
erator A onto H, then equation (1) may be replaced by equation (2). Therefore
it is not necessary to assume the operator A known; it is sufficient to specify
the family B, induced by it in H. The question naturally arises of the intr—

* Tt follows from this that for non-real A equation (2) has only the zero solution.

characteristic of the families B, which are induced in H by different self-adjoint
extensions of the given symmetric operator A.

For any real X\ the operator B, is symmetric. For any non-real A the operator
B, — AE has a bounded inverse defined on all of H, and for any h € H

(By —AE) 'h=P(A—XE)"'h  (Im\+0). (3)

According to formula (3), the operator (B, —AE) ™1, for any non-real )\, coincides
with the generalized resolvent R, of the operator A generated by the self-adjoint

extension A (see, for example, (?), p. 377).
Denote by 91, for any non-real p, the defect subspace of the operator A, con-
sisting of all solutions of the equation A*p — uw = 0. If F is some linear

operator with domain D =91, and with range in 9N, then by Ap we denote
the operator in H with domain

DAF:DA+<F_E)m;u

satisfying the relation

ACAp C A~

The formula obtained by the author in (?), Theorem 7, for all generalized resol-
vents of a symmetric operator makes it possible to describe in the following way
all possible families B, for non-real A.

Theorem 1. A family of operators B, depending on a non-real parameter \,
is induced in H by some self-adjoint extension of the operator A if and only if
B, admits the representation

B, = {AF()\) for ImA-Im Ay > 0, @)

AF*O\) for ImA-Im A\, <0,

where Xy is a fived non-real number; F'(X) is a certain linear operator from My
into Ny, depending on A and satisfying the following conditions: 1) |F(A)] <1
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(ImA-Im Ay > 0); 2) F(\) is an analytic operator function of X in the half-plane
(ImA-ImA, > 0).

This result does not give a description of the family B, for real values of A,
which are of special interest, since only for such A can equation (2) have nonzero
solutions.

Taking formula (3) into account, it is not difficult to prove that the operator
function B, of the complex parameter A is continuous at any non-real point p
in the following sense: as A\ — u, the gap between the graphs of the operators
B, and B,, tends to zero®. At points of the real axis the operator function B,
is not always continuous. The following theorem gives a complete description
of those operator functions B, that turn out to be continuous in the whole
complex plane.

Theorem 2. Let A be a closed symmetric operator in H with equal defect
numbers. A family of operators B, is induced in H by some self-adjoint extension
of the operator A, and B, is a continuous operator function of the parameter A
in the whole complex plane if and only if the operator function F'(X\) occurring in
formula (4), in addition to conditions 1) and 2) of Theorem 1, also satisfies the
following: 3) F(\) is an operator function of the parameter X\, continuous in the
sense of uniform convergence of operators, in the closed half-plane (Im A-Im Ay >
0); 4) for any real A\, F(\) is an isometric operator mapping 0y, onto N . If
all these conditions are fulfilled, formula (4) remains valid also for any real \,
ie.

* The definition of the gap between two linear manifolds is given, for example,
in (2), pp. 105-108.

2. Let {[y] be a formally self-adjoint ordinary differential expression of order
2n with real coefficients satisfying, on the interval (a,b), the conditions of lo-
cal summability. The expression [[y] generates in the space £2(a,b) a closed
symmetric differential operator £ with minimal domain of definition (2). Sup-
pose that the endpoint a is regular, b is singular, and that the operator £ has
deficiency index (n,n). If y(x) is a function for which the expression [[y] has
meaning, then by y(x) we denote the vector-valued function

(y(@), yM(2), .. ,yP"V(z)),

where y¥(z) is the quasi-derivative of order k, and we shall regard () as a
column matrix. Define the square matrix

