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Abstract
Full Text
MATHEMATICAL PHYSICS
P. E. KRASNUSHKIN

THE PROBLEM OF THE PROPAGATION OF
LONG AND SUPERLONG RADIO WAVES
AROUND THE EARTH AND THE LOWER
IONOSPHERIC LAYERS (𝐶, 𝐷 and 𝐸) IN THE
LIGHT OF INFORMATION THEORY
(Presented by Academician N. N. Bogolyubov, 3 IV 1961)

The solution of the boundary-value problem (1), (2) gives a functional relation
between the field and the medium:
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where {Φ𝑖}𝑁
1 are parameters determining the essential features of the electro-

magnetic field for the problem under consideration, while {𝑎c
𝑙 }𝑁

1 are essential
and {𝑎nc

𝑙 }∞
𝑁+1 nonessential parameters of the medium. The separation into

{𝑎c
𝑙 }𝑁

1 and {𝑎nc
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𝑁+1 is carried out by introducing 𝜀-nets in the space 𝐻Φ𝑁 ,
{Φ𝑖}𝑁

1 ∈ 𝐻Φ𝑁 , where 𝜀 determines the accuracy of the idealization.

The problem of reconciling experimental data {Φ𝑖}𝑁
1 and {𝑎c

𝑙 }𝑁
1 at the nodes

of the 𝜀-nets consists in imposing the relation (1) on the arguments of the
probability distribution function 𝑊exp[{Φ}𝑁 , {𝑎c}]. According to information
theory (3), this leads to a gain of information about the field and the medium.
For an approximate reconciliation we apply the method of mixed initial data
(abbreviated m.i.d.). From {𝑎c

𝑙 }𝑁
1 we single out parameters {𝑎c,d

𝑙 }𝑃
1 (𝑃 ≤ 𝑁)

that are reliable within the limits of the 𝜀-net, and supplement them with reliable
{Φd

𝑖 }𝑅
1 up to 𝑁 = 𝑃 + 𝑅. Taking them as the initial data of the problem, we

find the unknown {𝑎c,x
𝑙 }𝑁

𝑃+1 from (1):
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and, substituting {𝑎c,x
𝑙 }𝑁

𝑃+1 and {𝑎c,d
𝑙 }𝑃

1 into the remaining equations (1), we
find {Φx

𝑖 }𝑁
𝑅+1. For 𝑓 < 100 kc/s we take as {Φ𝑖}𝑁

1 the parameters of the normal
waves 𝑇 𝐻𝑗 and 𝑇 𝐸𝑘: 𝜈𝑗,𝑘 and 𝑁𝑗,𝑘, where 𝜈𝑗 and 𝜈𝑘 lie on the initial portions of

sovietrxiv.org/items/ru-196101.92478 Machine Translation

https://sovietrxiv.org/items/ru-196101.92478


Fig. 1

Figure 1: Fig. 1

the branches (see (1,2 )) 𝜈𝑗(𝑎, 𝑐) and 𝜈𝑘(𝑎, 𝑐), bounded from above by the region
of merging with the branches 𝜈𝑗,𝑘(𝑐, ∞).

𝐸𝑟(𝑎, 𝜃) ≅ √ 𝑊
sin 𝜃 𝑒 𝑖 𝜋

4 {
𝑛

∑
𝑗=0

𝜂2
𝑗 𝑒𝑖𝜈𝑗𝜃 +

𝑚
∑
𝑘=1

𝜂2
𝑘𝑒𝑖𝜈𝑘𝜃} in 𝜇V

m , (3)

where 𝜂𝑗,𝑘 = 0.1829 ⋅ 10−20 𝜈3/4
𝑗,𝑘 𝜆(𝜋/𝑁𝑗,𝑘)1/2, where 𝜆 is the wavelength in kilo-

meters, 𝑊 is the radiated power in kilowatts. (5) are Dirichlet polynomials
(4); from a given function 𝐸𝑟(𝑎, 𝜃) one can calculate 𝜈𝑗,𝑘 and 𝜂𝑗,𝑘. From the
solution of the direct problem (1,2 ) with ‖𝜀(𝑟)‖, arbitrary within the regularity
conditions on the nonessential intervals (0, 𝑎−𝛿1) and (𝑎+ℎ0 +𝛿2, ∞), and from
the solution of the inverse problem by methods (5,6 ), which reconstruct ‖𝜀(𝑟)‖
from prescribed {Φ𝑖}𝑁

1 , supplemented arbitrarily to an infinite spectrum under
the conditions lim 𝜈𝑗,𝑘 → ∞ and lim𝑘,𝑗→∞ 𝑗/𝜈𝑗,𝑘 = 𝜎, it follows that between
{Φ𝑖}𝑁

1 and ‖𝜀(𝑟)‖ in (𝑎 − 𝛿1, 𝑎 + ℎ0 + 𝛿2), within the accuracy of the 𝜀-net,
there exists a one-to-one correspondence. For 𝑓 < 100 kc/s under terrestrial
conditions (𝑎 = 6370 km), 𝛿1 = 0.01–0.02 km, ℎ0 = 55 km, 𝛿2 = 25 km (by
day), and ℎ0 = 85 km, 𝛿2 = 15 km (by night). It is known from experiment that
‖𝜀0‖ = 𝜀0 + 𝑖 4𝜋𝜎0/𝜔 in the layer (𝑎 − 𝛿1, 𝑎). In the layer (𝑎, 𝑐) we put ‖𝜀1‖ = 1.
In the layer (𝑐, 𝑐 + 𝛿2), ‖𝜀2‖ depends on 𝐻0, 𝜈eff,

and 𝑁𝑒 (1). From experiment 𝐻0 = 0.5 gauss, while from pressure and temper-
ature data, according to Nicolet (7),

𝜈eff = 9.5 𝑒−0.148(ℎ−89) ± 5%,

where ℎ = 𝑟 − 𝑎. The information on 𝑁𝑒 is very scanty; therefore we regard
𝑁𝑒(𝑟) as unknown. In the layers (0, 𝑎 − 𝛿1), which are unimportant for the
present problem, we set

Fig. 1

‖𝜀‖ = 𝜀′
0 + 𝑖 4𝜋𝜎0/𝜔,

and in (𝑐 + 𝛿2, ∞) 𝐻0 = 0.5 gauss, 𝜈eff according to Nicolet, and 𝑁𝑒 = 𝑁𝑒(𝑟 =
𝑐 + 𝛿2). To determine 𝑁𝑒(𝑟) in (𝑐, 𝑐 + 𝛿2), proceed as follows. We divide it into
layers (𝑟𝑙, 𝑟𝑙+1), 𝑙 = 1, 2, … , 𝑅, and in them replace 𝑁𝑒(𝑟) by segments of straight
lines or exponentials with arbitrary parameters {𝑎𝑐,𝑥

𝑙 }𝑆
1 . The approximating

function 𝑁𝑒[{𝑎𝑐,𝑥
𝑙 }𝑆

1 ] will be considered continuous and equal to 0 at 𝑟 = 𝑐,
where 𝑐 is unknown. Then the number 𝑆 of parameters 𝑎𝑐,𝑥

𝑙 will be equal to
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Fig. 2

Figure 2: Fig. 2

the number of (𝑟𝑙, 𝑟𝑙+1). Numerical experiments have established that the mean
length of the interval (𝑟𝑙, 𝑟𝑙+1) is 1–2 km and 𝑅 = 10–20. From (8−10) we were
able to obtain 𝜈𝑗,𝑘 and 𝑛𝑗,𝑘 only for the first types of normal waves, and the
system of equations (2) was incomplete (𝑅 + 𝑃 < 𝑁). Using the equivalence
of the ray and spectral representations (12), i.e., of the systems {𝜈𝑗,𝑘; 𝑛𝑗,𝑘}
and {‖𝑅∥(𝜑)‖; ‖𝑅⟂(𝜑)‖} (0 ≤ 𝜑 ≤ 90), where ‖𝑅∥ and ‖𝑅⟂‖ are the reflection
coefficients from the ionosphere, and 𝜑 is the angle of incidence at 𝑟 = 𝑐, we
supplemented (2) with equations of the form

‖𝑅∥‖ = 𝑓∥(𝜑; 𝑁𝑒(𝑟))

and

‖𝑅⟂‖ = 𝑓⟂(𝜑; 𝑁𝑒(𝑟)).

Fig. 2

The numerical values of ‖𝑅∥‖ and ‖𝑅⟂‖ were taken from (11). In all equations
(2), {𝑎𝑐,𝑥

𝑙 }𝑅
1 enter through impedance functions ((2), (11)), calculated by S. P.

Lomnev on the BESM computer of the Computing Center of the Academy of
Sciences of the USSR. The functions 𝑁𝑒(𝑟) constructed from the found {𝑎𝑐,𝑥

𝑙 }𝑅
1

are given in Fig. 1 for a summer day at middle latitudes (𝑁d
𝑒 (𝑟)) and for the

night 5–6 hours after sunset

Fig. 3. Parameters of the normal waves of quasi 𝑇 𝐻𝑗 (𝑗 = 0, 1, 2, 3, 4, 5) for
daytime. The vertical straight strokes are data for telegraph stations; the wavy
ones are for atmospheric discharges. A and B—attenuation coefficients 𝛽 in
phenomenological formulas for calculating the effective field value