J = leli

by the equalities: e;, =0 fori+k #2n+1;¢;, =sgn(i — k) for i+ k=2n+1
(i,k=1,2,...,2n).
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Introduce for consideration the class K of all possible matrix functions U(\) of
the complex parameter A\, composed of n rows and 2n columns and satisfying
the following conditions: a) U()\) is a meromorphic function of A, having no
singularities on the real axis; b) for every non-real A distinct from the poles of

the function U(\),

1
——UW\)JU*(\) < 0;
5 VI <

c) the rank of the matrix U(\), for every A distinct from its poles, is equal to n.
With the aid of Theorem 2 the following proposition is proved:

Theorem 3. Let U(N) be an arbitrary matriz function from the class K, and
for every \ distinct from its poles let the operator By in £*(a,b) be defined as
a part of the operator £*, given on the manifold Dp,  of all

y(:ﬂ) € DL*?
which satisfy the boundary condition
U(N)y(a) =0.

Then the family B, is induced in £%(a,b) by some self-adjoint extension of the
operator £, and the operator-valued function B, extended in the corresponding
way at the poles of the function U(N), is continuous in the whole complex plane.
Conversely, if a family of operators By is induced in £*(a,b) by some self-adjoint
extension of the operator £, and the operator-valued function B, is continuous
in the whole complex plane, then in the class K there exists a matriz function
U(\) by means of which the family B, is defined in the manner indicated above.

Consider the boundary-value problem:

lly] — Ay =0; (5)
UN)y(a) = 0; (6)
y(x) € £2(a,b), (7)

where U()) is some matrix function from the class K.* This problem may be
written in the form of the equation

B/\y - )‘y = 07
where B, is the family of extensions of the operator £ described in Theorem 3.

Let
z1(x5 A), zo(2s N)y ey 2, (25 ) (8)

be linearly independent solutions of equation (5), satisfying the boundary con-
dition (6), defined for all real values of the parameter A and continuous with
respect to A on the entire real axis. The column matrix composed of the func-
tions (8) will be denoted by z(z;\), and by z’(z;s) the transposed row matrix.
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* An analogous boundary-value problem for an equation of second order was
studied in (*).

Theorem 4. For any function f(z) € £%(a,b) the expansion

fa) = / 2/ (a30) dS(0) €(f;0), ()

holds, where

b P
&(fio) = / £(8) =(8;0) ds, (10)

and S(o) is some Hermitian matrix of order n, a nondecreasing function of
the parameter 0 (—oo < ¢ < +00); the integrals in formulas (9) and (10)
converge respectively in the metrics of £%(a,b) and £%(—o0, +00)*. Moreover,
the equality

b +oo
/ @) de = / £ (f:0)dS(0)E(f:0)

is valid.

Because of lack of space we do not give here the formulas yielding an effective
rule for constructing the matrix function S(c). Let us note that the eigenvalues
of the boundary-value problem (5)—(7) coincide with the points of discontinuity
of the function S(o), and the eigensubspace corresponding to the eigenvalue
A = o has dimension equal to the rank of the matrix S(c 4+ 0) — S(o — 0).

Formula (9) is a realization of the abstract expansion

+o0
f=/ dE,f (f € H),

where E, (—oo < t < 400) is the spectral function of the symmetric operator
A in H, connected with the spectral function E, (—oo < t < +00) of the self-

adjoint operator A>AmmHH->H by M. A. Naimark’s formula (see, for example,
(?), pp. 370—372)

E.f = PE,f (f€H).

sovietrxiv.org/items/ru-196101.92678 Machine Translation


https://sovietrxiv.org/items/ru-196101.92678

In the case considered here H = £%(a,b), A = £, and the operator X, which
is not assumed to be known, induces in £2(a,b) a family of operators By D £,
defined by means of the boundary conditions (6).
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* L’?g(—oo, +00)

is the Hilbert space of n-dimensional vector functions

(o) = (m(0),m5(0), ..., M, (0)) (00 <o < +00),

regarded as column matrices; the scalar product is defined by the formula

(nx) = / x*(0) dS(0) (o).
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