𝐸 = 3 ⋅ 105

𝑎𝜃 √𝑊kV 𝑒−𝛽𝜃 (in 𝜇V/m),

where 𝑎 = 6370 km, 𝜃—angular scattering:
𝐴—𝛽 = 31.8/𝜆1.25 (according to Espenschied, Anderson, and Bailey);
𝐵—𝛽 = 8.0/𝜆0.6 (according to Austin);

𝐶—𝛽0 = 𝑎
2ℎ√ 𝜋𝑐

𝜆𝜎 (𝑇 𝐸𝐻);
𝐷—𝛽diff

0 = −23.4/𝜆1/3;
𝐸—𝛽diff

1 = −76/𝜆1/3;
𝐹—𝛽diff

2 = −117/𝜆1/3;
𝛽diff

0 —attenuation coefficients in the absence of the ionosphere.
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(𝑁𝐻
𝑒 (𝑟)).

They lie within the “accuracy tracks”caused by the finiteness of the network
and by dispersion of the data.

Because of the one-to-one correspondence of the networks {Φ𝑖}𝑁 and ‖𝜀‖, the
exact solution is unique and lies inside the track. The tail 𝑁𝐷

𝑒 (𝑟) (57 < 𝑛 <
67 km) provides the observed attenuation of the far field for 10 < 𝑓 < 30 kHz.
It does not depend on the solar angle 𝜒, whereas the middle of 𝑁𝐷

𝑒 shifts as
log sec 𝜒, increases with latitude 𝜆, and in winter, when 𝜆 > 50∘, the middle of
𝑁𝐷

𝑒 rises, forming a “table”at ℎ = 70–75 km. This increases the attenuation
𝛽𝑇 𝐻1

to 2.5–3. The“tail”appears in the morning at 𝜒 = 98∘, moving downward,
as shown in Fig. 1, together with the first rays of the sun (which do not contain
ultraviolet, but are capable of destroying 𝑂−

2 ). Ta-

Thus, it is an independent stable formation of the ionosphere, not connected
with solar ionization. At the general colloquium of the Computing Center of
the Academy of Sciences of the USSR, where this work was reported on March
17, 1960, we proposed calling it the 𝐶 layer. Very likely, it is produced by
cosmic rays, as Nicolet assumes 20. Then, beyond the line 𝐿𝛼, there remains
the explanation of the middle of 𝑁𝑑

𝑒
19, which should be called the 𝐷 layer. Its

maximum (see Fig. 1) is masked by the“tail”of the 𝐸 layer. The calculation for
curve 𝐴 (Fig. 1) showed large contradictions with the observations of reflection
in the region of the upper bend of 𝐴 at 𝑓 > 50 kHz and 𝜑 < 50∘. In Fig. 2
are given ‖𝑅∥(𝜑)‖ and ‖𝑅⟂(𝜑)‖, calculated for 𝑁𝑑

𝑒 (𝑟) in the middle of the path
at 𝑓 = 16 kHz. The curves for 𝑓 = 10; 25; 50 and 100 kHz are analogous,
but with increasing 𝑓 the reflections fall at steep angles 𝜑 to 0.001 at 𝑓 = 100
kHz. The data of Fig. 3 were calculated for the same 𝑁𝑑

𝑒 (𝑟). For all 𝑇 𝐻𝑗 (Fig.
3) there is a transition from waveguide propagation to diffraction propagation
with increasing 𝑓 . It causes a change of the leading waves in (3), explaining the
dip in the spectrum of atmospherics at 𝑓 = 2 ÷ 6 kHz 18 and the abrupt change
of the field at 𝑓 = 30 ÷ 35 kHz. In Fig. 3 are also given calculations of 𝑣𝑗 and
𝑛𝑗 for the stepwise curve 𝑁𝑑

𝑒 (𝑟) (𝐶 in Fig. 1). The calculations were made for
the cases: a) allowing for sphericity and b) for a flat earth and ionosphere. The
former were made in 17 and are marked in Fig. 3 by thin lines, the latter by
dashed lines. It is evident that case a) is applicable for 𝑓 < 𝑓max = 30 kHz and
𝐷 > 𝐷min = 300 km, while for case b) 𝑓max falls to 10 kHz. Nevertheless, in
15,16 model b) is applied to explain data on the field at 500 ≤ 𝑓 ≤ 30000 Hz
and 𝐷min = 50 km. The inadmissibility of this follows from those very works
15,16. With increasing 𝑓 from 500 to 30000 Hz the author is forced to change the
parameter 𝑎𝑐,𝑥; ℎ = 𝑐 −𝑎 from 70 to 50 km, and 𝑁0

𝑒 /𝜈0
eff from 7 ⋅10−5 to 5 ⋅10−7.

This means that system (2) is inconsistent, and idealization b) is inadmissible.
To explain the transition of the linear phase velocity 𝑣𝑗 through 𝑐 in case b),
one has to assume that 𝑁𝑒 < 0!

Mathematical Institute named after V. A. Steklov
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